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Abstract: In this study we give simple different properties of generalized weakly 3-supplemented modules that
characterized in [7]. And we also define generalized -coclosed submodule of a module M as a generalization of -
coclosed submodules that introduced in [1] and show some basic characterizations.
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1. Introduction

Throughout this article, all rings are associative with identity and all modules are unitary left R-
modules. A submodule L of a module M is called small in M (denoted by L « M), if for every
proper submodule K of M, L + K + M. L < M, is said to be essential in M, denoted by L < M, if

L n K # 0 for each nonzero submodule K < M. A module M is said to be singular if M = N/L

for some module N and a submodule L < N with L < N. For two submodules N and K of M, N
is called a supplement of K in M if N is minimal with the property M = K + N; equivalently
M=K+ Nand NnNnL <« N.A module M is called supplemented if every submodule of M has a
supplementin M. If N + K = M and N N K < M, then K is called a weak supplement of N in M.
M is weakly supplemented module if every submodule of M has a weak supplement in M. The
sum of small submodules of a module M is denoted by Rad(M). Let M be an R-module and
N, K be any submodules of M withM =N + K. If NN K < Rad(K) (N N K < Rad(M)) then
K is called a generalized (weak) supplement of N in M. And M is called generalized

supplemented module if every submodule N of M has a generalized supplement K in M. In [8],
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an R-module M is called generalized weakly supplemented if every submodule K of M has a
generalized weak supplement N in M. For characterization of these modules we refer to [6] and

[8].
By Zhou [9], a submodule L of M is called §-small in M (denoted by L <s M) if for any

submodule N of M with M/N singular, M = N + L implies that M = N. Let o be the class of all

singular simple R-modules. For a module M, as in [9], let (M) = N{N < M | M/N € o }. The
sum of §-small submodules of a module M is denoted by §(M). It is easy to see that every small
submodule of a module M is §-small in M so Rad(M) < §(M).

Let K,N be submodules of module M, then N is called a & -supplement of K in M if
M=N+Kand NNK <5 K. N is called a weak §-supplement of K in M if M = N + K and
NNK <s M. A module M is called § -supplemented if every submodule of M has a
§-supplement in M. Also M is called weakly 6-supplemented if every submodule of M has a
weak §-supplement in M.

A module M is said to be §-local if §(M) «s M and §(M) is a maximal submodule of M. [1]

Let M be an R-module and N < M. We call N a §-coclosed submodule of M if N/X is singular
and N/, «5 M/ for some X < N, then X = N. [1]

In this paper we define generalized 3-coclosed submodule of a module and give some basic

properties of generalized weakly d-supplemented modules.

2. Preliminaries
We give basic properties of d-small submodules in the following lemma which is contained in
[9].
Lemma 2.1: Let M be a module. Then we have the following.
1) If Nisé-small in M and M =X+ N, then M =X @ Y for a projective semisimple
submodule Y withY € N.
2) If K is 6-small in M and f: M — N is a homomorphism, then f(K) is §-small in N. In
particular, if K is §-small in M € N, then K is §-small in N.
3) LetK; €M, €SMK,CSM, S Mand M = M, @ M,. Then K; @ K, is 5-small in M; H
M, if and only if K; is &-small in M; and K, is 6-small in M.
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4) Let N, K be submodules of M with K §-small in M and N < K. Then N is also &-small in
M.

Definition 2.2: Let M be a module and U,V be submodules of M. V is called a generalized
S-supplementof UinM ifM =U+VandUNV < 6(V).

A module M is called generalized §-supplemented if every submodule of M has a generalized 6-
supplement in M.

We refer to [7], for more detailed discussion about these modules.

3. Main Results

Theorem 3.1: Let M be a module and U, V be submodules of M. V is a generalized o-
supplementof U ifand only if U +V = M and Rm <s V forallme unV.

Proof: Let V be a generalized 5-supplement of U. Then, U+ V =Mand U NV < §(V). Since
(V) is the sum of all §-small submodules of V, there exists elements m; € V forevery 1 <i <
k such that m =m; +m;, +--+m;_ and Rm; KsV for some k € N. Following this,
Rm < V is obtained since the sum is finitely and Rm € Rm; + Rm, + --- + Rm,. Conversely,
assume that U+ V =M and Rm <z V for all me UnV. Then Rm < 6(V) since 6(V) =
Yi«gv L. Hence, UNV < 5(V).

Definition 3.2: Let M be a module and U, V be submodules of M.V is called a generalized weak
d-supplementof UinM ifM =U+VandUNV < §(M).

A module M is called generalized weakly &-supplemented if every submodule of M has a
generalized weak d-supplement in M.

By definition it is clear that any generalized &-supplemented module and weakly

d-supplemented module is generalized weakly 3-supplemented.

Theorem 3.3: Let M be a generalized weakly d-supplemented module and §(M) be 6-small
submodule of M. Then M is weakly 3-supplemented.
Proof: Let U be an arbitrary submodule of M. Since M is generalized weakly 3-supplemented

thenU+V =MandU NV < §(M) for V < M. By hypothesis, U NV «s M is obtained.
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Theorem 3.4: Let M be a module and V be a generalized weak §-supplement of U in M. Then U
is a generalized weak §-