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Abstract. This paper develops a fractional-order mathematical model, formulated in the Caputo sense, for the

dynamics of prostate cancer (PC) under combined androgen deprivation therapy (ADT) and dendritic-cell (DC)-

based immunotherapy. The model extends classical integer-order formulations by incorporating memory effects

that reflect the cumulative, history-dependent nature of tumor–immune interactions. Two malignant cell popula-

tions are considered — androgen-dependent (AD) and androgen-independent (AI) prostate cancer cells — together

with an effector-cell compartment representing the immune response, and auxiliary state variables for circulating

androgen level and administered immunotherapeutic agent. We establish positivity and boundedness of solutions,

existence and uniqueness via the Banach and Leray–Schauder fixed-point theorems (with full proofs), Ulam–

Hyers and Ulam–Hyers–Rassias stability, and a local stability analysis of the model’s equilibria via the Matignon

stability criterion. Building on this qualitative foundation, we introduce two time-dependent control functions

representing the intensity of ADT and the dosage of immunotherapy and formulate an optimal control problem

minimizing tumor burden and treatment cost over a finite horizon. Necessary optimality conditions are derived

via a fractional-order Pontryagin Maximum Principle, and the resulting boundary value problem is solved with

a forward–backward sweep scheme coupled to a fractional Euler / product-integration method; a local truncation

error analysis, a formal global error estimate, and a local step-size stability heuristic are derived for this scheme,
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and reconciled with the full-memory quadrature actually implemented via the standard convergence theory of frac-

tional Adams-type methods. This numerical scheme is validated to full convergence on a short time horizon, while

on the longer horizon used for the main simulations the co-state sweep is numerically stiff (a consequence of the

model’s own unconditionally unstable growth mode) and the reported long-horizon control profile is accordingly

presented as an illustrative profile consistent with the derived optimality conditions rather than as a fully converged

numerical solution. Numerical simulations, carried out in Python for several values of the fractional order δ and

for several values of the competition and killing-rate parameters α , β , and a2, illustrate how memory effects and

inter-cell competition shape the transient and long-run behavior of the model, and a qualitative sensitivity analysis

characterizes the relative influence of each parameter on tumor burden. The results indicate that fractional-order

optimal control provides a flexible, biologically motivated framework for exploring individualized combination

therapies for prostate cancer, while also highlighting a trade-off between aggressive androgen suppression and the

emergence of androgen-independent, treatment-resistant disease.

Keywords: prostate cancer; Caputo fractional derivative; optimal control; Pontryagin maximum principle; im-

munotherapy; androgen deprivation therapy; Ulam–Hyers stability; fractional Euler method.
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1. INTRODUCTION

Prostate cancer (PC) remains one of the most commonly diagnosed malignancies in men

worldwide, and its clinical management is complicated by the tumor’s capacity to transition

from an androgen-dependent (AD) phenotype, which is sensitive to androgen deprivation ther-

apy (ADT), to an androgen-independent (AI) phenotype associated with castration resistance

[1, 2, 3]. Testosterone and its metabolite 5α-dihydrotestosterone (DHT) play a central role in

prostate cell proliferation: while essential for normal prostate development, these androgens

also stimulate the growth of PC cells and inhibit apoptosis. Androgen suppression has there-

fore become a cornerstone of clinical management, administered either as continuous androgen

deprivation (CAD), involving uninterrupted drug administration, or as intermittent androgen de-

privation (IAD), in which treatment is cyclically suspended and resumed according to prostate-

specific antigen (PSA) thresholds [4, 5].

A persistent clinical challenge is that ADT, while effective at controlling AD disease, exerts

selective pressure that can favor the emergence and expansion of AI cell populations, which no

longer depend on androgen signaling for survival and proliferation and are consequently resis-

tant to hormonal therapy [6, 7]. This has motivated growing interest in combination therapies
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that pair ADT with immunotherapy, which harnesses the patient’s own immune system to target

cancer cells regardless of androgen dependence [8, 9]. Dendritic cells (DCs), highly effective

antigen-presenting cells, play a central role in initiating such immunotherapeutic responses: by

loading autologous DCs with tumor antigen and re-injecting them, a DC-based vaccine can

activate naive T cells and disrupt peripheral immune tolerance, producing a tumor-specific im-

mune reaction [10]. Clinical trials of DC-based vaccines have shown heterogeneous responses,

with some patients experiencing marked PSA reductions and others showing continued disease

progression, underscoring the need for a quantitative, model-based understanding of how the

timing and intensity of combined ADT and immunotherapy shape the joint dynamics of AD

cells, AI cells, and the immune response.

1.1. Mathematical models of prostate cancer. Mathematical modeling has played an in-

creasingly important role in understanding the dynamics of the AD-to-AI transition and in guid-

ing the design of treatment schedules. Rutter and Kuang [1] formulated a system of ordinary

differential equations coupling AD and AI cell populations, an effector-cell compartment, circu-

lating androgen, and a DC-vaccine state variable, and analyzed its global dynamics under joint

hormone and immunotherapy. This model was subsequently extended to incorporate pulsed

dosing schedules and stochastic perturbations [11], and related models have examined sliding-

mode and other feedback control strategies for androgen suppression [5]. These integer-order

models have provided valuable qualitative insight — in particular, they capture the characteris-

tic non-monotonic evolution of AD and AI populations under treatment, and the possibility of

relapse into a castration-resistant state.

1.2. Fractional calculus in biological modeling. While integer-order ordinary differential

equation (ODE) models have provided valuable qualitative insight into PC dynamics under

treatment, they inherently assume that the system’s evolution depends only on its present state,

and therefore cannot capture memory or hereditary effects that are widely believed to be present

in biological and physiological processes. Fractional calculus, which studies derivatives and in-

tegrals of non-integer order, offers a natural mathematical framework for incorporating such

memory effects, since the fractional derivative at a given time depends (through a weighted in-

tegral) on the entire history of the state variable rather than on its instantaneous rate of change
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alone [12, 13, 14, 15]. This property has motivated a rapidly growing literature applying frac-

tional operators to tumor–immune dynamics, epidemic models, and other biological and phys-

iological systems [16, 17, 18, 19, 20, 21, 22, 23, 24]. In particular, a Caputo fractional-order

version of the Rutter–Kuang pulsed-treatment model was recently developed and analyzed by

Saber et al. [25], who established existence, uniqueness, and Ulam–Hyers stability of solu-

tions and investigated, via the fractional Euler method, the influence of the fractional order and

of inter-cell competition and killing-rate parameters on the qualitative dynamics of the model.

The present paper builds directly on this fractional-order formulation.

Very recent work continues to extend this line of research to other cancer types and

other fractional operators. Salah et al. [26] developed a fractal-fractional model of stem-

cell/chemotherapy combinations, and a fractional-order lung cancer model incorporating time-

delayed internal influences was proposed in [27]; a fractional-order cancer biomarker model,

coupled with particle swarm optimization for parameter and nanoparticle-dosage estimation,

was analyzed in [28]; and a Caputo fractional spatiotemporal extension of the classical Hah-

nfeldt tumor-angiogenesis model, with an accompanying convergence analysis, was presented

in [29]. Fractional and variable-order models specifically incorporating optimal control have

also been developed for breast cancer [30, 31] and, using the Atangana–Baleanu–Caputo opera-

tor, for a general multi-compartment cancer-treatment model [32]; most recently, Ramalakshmi

and Samei [33] formulated a Caputo fractional optimal-control model for endometrial cancer

under combined immunotherapy (dostarlimab) and chemotherapy, closely paralleling in struc-

ture, though for a different cancer type, the combined hormonal/immunotherapy optimal control

problem formulated in Section 6 below. These studies collectively confirm both the timeliness

and the methodological generality of combining fractional-order modeling with optimal control

theory for cancer treatment design, and several of their techniques (variable-order operators,

fractal-fractional kernels, delay terms) are natural candidates for future extensions of the present

model, as discussed in Section 9.

1.3. From qualitative analysis to optimal control. A further modeling gap concerns treat-

ment optimization. Existing fractional-order PC models, including [25], have largely focused

on qualitative analysis (existence, uniqueness, and stability of solutions) and on simulating
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the system’s response to fixed, pre-specified pulsed treatment protocols, rather than on de-

termining treatment protocols that are optimal with respect to a clinically meaningful objec-

tive. Optimal control theory provides the natural mathematical machinery for this task: given a

model of tumor–immune dynamics and a set of admissible control inputs (e.g., the intensity of

ADT and the dosage of immunotherapy), one seeks the control strategy that minimizes a cost

functional balancing tumor burden against the side effects and cost of treatment. Fractional-

order optimal control has recently been applied to other cancer and infectious-disease mod-

els [34, 35, 36, 32, 33, 30, 31], and, on the integer-order side, mechanistic and quantitative-

systems-pharmacology (QSP) models have specifically examined the scheduling and combina-

tion of ADT with dendritic-cell and checkpoint-blockade immunotherapy for prostate cancer

[37, 38], as well as game-theoretic extensions of the classical Baez–Kuang ODE framework for

castration-resistant disease [39]. However, to the best of our knowledge, few if any studies have

combined fractional-order optimal control with the pulsed-treatment prostate cancer framework

of [1, 25], which is the specific gap addressed by the present paper.

1.4. Contributions and organization. Motivated by these considerations, the present paper

makes the following contributions:

(i) We formulate a Caputo fractional-order model of PC dynamics that extends the pulsed-

treatment model of [25] by introducing two time-dependent control functions represent-

ing the intensity of ADT and the dosage rate of DC-based immunotherapy.

(ii) We establish positivity and boundedness of solutions, and prove existence and unique-

ness of solutions of the controlled system using the Banach and Leray–Schauder fixed-

point theorems, giving full proofs rather than sketches.

(iii) We examine Ulam–Hyers, generalized Ulam–Hyers, Ulam–Hyers–Rassias, and gener-

alized Ulam–Hyers–Rassias stability of the controlled model.

(iv) We analyze the equilibria of the uncontrolled model and their local asymptotic stability

via a fractional-order linearization and the Matignon stability criterion.

(v) We formulate an optimal control problem whose cost functional penalizes both AD and

AI cell burden and the cost of the two control inputs, and we derive necessary optimality

conditions via a fractional-order Pontryagin Maximum Principle.
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(vi) We develop a numerical scheme, combining a forward–backward sweep method with

a fractional Euler / product-integration method, analyze its local truncation error, a for-

mal global error estimate, and a local step-size stability heuristic, and implement it in

Python.

(vii) We present numerical simulations — including a sensitivity analysis with respect to the

fractional order δ and the parameters α , β , and a2 — illustrating the qualitative and

quantitative behavior of the controlled and uncontrolled model.

The remainder of the paper is organized as follows. Section 2 recalls the necessary prelim-

inaries of Caputo fractional calculus. Section 3 introduces the controlled fractional-order PC

model and its basic properties. Section 4 establishes existence, uniqueness, and Ulam–Hyers-

type stability results. Section 5 analyzes the model’s equilibria and their local stability. Sec-

tion 6 formulates the optimal control problem and derives the necessary optimality conditions.

Section 7 describes the numerical scheme and its convergence analysis. Section 8 presents

and discusses the numerical simulations. Section 9 concludes the paper and outlines directions

for future work. Appendix A collects additional derivations, and Appendix B summarizes the

numerical implementation.

2. PRELIMINARIES

We first recall standard definitions and results from fractional calculus that will be used

throughout the paper.

Definition 2.1 (Caputo fractional derivative). For a function H ∈ C1([0,T ],R) and fractional

order δ ∈ (0,1), the Caputo fractional derivative is defined as

CDδ
t H(t) =

1
Γ(1−δ )

∫ t

0
(t−ϖ)−δ d

dϖ
H(ϖ)dϖ .

For the boundary case δ = 1, the formula above is not directly applicable (the kernel Γ(1−

δ )−1(t −ϖ)−δ is undefined at δ = 1, since Γ(0) is infinite); by convention, and consistently

with the limit δ → 1− of the fractional-integral representation, one instead defines CD1
t H(t) :=

H ′(t), the classical first derivative. All results in this paper stated for δ ∈ (0,1] are understood
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in this sense, with δ = 1 recovering the classical (integer-order) model as a genuine special

case rather than a limiting approximation.

Definition 2.2 (Riemann–Liouville fractional integral). For H ∈ L1([0,T ],R),

Iδ H(t) =
1

Γ(δ )

∫ t

0
(t−ϖ)δ−1H(ϖ)dϖ .

Remark 2.1. Unlike the classical integer-order derivative, CDδ
t H(t) depends on the values of

H over the entire interval [0, t] rather than only in an infinitesimal neighbourhood of t; this non-

local, weighted-history dependence is commonly referred to as a memory effect. As δ → 1−,

the Caputo derivative recovers the classical first derivative, H ′(t), so that the fractional model

reduces continuously to the underlying integer-order model of [1] in this limit.

Definition 2.3 (Mittag–Leffler function). For β > 0 and z ∈ C, the one-parameter Mittag–

Leffler function is

Eβ (z) =
∞

∑
k=0

zk

Γ(βk+1)
.

It plays the role for fractional-order linear systems that the exponential function plays for

integer-order linear systems.

Theorem 2.1 (Banach fixed-point theorem). Let F be a Banach space and B⊂F a nonempty

closed set. If W : B→ B is a contraction, i.e., there exists κ ∈ [0,1) such that ∥WP1−WP2∥ ≤

κ∥P1−P2∥ for all P1,P2 ∈ B, then W admits a unique fixed point in B.

Theorem 2.2 (Leray–Schauder / Schauder alternative). Let F be a Banach space and W :

F →F a completely continuous operator (continuous and mapping bounded sets to relatively

compact sets). Then either

(a) W has a fixed point, or

(b) the set {P ∈F : P = λWP for some λ ∈ (0,1)} is unbounded.

Theorem 2.3 (Arzelà–Ascoli theorem). A subset S of C([0,T ],Rn) is relatively compact if and

only if S is uniformly bounded and equicontinuous.
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Theorem 2.4 (Generalized Grönwall inequality [40]). Let x(t) be a nonnegative, locally inte-

grable function on [0,T ) and suppose

x(t)≤ a(t)+b
∫ t

0
(t− s)β−1x(s)ds,

where a(t) is nondecreasing, b≥ 0, and β > 0. Then

x(t)≤ a(t)Eβ

(
bΓ(β ) tβ

)
.

Theorem 2.5 (Matignon stability criterion). Consider the linear fractional-order system

CDδ
t x(t) = Mx(t), δ ∈ (0,1), M ∈ Rn×n. The zero equilibrium is locally asymptotically sta-

ble if and only if all eigenvalues λi of M satisfy

|arg(λi)|>
δπ

2
.

3. THE CONTROLLED FRACTIONAL-ORDER PROSTATE CANCER MODEL

3.1. Model formulation. We extend the pulsed-treatment PC model of Rutter and Kuang [1]

and its fractional generalization [25] by replacing the fixed treatment terms with two admissible,

bounded, Lebesgue-measurable control functions:

• u1(t) ∈ [0,umax
1 ], umax

1 ≤ 1: intensity of androgen deprivation therapy at time t, driving

the target androgen level toward a0(1−u1(t));

• u2(t) ∈ [0,umax
2 ]: dosage rate of DC-based immunotherapy at time t, representing the

rate at which antigen-loaded dendritic cells are infused.

The controlled fractional-order model, formulated with the Caputo derivative of order δ ∈

(0,1], reads:

CDδ
t X1 = X1

[
e1A

(
1− X1+αX2

Q

)
− (d1 +m1)

(
1− A

a0

)
− a1Y

g1+X1+X2

]
,

CDδ
t X2 = e2

(
1− βX1+X2

Q

)
X2 +m1

(
1− A

a0

)
X1

− a2X2Y
g2+X1+X2

,(1)

CDδ
t Y = (W −ω)Y +

εJ
g3+J ,

CDδ
t A =−γ

(
A−a0(1−u1(t))

)
,
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CDδ
t J =−cJ +u2(t),

subject to non-negative initial conditions X1(0) = X10 ≥ 0, X2(0) = X20 ≥ 0, Y (0) = Y0 ≥ 0,

A(0) = A0 ≥ 0, J (0) = J0 ≥ 0.

Here X1 and X2 denote the AD and AI prostate cancer cell populations, Y the effector (im-

mune) cell population, A the serum androgen level, and J the level of activated antigen-

presenting dendritic cells. The parameter Q is the shared carrying capacity, α and β quantify

inter-population competition (of AI cells on AD cells, and of AD cells on AI cells, respectively),

d1 is the AD death rate, m1 the (irreversible) mutation rate from AD to AI phenotype, a1,a2

the maximal effector-cell killing rates of AD and AI cells respectively, g1,g2 the correspond-

ing half-saturation constants, W the maximal effector-cell stimulation rate, ω the effector-cell

death rate, ε the maximal antigen-driven stimulation rate, g3 the DC saturation constant, γ the

androgen clearance rate, a0 the pre-treatment androgen level, and c the DC decay rate. Setting

u1 ≡ u2 ≡ 0 recovers the untreated fractional model of [25], while constant or pulsed choices of

u1,u2 recover CAD/IAD and DC-vaccine pulse protocols previously studied in the literature.

Remark 3.1. Every term of the X1 equation is proportional to X1, exactly mirroring the mul-

tiplicative (logistic-type) structure already present in the X2 equation. This is the natural

population-dynamics convention — a cell population with zero individuals contributes zero net

flux regardless of the surrounding environment — and it is what makes {X1 = 0} an invariant

boundary of the state space, which in turn is what allows the positivity result of Proposition 1

below to be established rigorously rather than merely as a numerically enforced safeguard.

3.2. Fixed-point reformulation. As in the reference model, system (2) is written in fixed-

point form: letting P(t) = (X1,X2,Y,A,J )⊤ and U (t,P(t)) the corresponding right-hand-

side vector field (with the control functions treated as fixed, given inputs), applying the frac-

tional integral operator Iδ to both sides of (2) and using the fact that Iδ CDδ
t P(t) = P(t)−

P(0) for P ∈C1, the system is equivalent to the integral equation

(2) P(t) = P0 +
1

Γ(δ )

∫ t

0
(t−ϖ)δ−1U (ϖ ,P(ϖ))dϖ .

3.3. Positivity and boundedness.
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Proposition 1 (Positivity). Let u1,u2 be admissible controls. If P0 ∈R5
≥0, then the correspond-

ing solution P(t) of (2) satisfies P(t) ∈ R5
≥0 for all t ≥ 0 where it exists.

Proof. It suffices to check that on each coordinate hyperplane {Pi = 0} (i = 1, . . . ,5), the

corresponding component of the vector field U is nonnegative; by the fractional-order extension

of the classical Nagumo invariance criterion established by Lin [41] (Theorem 3.1 therein: a

closed region is positively invariant for a Caputo fractional-order system provided the vector

field is subtangential, i.e. non-outward-pointing, at every boundary point, exactly as in the

classical integer-order Nagumo theorem), this is sufficient to prevent trajectories from leaving

R5
≥0. Indeed:

• At X1 = 0: U1|X1=0 = 0 identically, since every term of U1 carries an explicit factor

of X1 (Remark 3.1). Hence {X1 = 0} is not merely non-repelling but exactly invariant:

once X1 reaches zero it remains zero for all subsequent time (under the stated non-

negativity of A, established below), and in particular can never become negative. This is

a genuine boundary identity, not merely a bound, and requires no auxiliary hypothesis

on the sign of the bracketed factor.

• At X2 = 0: U2|X2=0 = m1(1−A/a0)X1 ≥ 0 since A≤ a0 (by the boundedness argument

of Proposition 2, which does not depend on positivity and may be verified indepen-

dently) and X1 ≥ 0.

• At Y = 0: U3|Y=0 = εJ /(g3 +J )≥ 0.

• At A = 0: U4|A=0 = γa0(1−u1(t))≥ 0 since u1(t)≤ 1.

• At J = 0: U5|J=0 = u2(t)≥ 0.

Hence the vector field points into (or exactly along) the boundary of R5
≥0 everywhere on the

boundary, and R5
≥0 is a positively invariant region for (2). (The non-negativity projection

max(·,0) retained in the numerical scheme of Section 7 is accordingly a pure numerical safe-

guard against floating-point round-off at the X1 = 0 and X2 = 0 boundaries, not a substitute for

this analytical argument.)

□
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Proposition 2 (Boundedness). Under admissible controls, all state variables of (2) remain

bounded on any finite interval [0,T ]; moreover A(t) is bounded uniformly in t by max(A0,a0),

and X1 +X2 is bounded above by a constant depending on Q,α,β and the initial data.

Proof. Since 0 ≤ u1(t) ≤ 1, the target level a0(1− u1(t)) ∈ [0,a0]; the linear fractional relax-

ation CDδ
t A = −γ(A− a0(1− u1(t))) then implies, by a fractional comparison argument, that

A(t) remains within the convex hull of A0 and [0,a0], i.e. A(t) ≤ max(A0,a0) for all t ≥ 0.

For the tumor compartments, when X1 +X2 approaches Q/min(1,α,β ) the logistic-type terms

e1A(1− (X1 +αX2)/Q) and e2(1− (βX1 +X2)/Q)X2 become non-positive, while the killing

terms−a1Y X1/(g1+X1+X2) and−a2X2Y/(g2+X1+X2) are non-positive; hence X1+X2 can-

not grow without bound, and a standard fractional-order argument (using the sub-linear growth

condition of Assumption 1 below) yields boundedness of Y and J on any finite horizon. □

These two propositions confirm that the model is biologically well-posed: cell populations,

androgen level, and DC level remain non-negative and bounded, as required for a meaningful

interpretation of P(t).

4. EXISTENCE, UNIQUENESS, AND STABILITY

We work in the Banach space F =C([0,T ],R5) with norm ∥P∥= supt∈[0,T ] |P(t)|, where

| · | denotes, as in [25], the sum of absolute values of the components. We define the solution

operator W : F →F by

(3) (W P)(t) = P0 +
1

Γ(δ )

∫ t

0
(t−ϖ)δ−1U (ϖ ,P(ϖ))dϖ .

A fixed point of W is precisely a solution of the integral equation (2), hence of the controlled

model (2).

H 1. There exist αU ,βU > 0 such that |U (t,P)| ≤ αU |P|+βU for all t ∈ [0,T ], P ∈F ,

uniformly in the admissible controls u1,u2.

H 2. There exists h̄U > 0 such that |U (t,P1)−U (t,P2)| ≤ h̄U |P1−P2| for all t ∈ [0,T ],

P1,P2 ∈F , uniformly in the admissible controls.
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Remark 4.1. On the bounded, positively invariant region identified in Propositions 1–2, the

right-hand side U of (2) is continuously differentiable in P (all denominators g1 +X1 +X2,

g2+X1+X2, and g3+J remain bounded away from zero since g1,g2,g3 > 0), so both Assump-

tion 1 and Assumption 2 hold with αU , h̄U given by suitable bounds on the partial derivatives

of U over that region.

4.1. Existence of a solution. Before stating the results, it is worth clarifying why both an

existence theorem (Schauder/Leray–Schauder, Theorem 4.1 below) and a separate uniqueness

theorem (Banach, Theorem 4.2) are needed, rather than a single Banach-type argument: exis-

tence under Assumption 1 (a sub-linear growth bound) holds on a possibly large ball B∗r without

requiring U to be a contraction there, whereas uniqueness requires the strictly stronger Lips-

chitz condition of Assumption 2 together with the smallness condition h̄U T δ/Γ(δ + 1) < 1,

which may fail to hold on all of B∗r (e.g. for large T ) even when it holds locally. Schauder’s

theorem (via compactness, not contraction) therefore secures existence under the weaker hy-

pothesis, while Banach’s theorem is invoked separately, under the stronger hypothesis, to se-

cure uniqueness and the constructive Picard iteration of Corollary 4.1 below; this is the standard

division of labor between the two theorems in fractional-order fixed-point analysis, and is not

redundant.

Theorem 4.1 (Existence). Under Assumption 1, if there exists r > 0 such that

∥P0∥+
(αU r+βU )T δ

Γ(δ +1)
≤ r,

and U is continuous, then the controlled model (2) admits at least one solution P ∈F .

Proof. Fix r > 0 as in the statement and set B∗r = {P ∈ F : ∥P∥ ≤ r}, a closed, bounded,

convex subset of F .

Step 1: W (B∗r )⊂ B∗r . For P ∈ B∗r and t ∈ [0,T ],

|(W P)(t)| ≤ ∥P0∥+
1

Γ(δ )

∫ t

0
(t−ϖ)δ−1|U (ϖ ,P(ϖ))|dϖ .

By Assumption 1, |U (ϖ ,P(ϖ))| ≤ αU ∥P∥+βU ≤ αU r+βU for P ∈ B∗r , so

sup
t∈[0,T ]

|(W P)(t)| ≤ ∥P0∥+(αU r+βU ) sup
t∈[0,T ]

1
Γ(δ )

∫ t

0
(t−ϖ)δ−1 dϖ
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= ∥P0∥+
(αU r+βU )T δ

Γ(δ +1)
≤ r,

using
∫ t

0(t−ϖ)δ−1dϖ = tδ/δ and Γ(δ +1) = δΓ(δ ). Hence W P ∈ B∗r .

Step 2: Equicontinuity of W (B∗r ). For P ∈ B∗r and 0≤ z1 < z2 ≤ T ,

|(W P)(z2)− (W P)(z1)| ≤
1

Γ(δ )

∣∣∣∫ z2

0
(z2−ϖ)δ−1U (ϖ ,P(ϖ))dϖ

−
∫ z1

0
(z1−ϖ)δ−1U (ϖ ,P(ϖ))dϖ

∣∣∣
≤ αU r+βU

Γ(δ +1)

(
zδ

2 − zδ
1

)
,

which tends to 0 as z2→ z1, uniformly over P ∈ B∗r , since t 7→ tδ is uniformly continuous on

[0,T ]. Hence W (B∗r ) is equicontinuous, and by Step 1 it is uniformly bounded; by the Arzelà–

Ascoli theorem (Theorem 2.3) it is relatively compact in F .

Step 3: Continuity of W . Continuity of U in P (uniformly on compact time intervals)

together with the dominated convergence theorem shows that Pn→P in F implies W Pn→

W P in F .

Combining Steps 1–3, W : B∗r → B∗r is a continuous, compact self-map of a closed bounded

convex set. By the Schauder fixed-point theorem (a special case of the Leray–Schauder alter-

native, Theorem 2.2, in which alternative (b) is excluded because W maps B∗r into itself so that

any λ ∈ (0,1)-scaled fixed point remains in the bounded set B∗r ), W has a fixed point P ∈ B∗r ,

which is the desired solution. □

4.2. Uniqueness of the solution.

Theorem 4.2 (Uniqueness). Under Assumption 2, if

h̄U T δ

Γ(δ +1)
< 1,

then the controlled model (2) admits a unique solution in F .

Proof. For P1,P2 ∈F and t ∈ [0,T ],

|(W P1)(t)− (W P2)(t)|=
∣∣∣∣ 1
Γ(δ )

∫ t

0
(t−ϖ)δ−1[U (ϖ ,P1(ϖ))−U (ϖ ,P2(ϖ))

]
dϖ

∣∣∣∣
≤ 1

Γ(δ )

∫ t

0
(t−ϖ)δ−1h̄U |P1(ϖ)−P2(ϖ)|dϖ
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≤ h̄U

Γ(δ )
∥P1−P2∥

∫ t

0
(t−ϖ)δ−1dϖ

=
h̄U tδ

Γ(δ +1)
∥P1−P2∥

≤ h̄U T δ

Γ(δ +1)
∥P1−P2∥.

Taking the supremum over t ∈ [0,T ] gives ∥W P1 −W P2∥ ≤ κ∥P1 −P2∥ with κ =

h̄U T δ/Γ(δ + 1) < 1 by hypothesis, so W is a contraction on the Banach space F . By the

Banach fixed-point theorem, W has a unique fixed point, i.e. the controlled model has a unique

solution. □

Corollary 4.1. Under the hypotheses of Theorem 4.2, the unique solution of (2) depends con-

tinuously on the initial data P0 and, for fixed admissible controls, is the limit of the Picard

iteration Pn+1 = W Pn, P0(t)≡P0, with geometric convergence rate κ = h̄U T δ/Γ(δ +1).

4.3. Ulam–Hyers-type stability. Let Ξ> 0 and let LU : [0,T )→R+ be continuous. Consider

the inequalities ∣∣CDδ
t B(t)−U (t,B(t))

∣∣≤ Ξ,(4) ∣∣CDδ
t B(t)−U (t,B(t))

∣∣≤ ΞLU (t),(5) ∣∣CDδ
t B(t)−U (t,B(t))

∣∣≤ LU (t).(6)

Definition 4.1. The model is Ulam–Hyers (UH) stable if there exists JU > 0 such that for every

Ξ > 0 and every B ∈F satisfying (4), there is a solution P ∈F of (2) with supt∈[0,T ] |B(t)−

P(t)| ≤ ΞJU .

Definition 4.2. The model is generalized UH stable if there exists KU ∈C(R+,R+), KU (0) = 0,

such that for every B ∈ F satisfying (4) there is a solution P of (2) with |B(t)−P(t)| ≤

KU (Ξ).

Definition 4.3. The model is Ulam–Hyers–Rassias (UHR) stable with respect to LU if there

exists ULU > 0 such that for every Ξ > 0 and every B ∈F satisfying (5), there is a solution P

of (2) with |B(t)−P(t)| ≤ LU (t)ULU Ξ.



FRACTIONAL OPTIMAL CONTROL OF PROSTATE CANCER DYNAMICS 15

Definition 4.4. The model is generalized UHR stable with respect to LU if there exists ULU > 0

such that every B ∈ F satisfying (6) admits a solution P of (2) with |B(t)−P(t)| ≤

LU (t)ULU .

H 3. There exists ϒLU > 0 such that Iδ
0 LU (t)≤ ϒLU LU (t) for all t ∈ [0,T ).

Lemma 4.1. If B ∈F satisfies (4), then

sup
t∈[0,T ]

∣∣∣∣B(t)−B0−
1

Γ(δ )

∫ t

0
(t−ϖ)δ−1U (ϖ ,B(ϖ))dϖ

∣∣∣∣≤ ΞT δ

Γ(δ +1)
.

Proof. Since B satisfies (4), there exists L ∈ F with |L (t)| ≤ Ξ such that CDδ
t B(t) =

U (t,B(t))+L (t), B(0) = B0. Applying Iδ to both sides,

B(t) = B0 +
1

Γ(δ )

∫ t

0
(t−ϖ)δ−1U (ϖ ,B(ϖ))dϖ +

1
Γ(δ )

∫ t

0
(t−ϖ)δ−1L (ϖ)dϖ ,

so ∣∣∣∣B(t)−B0−
1

Γ(δ )

∫ t

0
(t−ϖ)δ−1U (ϖ ,B(ϖ))dϖ

∣∣∣∣≤ 1
Γ(δ )

∫ t

0
(t−ϖ)δ−1|L (ϖ)|dϖ

≤ Ξtδ

Γ(δ +1)
≤ ΞT δ

Γ(δ +1)
.

□

Theorem 4.3 (UH and generalized UH stability). Under Assumption 2, if h̄U T δ/Γ(δ +1)< 1,

then the controlled model is UH stable and generalized UH stable, with

JU =
T δ/Γ(δ +1)

1− h̄U T δ/Γ(δ +1)
.

Proof. Let B ∈F satisfy (4) and let P ∈F be the (unique, by Theorem 4.2) solution of (2).

Using the triangle inequality, Lemma 4.1, and Assumption 2,

sup
t∈[0,T ]

|B(t)−P(t)| ≤ sup
t∈[0,T ]

∣∣∣∣B(t)−B0−
1

Γ(δ )

∫ t

0
(t−ϖ)δ−1U (ϖ ,P(ϖ))dϖ

∣∣∣∣
≤ sup

t∈[0,T ]

∣∣∣∣B(t)−B0−
1

Γ(δ )

∫ t

0
(t−ϖ)δ−1U (ϖ ,B(ϖ))dϖ

∣∣∣∣
+ sup

t∈[0,T ]

1
Γ(δ )

∫ t

0
(t−ϖ)δ−1|U (ϖ ,B(ϖ))−U (ϖ ,P(ϖ))|dϖ
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≤ ΞT δ

Γ(δ +1)
+

h̄U T δ

Γ(δ +1)
sup

t∈[0,T ]
|B(t)−P(t)|.

Rearranging (using h̄U T δ/Γ(δ + 1) < 1) gives supt∈[0,T ] |B(t)−P(t)| ≤ ΞJU , proving UH

stability. Setting KU (Ξ) = ΞJU , which satisfies KU (0) = 0, proves generalized UH stability.

□

Theorem 4.4 (UHR and generalized UHR stability). Under Assumptions 2 and 3, the controlled

model is UHR stable and generalized UHR stable with respect to LU , with

ULU = ϒLU Eβ

(
h̄U

Γ(δ )
Γ(β )T β

)
for a suitable auxiliary exponent β > 0.

Proof. The proof follows the same structure as Theorem 4.3, replacing the bound ΞT δ/Γ(δ +1)

of Lemma 4.1 by ΞϒLU LU (t) (using Assumption 3), so that

|B(t)−P(t)| ≤ ΞϒLU LU (t)+
h̄U

Γ(δ )

∫ t

0
(t−ϖ)δ−1|B(ϖ)−P(ϖ)|dϖ .

Applying the generalized Grönwall inequality (Theorem 2.4) to x(t) = |B(t)−P(t)| yields

|B(t)−P(t)| ≤ ΞϒLU LU (t)Eβ

(
h̄U

Γ(δ )
Γ(β )T β

)
,

which is the UHR estimate with ULU as stated. The generalized UHR case (inequality (6), with

Ξ = 1 absorbed into LU ) follows identically. □

These stability results guarantee that small perturbations of the model — arising, for instance,

from measurement error in parameter estimation, from numerical discretization, or from model

misspecification — produce correspondingly small, quantifiable deviations in the predicted state

trajectory, which is an essential property for any model intended to inform clinical treatment

decisions.

Remark 4.2 (Biological interpretation). Concretely, Theorem 4.3 says that if a candidate tra-

jectory B(t) — for instance, one obtained by fitting the model to a patient’s longitudinal PSA

measurements, or one computed with a slightly different numerical scheme or a perturbed pa-

rameter set — satisfies the governing equations only approximately, up to a uniform error Ξ,

then B(t) cannot drift arbitrarily far from a true solution P(t) of the exact model: the two
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remain within ΞJU of each other for all t ∈ [0,T ], with the explicit, computable constant JU

derived above. In practice this means that modest uncertainty in the estimated growth, killing,

or mutation rates e1,e2,a1,a2,m1, . . . (all of which enter h̄U ), or modest discretization error in

the numerical scheme of Section 7, cannot produce a qualitatively different predicted disease

trajectory — the model’s predictions degrade gracefully, rather than catastrophically, under

such perturbations. The UHR variant (Theorem 4.4) refines this further by allowing the error

tolerance to vary with t through the weight LU (t), which is useful when perturbations are ex-

pected to be time-dependent, e.g. larger early in treatment (when parameter estimates are least

reliable) than at steady state.

5. EQUILIBRIA AND LOCAL STABILITY OF THE UNCONTROLLED MODEL

To complement the qualitative existence/uniqueness/stability results above, we briefly ana-

lyze the equilibria of the uncontrolled (u1 = u2 = 0) model, which correspond to the untreated

(or treatment-holiday) dynamics and provide a baseline against which the effect of control can

be measured.

5.1. Tumor-free equilibrium. Setting the right-hand side of (2) to zero with u1 = u2 = 0, the

tumor-free equilibrium E0 = (0,0,Y ∗,a0,0) requires X1 = X2 = 0 and J = 0 (since J has no

source without immunotherapy, CDδ
t J =−cJ = 0⇒J = 0), A= a0 (from−γ(A−a0)= 0),

and then, from CDδ
t Y = (W −ω)Y +εJ /(g3+J ) = 0 with J = 0, either Y ∗ = 0 (if W ̸= ω)

or Y ∗ arbitrary (if W = ω); generically, for W ̸= ω , E0 = (0,0,0,a0,0).

Proposition 3. The tumor-free equilibrium E0 = (0,0,0,a0,0) of the uncontrolled model is

never locally asymptotically stable in the full five-dimensional sense: both the X1- and X2-

direction Jacobian eigenvalues are unconditionally positive (λ1 = e1a0 > 0 and λ2 = e2 > 0,

see the proof), independently of any other parameter value. Restricted to the invariant subspace

{X1 ≡ X2 ≡ 0}— i.e., considering only the (Y,A,J )-dynamics obtained by setting both tumor

compartments identically to zero — E0 is locally asymptotically stable in the Matignon sense

(Theorem 2.5) if and only if W < ω .
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Proof. We linearize (2) (with u1 = u2 = 0) about E0 = (0,0,0,a0,0) and evaluate the full 5×5

Jacobian JU = ∂U /∂P using the general expressions of Appendix A (Section A.2), special-

ized to X1 = X2 = J = 0, A = a0.

Step 1: Evaluate each partial derivative at E0. Since X1 = X2 = 0, the denominators g1 +

X1 +X2 = g1 and g2 +X1 +X2 = g2 are simply the (strictly positive) half-saturation constants.

Recall from Appendix A.2 that U1 =X1 g(X1,X2,Y,A) with g(0,0,0,a0) = e1a0−(d1+m1)(1−

1)−0 = e1a0; since X1 = 0 at E0, the product-rule terms X1 ∂g/∂ (·) vanish identically, leaving

only the g|E0 contribution to ∂U1/∂X1. Substituting X1 = X2 = 0, A = a0, Y = 0 into the general

formulas of Appendix A.2 term-by-term yields the exact values

∂U1

∂X1

∣∣∣∣
E0

= e1a0,
∂U1

∂X2

∣∣∣∣
E0

= 0,
∂U1

∂Y

∣∣∣∣
E0

= 0,
∂U1

∂A

∣∣∣∣
E0

= 0,

∂U2

∂X1

∣∣∣∣
E0

= m1

(
1− a0

a0

)
= 0,

∂U2

∂X2

∣∣∣∣
E0

= e2,
∂U2

∂Y

∣∣∣∣
E0

= 0,
∂U2

∂A

∣∣∣∣
E0

= 0,

∂U3

∂Y

∣∣∣∣
E0

=W −ω,
∂U3

∂J

∣∣∣∣
E0

=
εg3

(g3 +0)2 =
ε

g3
,

∂U4

∂A

∣∣∣∣
E0

=−γ,
∂U5

∂J

∣∣∣∣
E0

=−c,

with all remaining partial derivatives (e.g. ∂U1/∂J , ∂U4/∂X1, etc.) equal to zero, since

U1,U2 do not depend on J and U4,U5 do not depend on X1,X2,Y .

Step 2: Write out the full Jacobian and identify its block structure. Ordering the state vector

as (X1,X2,Y,A,J ), the Jacobian at E0 is

JU (E0) =



e1a0 0 0 0 0

0 e2 0 0 0

0 0 W −ω 0 ε/g3

0 0 0 −γ 0

0 0 0 0 −c


.

This matrix is lower-block-triangular (indeed, upper-triangular apart from the single off-

diagonal entry ε/g3 in the (Y,J ) position, which does not affect the diagonal), so its eigenval-

ues are exactly its five diagonal entries:

λ1 = e1a0, λ2 = e2, λ3 =W −ω, λ4 =−γ, λ5 =−c.
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(This can be verified directly: expanding det(JU (E0)−λ I) along the first, second, fourth, and

fifth columns, each of which has only a single nonzero entry on the diagonal, successively

reduces the determinant to a product of the diagonal entries minus λ , confirming the eigenvalues

above; the off-diagonal entry ε/g3 enters only the corresponding eigenvector, not the eigenvalue

λ3 =W −ω , since column 3 of JU (E0)−λ I has its only nonzero entries on the diagonal.)

Step 3: Apply the Matignon criterion (Theorem 2.5) to each eigenvalue. All five eigenval-

ues are real, so |arg(λi)| ∈ {0,π}: |arg(λi)| = 0 < δπ/2 (unstable direction) if λi > 0, and

|arg(λi)|= π > δπ/2 (stable direction, since δπ/2 < π/2 < π for δ ∈ (0,1)) if λi < 0. Hence:

• λ4 = −γ < 0 and λ5 = −c < 0 (since γ,c > 0 by definition): these two directions are

always locally stable, independently of any other parameter.

• λ1 = e1a0 > 0 unconditionally (since e1,a0 > 0 by definition): the X1-direction is never

locally stable at E0, for any parameter values.

• λ2 = e2 > 0 unconditionally (since e2 > 0 by definition): the X2-direction is likewise

never locally stable at E0, for any parameter values.

• λ3 =W −ω is stable if and only if W < ω .

E0 is locally asymptotically stable, in the sense of Theorem 2.5, if and only if all five eigenvalues

satisfy the Matignon condition; since λ1 = e1a0 > 0 and λ2 = e2 > 0 can never satisfy it, E0

is, strictly speaking, never locally asymptotically stable in the full five-dimensional sense. The

statement of the proposition should therefore be read, as is standard practice for equilibria that

are unconditionally unstable in some biologically distinguished directions, as characterizing

stability of the remaining three directions (equivalently, stability of E0 restricted to the invariant

subspace X1 ≡ X2 ≡ 0, on which neither tumor-direction plays a role): on this subspace, E0

is locally asymptotically stable if and only if W < ω , which is the content of the proposition.

This is itself biologically meaningful, and considerably sharper than a conditional statement

would be: it formalizes the fact that any small tumor population — whether AD or AI, however

small — is never locally damped by the untreated dynamics near E0; the untreated system

offers no intrinsic barrier to the initial establishment of either phenotype, which is precisely the

mathematical content of describing PC as a disease requiring active intervention rather than one

that might resolve spontaneously. □
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Remark 5.1. Proposition 3 shows that, at any biologically admissible parameter values

(e1,a0 > 0 and e2 > 0 always), a small untreated tumor of either phenotype is predicted to

grow near E0 — consistent with the untreated trajectories in Figure 1(a)–(b), which show both

X1 and X2 rising from their (small, relative to Q) initial values. This underscores the clinical ne-

cessity of active androgen suppression and/or immunotherapy (captured by the controls u1,u2)

to prevent tumor establishment; the unconditional instability of both tumor directions removes

the need to verify any parameter inequality and holds for the entire biologically meaningful

parameter range.

5.2. Coexistence / treated equilibria. Under sustained control (u1(t)≡ ū1 > 0 constant, cor-

responding to CAD), the androgen level relaxes to Ā = a0(1− ū1), and setting the remaining

right-hand sides to zero yields a coexistence equilibrium E∗ = (X∗1 ,X
∗
2 ,Y

∗, Ā,J ∗) solving the

coupled algebraic system

e1Ā
(

1− X∗1 +αX∗2
Q

)
− (d1 +m1)

(
1− Ā

a0

)
− a1Y ∗X∗1

g1+X∗1 +X∗2
= 0,

together with analogous equations for X∗2 ,Y
∗,J ∗; because of the nonlinear, rational depen-

dence on X∗1 ,X
∗
2 , this system does not admit a closed-form solution in general, and E∗ is instead

located numerically for each parameter set (see Section 8). Local stability of E∗ is assessed via

the Matignon criterion applied to the (numerically evaluated) Jacobian of U at E∗; this analysis

is summarized in Appendix A.

6. OPTIMAL CONTROL PROBLEM

6.1. Cost functional. We seek admissible controls (u1,u2) ∈Uad , where

Uad =
{
(u1,u2) measurable : 0≤ u1(t)≤ umax

1 , 0≤ u2(t)≤ umax
2 , t ∈ [0,T ]

}
,

that minimize the cost functional

(7) J(u1,u2) =
∫ T

0

[
w1X1(t)+w2X2(t)+

1
2

w3u2
1(t)+

1
2

w4u2
2(t)

]
dt,

subject to the state system (2). Here w1,w2 > 0 weight the AD and AI tumor burden, and

w3,w4 > 0 penalize the cost/toxicity of ADT and immunotherapy, respectively; the quadratic

control terms reflect the standard assumption of diminishing returns and increasing marginal
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cost of treatment intensity, widely used in optimal control formulations of chemotherapy and

immunotherapy scheduling.

6.2. Existence of an optimal control.

Proposition 4 (Existence of optimal control). There exists an optimal control pair (u∗1,u
∗
2) ∈

Uad minimizing J subject to (2).

We verify existence via a fractional-order adaptation of the classical Filippov–Cesari ex-

istence theorem for optimal controls, whose hypotheses are: (F1) the admissible control set

is nonempty, closed, bounded, and convex; (F2) the state trajectories corresponding to ad-

missible controls are uniformly bounded and equicontinuous on [0,T ]; (F3) the velocity set

{(U (t,P,u1,u2), w1X1 +w2X2 +
1
2w3u2

1 +
1
2w4u2

2) : (u1,u2) ∈ Uad} ⊂ R6 is convex for each

fixed (t,P); and (F4) the cost integrand is bounded below. We verify each in turn.

Proof. Verification of (F1). Uad = [0,umax
1 ]× [0,umax

2 ]-valued measurable functions on [0,T ]

form a nonempty (it contains, e.g., u1 ≡ u2 ≡ 0), closed, and bounded subset of L2([0,T ])2, and

is convex because for (u1,u2),(v1,v2) ∈Uad and θ ∈ [0,1], the pointwise convex combination

θ(u1,u2)+(1−θ)(v1,v2) again takes values in [0,umax
1 ]× [0,umax

2 ] at every t (since this box is

itself convex), and is measurable as a pointwise combination of measurable functions.

Verification of (F2). By Proposition 2, for every admissible control pair the corresponding

state trajectory satisfies A(t) ≤ max(A0,a0) for all t, and X1(t)+X2(t) is bounded above by a

constant M1 depending only on Q,α,β and the initial data — crucially, not on the particular con-

trol chosen, since the argument in Proposition 2 used only that u1(t) ∈ [0,1], a property shared

by every element of Uad . Given this uniform bound on X1,X2,A, the right-hand sides of the

Y - and J -equations, (W −ω)Y + εJ /(g3 +J ) and −cJ +u2(t), are themselves bounded

by an affine function of (Y,J ) with control-independent coefficients (using u2(t) ≤ umax
2 ), so

a further application of the same fractional comparison argument used in Proposition 2 yields

a control-independent bound Y (t)+J (t) ≤ M2 for all t ∈ [0,T ] and all admissible controls.

Hence there is a single compact set K ⊂ R5
≥0, namely K = {P ≥ 0 : X1 + X2 ≤ M1, A ≤

max(A0,a0), Y +J ≤M2}, containing P(t) for every t ∈ [0,T ] and every admissible control.

Equicontinuity of the family {P(·;u1,u2) : (u1,u2) ∈ Uad} then follows exactly as in Step 2
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of the proof of Theorem 4.1 (the argument there did not use any property specific to a fixed

control, only the sub-linear growth bound of Assumption 1, which holds uniformly over Uad on

the compact set K since U is continuous and K× [0,umax
1 ]× [0,umax

2 ] is compact).

Verification of (F3). Fix (t,P). Since U4 is affine in u1 and U5 is affine in u2 (and U1,U2,U3

do not depend on u1,u2 at all), the map (u1,u2) 7→ U (t,P,u1,u2) is affine, hence its image

over the convex set Uad(t) = [0,umax
1 ]× [0,umax

2 ] is again convex (a line segment’s image un-

der an affine map is a line segment). The cost integrand w1X1 +w2X2 +
1
2w3u2

1 +
1
2w4u2

2 is a

convex function of (u1,u2) for fixed P (sum of a constant, in u, term and a positive-definite

quadratic form, since w3,w4 > 0). The velocity set in (F3) is therefore the image of the con-

vex set Uad(t) under the map (u1,u2) 7→ (U (t,P,u1,u2), c(t,P,u1,u2)) where c denotes the

cost integrand; because the U -component is affine and the c-component is convex in (u1,u2),

the “epigraph-type” set {(U (t,P,u1,u2),z) : (u1,u2) ∈Uad(t), z≥ c(t,P,u1,u2)} is convex,

which is precisely the form of convexity required by the Filippov–Cesari theorem to guaran-

tee that a minimizing sequence of controls can be replaced by an actual (not merely relaxed)

admissible control in the limit.

Verification of (F4). The cost integrand is a sum of nonnegative terms (X1,X2 ≥ 0 by Propo-

sition 1, and u2
1,u

2
2 ≥ 0), hence bounded below by 0.

Conclusion. With (F1)–(F4) verified, the fractional-order Filippov–Cesari argument proceeds

exactly as in the classical (integer-order) case: let (u(n)1 ,u(n)2 ) be a minimizing sequence for J

over Uad , with corresponding state trajectories P(n). By (F2) and the Arzelà–Ascoli theorem

(Theorem 2.3), a subsequence (not relabeled) of P(n) converges uniformly on [0,T ] to some

P∗ ∈C([0,T ],R5); by weak compactness of bounded sets in L2([0,T ])2 (using (F1)), a further

subsequence of (u(n)1 ,u(n)2 ) converges weakly to some (u∗1,u
∗
2) ∈ Uad (weak limits of [0,umax

i ]-

valued functions remain [0,umax
i ]-valued a.e., by convexity and closedness of the box). The

convexity established in (F3) guarantees, via the fractional-order analogue of the standard weak-

lower-semicontinuity argument for the integral functional J combined with passage to the limit

in the (weakly continuous, since affine and bounded) integral fixed-point representation (2) of

the state equation, that P∗ is the state trajectory corresponding to (u∗1,u
∗
2), and that

J(u∗1,u
∗
2)≤ liminf

n→∞
J(u(n)1 ,u(n)2 ) = inf

(u1,u2)∈Uad

J(u1,u2).
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Since (u∗1,u
∗
2) ∈Uad , this infimum is attained, i.e. (u∗1,u

∗
2) is an optimal control pair. □

6.3. Necessary optimality conditions. To characterize the optimal control, we introduce the

fractional-order Hamiltonian

H (t,P,u1,u2,λ ) = w1X1 +w2X2 +
1
2w3u2

1 +
1
2w4u2

2 +
5

∑
i=1

λiUi(t,P,u1,u2),

where λ1, . . . ,λ5 are the co-state variables associated with X1,X2,Y,A,J , respectively.

Theorem 6.1 (Fractional-order Pontryagin Maximum Principle). Let (u∗1,u
∗
2) be an optimal

control pair for problem (7)–(2) with corresponding optimal state trajectory P∗. Then there

exists a co-state vector λ = (λ1, . . . ,λ5) such that:

(i) (State equations) CDδ
t P∗ = ∂H /∂λ = U (t,P∗,u∗1,u

∗
2), with P∗(0) = P0;

(ii) (Co-state equations)

C
t Dδ

T λi =−
∂H

∂Pi

∣∣∣
(P∗,u∗1,u

∗
2,λ )

, λi(T ) = 0, i = 1, . . . ,5,

where C
t Dδ

T denotes the right Caputo fractional derivative on [0,T ];

(iii) (Optimality condition) for a.e. t ∈ [0,T ],

H (t,P∗(t),u∗1(t),u
∗
2(t),λ (t))≤H (t,P∗(t),u1,u2,λ (t))

for all (u1,u2) ∈ [0,umax
1 ]× [0,umax

2 ].

Proof. This is the fractional-order analogue of the classical Pontryagin Maximum Principle;

we give the complete derivation, following the fractional calculus-of-variations approach of

Agrawal, adapted to the present control-constrained, vector-valued setting.

Step 1: Needle variation and the variational (linearized) state equation. Fix a Lebesgue point

τ ∈ (0,T ) of t 7→ U (t,P∗(t),u∗1(t),u
∗
2(t)), an arbitrary admissible value (v1,v2) ∈ [0,umax

1 ]×

[0,umax
2 ], and ε > 0 small. Define the needle-perturbed control

ui,ε(t) =


vi, t ∈ [τ,τ + ε],

u∗i (t), otherwise,
i = 1,2,

and let Pε denote the corresponding state trajectory, i.e. the solution of (2) with

U (·, ·,u1,ε ,u2,ε) in place of U (·, ·,u∗1,u∗2). Write δP(t) = limε→0+ ε−1(Pε(t)−P∗(t)
)

for
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the (first-order) state variation, which exists by the continuous dependence on parameters guar-

anteed by Theorem 4.2. Subtracting the integral equation (2) for Pε from that for P∗, dividing

by ε , and letting ε→ 0+, one obtains (using that the needle interval [τ,τ+ε] shrinks to the point

τ , contributing a jump of size ∆U (τ) := U (τ,P∗(τ),v1,v2)−U (τ,P∗(τ),u∗1(τ),u
∗
2(τ)) to

the integrand at t = τ , and that elsewhere the perturbation propagates through the Jacobian

DPU (t,P∗(t),u∗1(t),u
∗
2(t))) the fractional variational equation

(8) CDδ
t δP(t) = DPU

(
t,P∗(t),u∗1(t),u

∗
2(t)

)
δP(t)+∆U (τ)δ (t− τ), δP(0) = 0,

where δ (t− τ) denotes the Dirac mass at τ and DPU is the 5×5 Jacobian of U with respect

to P (given explicitly in Appendix A.2). Equivalently, in mild (fixed-point) form,

(9) δP(t) =
1

Γ(δ )

∫ t

0
(t− s)δ−1DPU (s,P∗(s),u∗1(s),u

∗
2(s))δP(s)ds

+
(t− τ)δ−1

+

Γ(δ )
∆U (τ), t ≥ τ.

Step 2: First-order variation of the cost functional. Since

J(u1,u2) =
∫ T

0
L (P(t),u1(t),u2(t))dt, L = w1X1 +w2X2 +

1
2w3u2

1 +
1
2w4u2

2,

a first-order expansion in ε gives

δJ := lim
ε→0+

J(u1,ε ,u2,ε)− J(u∗1,u
∗
2)

ε

=
∫ T

0
∇PL (P∗(t),u∗1(t),u

∗
2(t)) ·δP(t)dt

+∇uL (P∗(τ),u∗1(τ),u
∗
2(τ)) · (v−u∗(τ)),

(10)

where the second (boundary) term arises from the needle’s direct effect on the integrand over

[τ,τ + ε], of length ε , and ∇PL = (w1,w2,0,0,0).

Step 3: The adjoint (co-state) system and fractional integration by parts. To evaluate the

integral term in (10) without needing δP explicitly, introduce the co-state λ : [0,T ]→ R5 as

the solution of the adjoint fractional system

(11)
C
t Dδ

T λ (t) =−DPU (t,P∗(t),u∗1(t),u
∗
2(t))

⊤
λ (t)−∇PL (P∗(t),u∗1(t),u

∗
2(t)), λ (T ) = 0,
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where C
t Dδ

T is the right Caputo derivative on [0,T ]. This choice is precisely dictated by the

fractional integration-by-parts identity of Appendix A (Section A.1):∫ T

0
λ (t) ·CDδ

t δP(t)dt =
∫ T

0
δP(t) ·Ct Dδ

T λ (t)dt,

which holds because δP(0) = 0 and λ (T ) = 0 eliminate the boundary terms of the identity.

Substituting the variational equation (8) for CDδ
t δP on the left-hand side and the adjoint equa-

tion (11) for C
t Dδ

T λ on the right-hand side, and using the sifting property of the Dirac mass to

evaluate the term involving δ (t− τ), gives∫ T

0
λ (t) ·

[
DPU δP(t)

]
dt +λ (τ) ·∆U (τ) =−

∫ T

0
δP(t) ·

[
DPU ⊤

λ (t)+∇PL
]
dt,

and since λ (t) · [DPU δP(t)] = δP(t) · [DPU ⊤λ (t)] (transpose identity for the bilinear

form), the corresponding terms cancel on both sides, leaving the key identity

(12)
∫ T

0
∇PL (P∗(t),u∗1(t),u

∗
2(t)) ·δP(t)dt = λ (τ) ·∆U (τ).

Step 4: Substituting into δJ and deriving the optimality condition. Substituting (12) into (10)

gives

δJ = λ (τ) ·∆U (τ)+∇uL (P∗(τ),u∗1(τ),u
∗
2(τ)) · (v−u∗(τ)).

Recalling that ∆U (τ) = U (τ,P∗(τ),v1,v2) − U (τ,P∗(τ),u∗1(τ),u
∗
2(τ)) and that the

fractional-order Hamiltonian is defined as H (t,P,u1,u2,λ ) = L (P,u1,u2) + λ ·

U (t,P,u1,u2), this expression is exactly

δJ = H (τ,P∗(τ),v1,v2,λ (τ))−H (τ,P∗(τ),u∗1(τ),u
∗
2(τ),λ (τ)).

Since (u∗1,u
∗
2) is optimal, J(u1,ε ,u2,ε) ≥ J(u∗1,u

∗
2) for every admissible needle perturbation and

every sufficiently small ε > 0, so δJ ≥ 0 for every admissible (v1,v2), i.e.

H (τ,P∗(τ),u∗1(τ),u
∗
2(τ),λ (τ))≤H (τ,P∗(τ),v1,v2,λ (τ))

for all (v1,v2) ∈ [0,umax
1 ]× [0,umax

2 ]. Since τ was an arbitrary Lebesgue point (hence a.e. point

of [0,T ]), this establishes optimality condition (iii). Equation (11) is exactly condition (ii), since

−∂H /∂Pi =−∇PLi− (DPU ⊤λ )i componentwise (using ∂ (λ ·U )/∂Pi = (DPU ⊤λ )i),

and condition (i) is simply the state equation (2) evaluated along the optimal trajectory, which

holds by definition of P∗. This completes the derivation of all three conditions. □
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Corollary 6.1 (Explicit optimal control characterization). Since H is quadratic and strictly

convex in (u1,u2), condition (iii) of Theorem 6.1 is equivalent to the pointwise stationarity

conditions ∂H /∂u1 = 0, ∂H /∂u2 = 0, projected onto the admissible box, giving

(13)
u∗1(t) = min

{
umax

1 , max
{

0,
γa0λ4(t)

w3

}}
,

u∗2(t) = min
{

umax
2 , max

{
0, −λ5(t)

w4

}}
.

Proof. Differentiating H with respect to u1: ∂H /∂u1 = w3u1 +λ4 ∂U4/∂u1 = w3u1− γa0λ4

(since U4 = −γ(A− a0(1− u1)) so ∂U4/∂u1 = −γa0, giving w3u1 − γa0λ4 = 0 ⇒ u1 =

γa0λ4/w3). Similarly, ∂H /∂u2 = w4u2 +λ5 ∂U5/∂u2 = w4u2 +λ5 (since U5 =−cJ +u2),

giving the unconstrained stationary point u2 = −λ5/w4. Because H is strictly convex (qua-

dratic with positive coefficients w3,w4) in each control separately, these stationary points are

minimizers of H over R; projecting onto [0,umax
1 ] and [0,umax

2 ] respectively (since H is con-

vex, the constrained minimizer is the projection of the unconstrained minimizer onto the box)

gives (13). □

Equation (13) shows that the optimal ADT intensity is proportional to the co-state λ4 asso-

ciated with androgen suppression, while the optimal immunotherapy dosage is proportional to

the (negative) co-state λ5 associated with the dendritic-cell compartment, each clipped to the

admissible control range — the fractional-order analogue of the classical bang–bang/interior

characterization familiar from integer-order optimal control of tumor–immune systems.

7. NUMERICAL SCHEME

7.1. Fractional Euler / product-integration method. The forward state system (2) and the

backward co-state system of Theorem 6.1 are solved iteratively using a forward–backward

sweep method, in which each sweep uses a fractional Euler (product-integration) scheme for

the corresponding fractional initial-value problem. For a generic scalar Caputo initial value

problem CDδ
t x(t) = f (t,x(t)), x(0) = x0, on a grid t∗n = nh, n = 0, . . . ,N, the scheme reads

(14) x(t∗n+1) = x0 +
hδ

Γ(δ +1)

n

∑
j=0

[
(n− j+1)δ − (n− j)δ

]
f (t∗j ,x(t

∗
j )),
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obtained by approximating f by a piecewise-constant interpolant on each subinterval [t∗j , t
∗
j+1]

and evaluating the resulting sum of incomplete Beta-type integrals exactly; this is the discretized

form of the fixed-point equation (2) and, unlike a naive single-term Euler update, correctly

incorporates the memory kernel (t−ϖ)δ−1 of the Caputo derivative through the weights (n−

j+ 1)δ − (n− j)δ . (When these weights are replaced by the single most-recent term, i.e. one

restricts the sum in (14) to j = n only, one recovers the simplified one-step recursion used

for illustrative purposes in [25]; we use the full memory sum (14) throughout our numerical

experiments for accuracy.) Applied componentwise to the vector system (2), with the control

values u1(t∗j ),u2(t∗j ) substituted at each grid point, this yields the forward update used in the

algorithm below. A structurally identical scheme, applied on the reversed grid τk = T − t∗N−k

using the right Caputo derivative, is used for the co-state system.

7.2. Forward–backward sweep algorithm.

1. Initialize a guess for (u1,u2) over the grid {t∗p}N
p=0.

2. Solve the state system (2) forward in time using (14).

3. Solve the co-state system of Theorem 6.1 backward in time using the corresponding

right-Caputo analogue of (14), starting from λ (T ) = 0.

4. Update the control estimate at each grid point using (13), taking a convex combination

u(k+1) = θ u(k)+(1−θ)u∗,(k+1), θ ∈ (0,1), of the previous and newly computed control

to promote convergence of the sweep.

5. Repeat steps 2–4 until the relative change in (u1,u2), P , and λ between successive

iterations falls below a prescribed tolerance tol.

7.3. Convergence and stability analysis. We first derive the local truncation error for the

simplified, single-term update obtained by retaining only the most recent ( j = n) term of the

memory sum in (14) — i.e. the scheme

Xnum,simplified
1 (t∗p+1) = X1(t∗p)+U1(t∗p,X1(t∗p))

hδ

Γ(δ +1)
,

which is the update used for exposition in [25] — and then relate this bound to the full-memory

scheme (14) that is actually implemented and used throughout our numerical experiments (Re-

mark 7.1 below).
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Expanding the exact solution X1(t) using the generalized (fractional) Taylor formula about

t = t∗p,

(15) X1(t∗p+1) = X1(t∗p)+
CDδ

t X1(t∗p)hδ + 1
2

CD2δ
t X1(t∗p)h2δ +O(h3δ ),

and comparing with Xnum,simplified
1 above shows that the local truncation error of the simplified

update at each step is

Eloc(t∗p+1) = X1(t∗p+1)−Xnum,simplified
1 (t∗p+1) = O(h2δ ),

so that, over N = T/h steps, the global error accumulates to

Eglob(T ) = O(N ·h2δ ) = O(h2δ−1) ·T = O(hδ )

(using N = T/h), confirming first-order (in the fractional sense) convergence of the simplified

scheme as h→ 0.

Remark 7.1 (Relation to the full-memory scheme actually used). The full-memory update (14)

used throughout Sections 8–8.4 is the exact evaluation, via the incomplete-Beta-type weights

(n− j+1)δ−(n− j)δ , of the fractional integral of the piecewise-constant interpolant of U over

all past subintervals [t∗j , t
∗
j+1], j = 0, . . . ,n; this is precisely the classical fractional (product-

integration) Euler / one-step Adams–Bashforth method analyzed by Diethelm, Ford, and Freed

[42], who establish a global convergence order of O(h) (and, more precisely, O(hmin(2,1+δ ))

for the associated predictor-corrector variant) for exactly this quadrature rule. The simplified

single-term update analyzed above is a further truncation of the same memory sum to its most

recent term only, discarding the (positive, since U need not have constant sign but the weights

themselves are positive and summable) contribution of all earlier subintervals; it is therefore a

less accurate approximation of the same underlying integral than (14), and cannot have smaller

local truncation error at any fixed step. Consequently, the O(hδ ) global convergence order

derived above for the simplified update is a valid (and, in light of [42], conservative) upper

bound on the global error of the full-memory scheme (14) actually implemented and used for

all simulations in this paper; the numerical step-halving check reported in the remark below,

which is performed on the full-memory scheme itself, directly confirms this order empirically

rather than relying on the bound by extrapolation alone.
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For local stability, consider a small perturbation ∆X1(t∗p). Linearizing the update (14) (re-

stricted to its leading, j = n term, for a local stability heuristic) gives

∆X1(t∗p+1) = ∆X1(t∗p)

[
1+

∂U1

∂X1
(t∗p,X1(t∗p))

hδ

Γ(δ +1)

]
,

so that perturbations do not grow (i.e. the amplification factor above has magnitude at most 1)

provided

(16) h≤
[

Γ(δ +1)
/∣∣∣∂U1

∂X1

∣∣∣]1/δ

,

which is the step-size stability bound used to select h in the simulations of Section 8; analo-

gous bounds hold componentwise for X2,Y,A,J (and for the co-state components, using the

corresponding partial derivatives of −∂H /∂Pi).

Remark 7.2. Because bound (16) depends on the (state-dependent) partial derivatives of U ,

which vary along the trajectory, in practice a conservative fixed step size is chosen based on

the largest magnitude of these derivatives over the invariant region identified in Proposition 2;

we used h = 0.25 (in the same time units as Table 1) throughout, having verified numerically,

on the full-memory scheme (14) itself, that halving h further changes the computed trajectories

by less than 0.1% in supremum norm, consistent with the predicted O(hδ ) convergence rate of

Remark 7.1. (An initial choice of h= 1 was found to produce a spurious numerical oscillation in

X1 for t ≳ 250, traceable to the logistic-type self-interaction X1 · (· · ·) in the model equation (2)

— see Remark 3.1 — falling outside the stability bound (16) at that step size; h = 0.5 removed

this artifact at baseline parameters but a residual oscillation persisted at the more extreme end

of the α sweep of Section 8 (α = 0.3, for which ∂U1/∂X1 is larger in magnitude); h = 0.25

was found to lie comfortably within bound (16) across the entire parameter range explored in

this paper and was adopted uniformly for all reported simulations.)

7.4. Implementation. The forward and backward fractional Euler solvers, together with the

forward–backward sweep, were implemented in Python (NumPy) using vectorized evaluation

of the memory-sum weights (n− j+1)δ − (n− j)δ at each step; a summary of the implemen-

tation is given in Appendix B. All simulations below use double-precision arithmetic and a
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non-negativity projection P(t∗n+1)← max(P(t∗n+1),0) at each step, consistent with Proposi-

tion 1, as a numerical safeguard against small negative overshoots near X1 = 0.

8. NUMERICAL RESULTS AND DISCUSSION

Simulations use the baseline parameter values of Table 1, control bounds umax
1 = 1, umax

2 = 20,

weights w1 = w2 = 1, w3 = w4 = 5, time horizon T = 3000, step size h = 0.25, and initial

conditions X1(0) = 100, X2(0) = 100, Y (0) = 5, A(0) = 0, J (0) = 10, following [25] (with

a shorter horizon than the original T = 15,000, chosen to keep the memory-sum computation

of (14) tractable while still exhibiting the full transient-to-plateau behavior of the model).

Parameter Value Parameter Value

Q 1000 e1 1.2

e2 0.8 α 0.9

d1 0.3 m1 0.01

a0 3.5 a1 0.2

a2 0.2 β 0.8

g1 10 g2 10

g3 10 W 0.2

γ 0.08 c 0.00311

ω 0.3 ε 10

TABLE 1. Baseline parameter values used in simulations, following [25].

8.1. Effect of the fractional order δ on the uncontrolled model. Figure 1 shows the time

evolution of X1, X2, Y , and A under the uncontrolled model for δ ∈ {1.00,0.97,0.93,0.90},

computed with the full-memory scheme (14).

As in [25], X1 rises rapidly from its initial value, consistent with the unconditional instability

of the X1-direction at E0 established in Proposition 3 (λ1 = e1a0 > 0 for any admissible param-

eters), and subsequently declines as effector-cell killing and competition from the growing X2

population act on it, ultimately approaching a lower plateau (panel a); lower δ (a shorter ef-

fective memory/relaxation horizon) produces faster transient dynamics and earlier stabilization.
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FIGURE 1. Uncontrolled model, baseline parameters (Table 1), for δ ∈

{1.00,0.97,0.93,0.90}: (a) androgen-dependent cells X1; (b) androgen-

independent cells X2; (c) effector cells Y ; (d) serum androgen A.

Correspondingly, X2 grows monotonically toward a high plateau near the shared carrying capac-

ity, reflecting the sustained mutation influx from X1 and comparatively mild effector-cell killing

at baseline a2 (panel b); Y exhibits transient dynamics governed by the balance W −ω < 0,

causing an initial rise followed by decay, with the rate again modulated by δ (panel c). A is

a purely linear relaxation to a0, and its qualitative shape (monotonic increase from 0 to a0) is

preserved across all δ (panel d).

8.2. Effect of inter-cell competition α,β and the effector-cell killing rate a2. Fig-

ure 2 shows X1 and X2 for δ = 0.98 under a sweep of the competition parameter α ∈

{0.9,0.7,0.5,0.3} (panels a–b), of the AI-cell killing rate a2 ∈ {0.20,0.15,0.10,0.05} (panels

c–d), and of the reciprocal competition parameter β ∈ {0.8,0.6,0.4,0.2} (panels e–f), holding

all other parameters at baseline in each sweep.
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FIGURE 2. Parameter sweeps at δ = 0.98: (a)–(b) effect of the competition

parameter α on X1,X2; (c)–(d) effect of the AI-cell effector killing rate a2 on

X1,X2; (e)–(f) effect of the reciprocal competition parameter β on X1,X2.

As α decreases, the competitive suppression exerted by X2 on X1’s logistic growth term

e1A(1− (X1 +αX2)/Q) weakens, allowing X1 to sustain a higher population for longer; con-

versely, the reduced competitive pressure indirectly increases the relative expansion of X2, since

a smaller α frees carrying capacity that X2 can occupy while X2’s own equation is unaffected

by α — panels (a)–(b) (e.g. at t = T , X1 decreases from ≈ 921 to ≈ 357 and X2 increases from
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≈ 263 to≈ 714 as α increases from 0.3 to 0.9). This illustrates that α is a therapeutically mean-

ingful lever, in principle modifiable by therapies that alter the tumor microenvironment or the

relative fitness of AD versus AI clones, though we do not model such an intervention explicitly

here.

As expected, increasing a2 (a more effective immune response against AI cells, e.g. via en-

hanced immunotherapy) suppresses the long-run plateau of X2; because X1 and X2 compete for

the shared carrying capacity Q, this in turn allows a somewhat higher sustained X1 population

— panels (c)–(d) — though, at baseline α,β , this effect is comparatively mild over the range

a2 ∈ [0.05,0.20] examined (the four curves in panels c–d remain close together relative to the

much larger separation produced by the α and β sweeps), illustrating the coupled, competitive

nature of the two populations and the resulting therapeutic trade-off: interventions that suc-

cessfully control AI disease may transiently permit greater AD burden unless combined with

adequate androgen suppression, reinforcing the rationale for the combination-therapy optimal

control framework of Section 6.

The parameter β plays the symmetric role to α , quantifying the competitive suppression

exerted by X1 on X2’s own logistic growth term e2(1−(βX1+X2)/Q)X2: decreasing β weakens

this suppression, allowing X2 to sustain a substantially higher long-run population, while the

resulting reduction in the shared carrying capacity available to X1 correspondingly depresses

X1’s plateau — panels (e)–(f) (e.g. at t = T , X1 decreases from≈ 357 to≈ 122 and X2 increases

from ≈ 714 to ≈ 976 as β decreases from 0.8 to 0.2). Notably, the β sweep produces a larger

relative change in the long-run X1 population than the α sweep does (a roughly 3-fold decrease

in X1(T ) over the range examined, versus a roughly 2.6-fold increase for α), suggesting that,

within this model and at baseline parameters, the competitive pressure exerted by AI cells on

AD cells is a comparatively more sensitive lever than the reverse direction — a qualitative

asymmetry consistent with the biological picture of AI cells as the more robust, treatment-

resistant phenotype whose competitive footprint more strongly constrains the AD population

than vice versa.

8.3. Illustrative (non-converged) optimal-control trajectories. To illustrate the qualitative

effect of the optimal control characterization (13), Figure 3(a) shows control profiles u1(t),u2(t)
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consistent with the co-state-driven shape predicted by Corollary 6.1 — high initial ADT inten-

sity, decaying as AD burden falls, paired with immunotherapy dosing that ramps up over time —

and panel (b) compares the resulting X1,X2 trajectories against the uncontrolled (no-treatment)

baseline.

FIGURE 3. Illustrative, non-converged control profile (not the fixed point of

the forward–backward sweep; see Section 8.4 for the genuinely converged short-

horizon result). (a) Representative optimal-control-shaped profiles for u1(t)

(ADT intensity) and u2(t)/umax
2 (scaled immunotherapy dosage), constructed

from the qualitative shape of characterization (13); (b) resulting X1,X2 trajec-

tories versus the untreated baseline. δ = 0.98.

Under this control profile, aggressive early ADT rapidly suppresses X1, consistent with

Proposition 3 (strong androgen suppression drives the effective local growth rate of X1 be-

low zero). However, because the mutation flux term m1(1−A/a0)X1 is largest precisely when

androgen suppression is most aggressive and while X1 is still large, the trajectory also shows

a markedly higher plateau for X2 than in the untreated baseline. This is a numerically explicit

illustration, within the proposed mathematical model and for the parameter values considered

(Table 1), of a pattern that parallels a clinically recognized phenomenon: aggressive continuous

androgen suppression, while highly effective at controlling androgen-dependent disease, can

accelerate the selection and expansion of androgen-independent, treatment-resistant disease if

not carefully balanced against the pace of mutation and against complementary AI-targeting

therapy [6, 7]. We emphasize that this is a model-based observation, not a clinical claim: it has
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not been validated against patient data (Section 9), and its magnitude, or even its qualitative di-

rection, could differ under other parameter regimes. This motivates, within the optimal control

framework of Section 6, the choice of cost-functional weights w1,w2: increasing w2 relative to

w1 shifts the optimal solution of (7)–(2) toward a less aggressive, more sustained ADT profile

combined with earlier, stronger immunotherapy ramp-up, mitigating the resistance-acceleration

effect of Figure 3(b).

8.4. Validated short-horizon convergence of the forward–backward sweep. The profile of

Figure 3(a) is consistent with, but not identical to, the true fixed point of the forward–backward

sweep algorithm of Section 7.2: it was constructed directly from the qualitative shape of the

co-state-driven characterization (13) rather than obtained by iterating the algorithm to conver-

gence. We now report what happens when the algorithm is actually run to convergence, using a

numerically differentiated Jacobian DPU (central differences, step 10−6) in the co-state equa-

tion (11) rather than the closed-form expressions of Appendix A.2, so as to eliminate any risk of

a hand-derivation error, and implementing the backward sweep via the substitution τ = T − t,

which converts the right-Caputo initial value problem for λ into an ordinary forward Caputo

initial value problem in τ , solvable with the same scheme (14).

On a short horizon (T = 20, h = 0.2), the sweep converges cleanly: the maximum control

update between successive iterations decreases monotonically (from 0.40 at iteration 1 to below

10−4 by iteration 18), and the converged control satisfies u∗1(t) ∈ [0,1.00], decaying from near-

maximal ADT intensity toward zero as the horizon ends, while u∗2(t)≡ 0 throughout (Figure 4).

The result u∗2 ≡ 0 is not a numerical artifact but a genuine, interpretable feature of the finite-

horizon problem: because the transversality condition λ (T ) = 0 removes any terminal incen-

tive, and because immunotherapy acts on the tumor only indirectly — first stimulating Y via

the εJ /(g3 +J ) term, which then requires further time to translate into AI-cell killing via

a2X2Y/(g2 +X1 +X2) — its benefit accrues too slowly, relative to a 20-time-unit horizon, to

outweigh its quadratic cost 1
2w4u2

2; the algorithm correctly allocates all effort to the directly

acting control u1. This is a legitimate “end-of-horizon” effect, fully consistent with the sign

structure of (13).
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FIGURE 4. Genuinely converged forward–backward-sweep optimal control on

the short horizon T = 20 (Section 8.4), δ = 0.98: (a) converged control (u∗1,u
∗
2);

(b) corresponding X1,X2 trajectories versus the untreated baseline.

Extending this to the full T = 3000 horizon of Figure 1, however, was not numerically fea-

sible with the single-shooting sweep implemented here. The right-Caputo co-state system (11),

integrated backward from λ (T ) = 0, is dominated by the unconditionally unstable eigenvalue

λ2 = e2 > 0 (Proposition 3): the state Jacobian entry ∂U2/∂X2 ≈ e2 makes the backward-time

co-state dynamics grow like O(ee2(T−t)), so maxt |λ (t)| reached O(104) at T = 20, O(1013)

at T = 50, O(1026) at T = 100, and O(1040) at T = 150, consistent with ee2T scaling; be-

yond T ≈ 350 this overflows double precision. This is a known difficulty of single-shooting

methods for boundary value problems with a positive Lyapunov exponent in the forward dy-

namics: the two-point structure of the Pontryagin system couples a stable forward sweep to

a co-state sweep inheriting the time-reversed instability of the same mode, and resolving it on

long horizons genuinely requires a more robust technique — multiple shooting, collocation, or a

Riccati-based stabilized sweep — rather than a coding fix. We therefore report the long-horizon

control of Figure 3(a) as an illustrative profile consistent with the theoretical characterization,

and the short-horizon result of this subsection as a genuine, fully converged validation of the

same characterization; bridging the two is a concrete item for future work (Section 9).

A systematic exploration of the weight-dependence of the converged sweep optimum, ex-

tended to long horizons once the stiffness issue is resolved, is left for future work.
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8.5. Qualitative sensitivity analysis. Table 2 summarizes the qualitative sensitivity of the

long-run (t = T ) values of X1 and X2 to the parameters varied in the preceding subsections,

based on the simulation results above. We emphasize that this is a qualitative, one-parameter-

at-a-time sensitivity analysis (a parametric sweep of each parameter individually, with all others

held at baseline), rather than a quantitative global sensitivity method such as Sobol indices, par-

tial rank correlation coefficients (PRCC), or Morris screening, which would additionally quan-

tify the relative magnitude of each parameter’s influence and any interaction effects between

parameters; such a quantitative analysis is identified as an item for future work in Section 9.

Parameter increased Effect on X1(T ) Effect on X2(T )

δ (fractional order) slower stabilization slower stabilization

α (competition on X1) decrease increase

β (competition on X2) increase decrease

a2 (AI killing rate) increase decrease

TABLE 2. Qualitative sensitivity of the long-run AD and AI cell populations to

key model parameters, based on the simulations of Figures 1–2.

This sensitivity pattern is consistent with the biological interpretation of each parameter: α

and β govern the (asymmetric, per the discussion above) competitive balance between the two

cell types, while a2 governs the strength of the AI-targeting arm of the immune response, and δ

governs the memory/relaxation timescale of the entire system without changing its qualitative

long-run attractor structure (for the parameter values examined, no bifurcation in the long-run

plateau values was observed as δ was varied over [0.90,1.00]).

9. CONCLUSION

This paper extended a Caputo fractional-order model of prostate cancer dynamics under

pulsed hormonal and immune therapy into an optimal control framework in which the intensity

of androgen deprivation therapy and the dosage of dendritic-cell immunotherapy are treated

as time-dependent control variables. We established positivity and boundedness of solutions,
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existence and uniqueness via the Leray–Schauder and Banach fixed-point theorems (with com-

plete proofs), and Ulam–Hyers, generalized Ulam–Hyers, Ulam–Hyers–Rassias, and general-

ized Ulam–Hyers–Rassias stability. We analyzed the local stability of the tumor-free equilib-

rium via the Matignon criterion, showing that the untreated system is unconditionally unstable

in both the AD and AI directions (Proposition 3) — i.e., neither tumor phenotype is ever lo-

cally suppressed by the untreated dynamics, for any biologically admissible parameter values

— underscoring the clinical necessity of active intervention. We derived necessary optimality

conditions via a fractional-order Pontryagin Maximum Principle and an explicit characteriza-

tion of the optimal control in terms of the co-state variables, and we developed and analyzed

(local truncation error, a formal global error estimate, and a local step-size stability heuristic)

a forward–backward sweep numerical scheme based on a fractional Euler / product-integration

method, implemented in Python.

Numerical simulations show that the fractional order δ shapes the transient dynamics of the

tumor–immune system without altering its qualitative long-run structure over the range exam-

ined, that the competition parameter α and the AI-cell killing rate a2 have opposing effects

on the long-run AD and AI populations, and that a control profile with aggressive early ADT

can, within this model, accelerate the emergence of androgen-independent disease unless paired

with sufficiently early and strong immunotherapy — an explicit, model-based illustration of a

well-recognized clinical trade-off, and a concrete motivation for the cost-functional weighting

introduced in the optimal control formulation.

9.1. Limitations and future work. Several limitations of the present study suggest directions

for future work. First, as detailed in Section 8.4, the forward–backward sweep algorithm of Sec-

tion 7.2 was validated to full convergence only on a short horizon (T = 20); on the full T = 3000

horizon used elsewhere in the paper, the single-shooting backward sweep for the co-state system

is numerically dominated by the unconditionally unstable eigenvalue λ2 = e2 > 0 of Proposi-

tion 3, causing |λ (t)| to grow essentially as ee2(T−t) and overflow double-precision arithmetic

beyond T ≈ 350; the long-horizon control profile of Figure 3(a) is therefore reported explicitly

as an illustrative profile consistent with the theoretical optimality characterization (13), rather

than as a converged numerical solution. Resolving this — via multiple shooting, orthogonal
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collocation, or a Riccati-based stabilized sweep, all standard remedies for boundary value prob-

lems with a positive Lyapunov exponent in the forward dynamics — and then carrying out a

systematic numerical study of the converged optimal control, its dependence on the cost weights

w1, . . . ,w4 and on δ , and its comparison against fixed pulsed and intermittent protocols, is an

important next step. Second, the model could be extended to fractal-fractional, variable-order,

and piecewise fractional operators, which have shown promise in capturing regime changes (e.g.

treatment initiation or cessation) and time-varying memory more naturally than a globally fixed

fractional order [23, 21, 22, 24, 30, 26]; a variable-order constant-proportional-Caputo opera-

tor, in particular, has recently been shown to improve long-term numerical stability relative to a

fixed-order Caputo operator in a related breast-cancer treatment model [30], and could plausibly

offer similar benefits here given the long simulation horizons considered in Section 8. Third,

incorporating stochastic perturbations would allow the model to capture patient-to-patient vari-

ability and measurement noise in a manner analogous to [11]. Fourth, state constraints (e.g., a

maximum tolerated duration of androgen suppression, or a minimum permissible effector-cell

level) could be incorporated into the optimal control formulation via a fractional-order penalty

or barrier method. Finally, validating the model — including the equilibrium and sensitivity

analysis of Sections 5 and 8 — against longitudinal clinical PSA and imaging data would be an

essential step toward clinical translation.

DATA AVAILABILITY

No new experimental datasets were generated in this study; the parameter values used in the

numerical simulations are provided in Table 1, and the numerical implementation is summarized

in Appendix B.

APPENDIX A. ADDITIONAL DERIVATIONS

A.1. Fractional integration by parts for the co-state derivation. The derivation of the co-

state system in Theorem 6.1 relies on the following fractional integration-by-parts identity,

which we now prove in full.
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Lemma A.1 (Fractional integration by parts). Let φ ,ψ ∈ C1([0,T ],R) with φ(0) = 0 and

ψ(T ) = 0. Then ∫ T

0
ψ(t)CDδ

t φ(t)dt =
∫ T

0
φ(t)C

t Dδ
T ψ(t)dt,

where C
t Dδ

T ψ(t) =
−1

Γ(1−δ )

∫ T

t
(ϖ − t)−δ

ψ
′(ϖ)dϖ is the right Caputo derivative on [0,T ].

Proof. By definition of the (left) Caputo derivative,

∫ T

0
ψ(t)CDδ

t φ(t)dt =
∫ T

0
ψ(t)

[
1

Γ(1−δ )

∫ t

0
(t− s)−δ

φ
′(s)ds

]
dt

=
1

Γ(1−δ )

∫ T

0

∫ t

0
ψ(t)(t− s)−δ

φ
′(s)dsdt.

The integration region is {(s, t) : 0≤ s≤ t ≤ T}; since the integrand ψ(t)(t− s)−δ φ ′(s) is (for

δ ∈ (0,1)) absolutely integrable over this triangular region — the singularity (t− s)−δ is inte-

grable near t = s since δ < 1 — Fubini’s theorem justifies exchanging the order of integration:

∫ T

0
ψ(t)CDδ

t φ(t)dt =
1

Γ(1−δ )

∫ T

0
φ
′(s)

[∫ T

s
ψ(t)(t− s)−δ dt

]
ds =

∫ T

0
φ
′(s)Ψ(s)ds,

where we have set Ψ(s) :=
1

Γ(1−δ )

∫ T

s
(t − s)−δ

ψ(t)dt = I1−δ

T ψ(s), the right Riemann–

Liouville fractional integral of order 1−δ of ψ , evaluated at s. Now integrate
∫ T

0 φ ′(s)Ψ(s)ds

by parts in the ordinary (integer-order) sense:

∫ T

0
φ
′(s)Ψ(s)ds =

[
φ(s)Ψ(s)

]T
0 −

∫ T

0
φ(s)Ψ′(s)ds

= φ(T )Ψ(T )−φ(0)Ψ(0)−
∫ T

0
φ(s)Ψ′(s)ds.

Since φ(0) = 0 by hypothesis, the second boundary term vanishes; and Ψ(T ) = I1−δ

T ψ(T ) = 0

trivially (the integral defining Ψ at s = T is over the empty interval [T,T ]), so the first boundary

term also vanishes regardless of φ(T ). (This is why the derivation in Theorem 6.1 additionally

imposes ψ(T ) = λ (T ) = 0: that condition is used not here, but to eliminate the corresponding

boundary term in the reverse application of this lemma with the roles of φ ,ψ interpreted as

δP,λ respectively, where it is δP(0) = 0 that is used here, and λ (T ) = 0 ensures the sym-

metric identity — obtained by an identical computation starting from
∫ T

0 φ(t)C
t Dδ

T ψ(t)dt and
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integrating by parts in the opposite order — is likewise free of boundary terms.) Hence

∫ T

0
ψ(t)CDδ

t φ(t)dt =−
∫ T

0
φ(s)Ψ′(s)ds.

It remains to identify −Ψ′(s) with C
s Dδ

T ψ(s). Because Ψ(s) = 1
Γ(1−δ )

∫ T
s (t − s)−δ ψ(t)dt has

both a moving lower limit and a genuinely singular integrand at t = s (since (t − s)−δ → ∞

as t → s+, δ ∈ (0,1)), naively differentiating under the integral sign and applying Leibniz’s

rule term-by-term is not justified directly: the resulting boundary term limt→s+(t − s)−δ ψ(t)

is individually divergent. We instead regularize by excising a shrinking neighbourhood of the

singularity. For ε > 0, define

Ψε(s) :=
1

Γ(1−δ )

∫ T

s+ε

(t− s)−δ
ψ(t)dt,

which is a classical (non-singular) parametric integral, since the integrand is C1 on [s+ ε,T ]

and the lower limit s+ ε is bounded away from the singularity at t = s. The classical Leibniz

rule applies without qualification and gives

Γ(1−δ )Ψ
′
ε(s) =−ε

−δ
ψ(s+ ε)+δ

∫ T

s+ε

(t− s)−δ−1
ψ(t)dt.

Integrating the remaining integral by parts in t (using d
dt (t− s)−δ = −δ (t− s)−δ−1), with u =

ψ(t), dv = δ (t− s)−δ−1dt, v =−(t− s)−δ :

δ

∫ T

s+ε

(t− s)−δ−1
ψ(t)dt =

[
− (t− s)−δ

ψ(t)
]t=T

t=s+ε
+

∫ T

s+ε

(t− s)−δ
ψ
′(t)dt

=−(T − s)−δ
ψ(T )+ ε

−δ
ψ(s+ ε)+

∫ T

s+ε

(t− s)−δ
ψ
′(t)dt.

Substituting back, the two ε−δ ψ(s+ ε) terms — each individually divergent as ε → 0+ —

cancel exactly, leaving

Γ(1−δ )Ψ
′
ε(s) =−(T − s)−δ

ψ(T )+
∫ T

s+ε

(t− s)−δ
ψ
′(t)dt,

which has a perfectly well-defined limit as ε → 0+, since ψ ′ ∈ C0 and (t− s)−δ is integrable

near t = s (δ < 1). Because Ψε → Ψ uniformly on [0,T ] as ε → 0+ (dominated convergence,

using integrability of (t− s)−δ ) and Ψ′ε converges uniformly on compact subsets of (0,T ) to
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the right-hand side above (again by dominated convergence, now applied to ψ ′), the standard

theorem on interchange of limit and derivative yields Ψ′ = limε→0+ Ψ′ε , i.e.

Ψ
′(s) =

−(T − s)−δ ψ(T )
Γ(1−δ )

+
1

Γ(1−δ )

∫ T

s
(t− s)−δ

ψ
′(t)dt.

Using the hypothesis ψ(T ) = 0, the first term vanishes, giving exactly

Ψ
′(s) =

1
Γ(1−δ )

∫ T

s
(ϖ − s)−δ

ψ
′(ϖ)dϖ =−C

s Dδ
T ψ(s),

which is precisely (minus) the right Caputo derivative of ψ at s, by definition. Substituting,∫ T
0 ψ(t)CDδ

t φ(t)dt =−
∫ T

0 φ(s)
[
−C

s Dδ
T ψ(s)

]
ds =

∫ T
0 φ(s)C

s Dδ
T ψ(s)ds, as claimed. □

Applying Lemma A.1 with φ = δP (which satisfies δP(0) = 0 by (8)) and ψ = λ (which

satisfies λ (T ) = 0 by construction of the adjoint system (11)) yields exactly the identity used in

Step 3 of the proof of Theorem 6.1, with no leftover boundary terms — this is the precise sense

in which the terminal condition λ (T ) = 0 in the co-state system is forced by the requirement

that the fractional integration-by-parts identity close without extraneous terms, rather than being

an arbitrary modeling choice; see also [34] for a closely related application of this technique.

A.2. Jacobian of U at a coexistence equilibrium. For completeness, we record the general

form of the Jacobian of U used in the local stability analysis of Section 5, evaluated at a general

point (X1,X2,Y,A,J ) with u1 = u2 = 0. Writing g(X1,X2,Y,A) := e1A
(
1− X1+αX2

Q

)
− (d1 +

m1)
(
1− A

a0

)
− a1Y

g1+X1+X2
, so that U1 = X1 g(X1,X2,Y,A) (Remark 3.1), the product rule gives

∂U1

∂X1
= g+X1

∂g
∂X1

= g−X1

(
e1A
Q
− a1Y

(g1 +X1 +X2)2

)
,

∂U1

∂X2
= X1

∂g
∂X2

= X1

(
−e1Aα

Q
+

a1Y
(g1 +X1 +X2)2

)
,

∂U1

∂Y
= X1

∂g
∂Y

=− a1X1

g1 +X1 +X2
,

∂U1

∂A
= X1

∂g
∂A

= X1

[
e1

(
1− X1 +αX2

Q

)
+

d1 +m1

a0

]
,

with analogous expressions for ∂U2/∂ (X1,X2,Y,A), ∂U3/∂ (Y,J ) = (W − ω, εg3/(g3 +

J )2), ∂U4/∂A =−γ , and ∂U5/∂J =−c. Local stability of any equilibrium E∗ then follows

by evaluating this 5× 5 Jacobian at E∗ and applying the Matignon criterion (Theorem 2.5) to

its eigenvalues.
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APPENDIX B. NUMERICAL IMPLEMENTATION SUMMARY

All numerical results in Section 8 were produced with a Python (NumPy/Matplotlib) imple-

mentation of the scheme (14). The core update, for a state array Y of shape (N+1,5) and

right-hand-side function rhs(t,y,u1,u2) implementing U , is, in pseudocode:

coef = h**delta / gamma(delta+1)

F[0] = rhs(t[0], Y[0], u1[0], u2[0])

for n in range(N):

j = arange(0, n+1)

w = (n - j + 1.0)**delta - (n - j)**delta

Y[n+1] = Y0 + coef * (w @ F[0:n+1])

Y[n+1] = maximum(Y[n+1], 0.0) # positivity safeguard

F[n+1] = rhs(t[n+1], Y[n+1], u1[n+1], u2[n+1])

The weighted sum w @ F[0:n+1] is evaluated with a vectorized NumPy dot product at each

step, giving O(N) work per step and O(N2) total work for a trajectory of N steps; for the horizon

and step size used in this paper (T = 3000, h = 0.25, N = 12000), this runs in a few seconds per

parameter setting on a standard CPU. Parameter sweeps (over δ , α , a2) simply repeat this call

with the corresponding parameter changed, and the illustrative control trajectories of Figure 3

substitute the prescribed u1(t),u2(t) arrays into the same update.
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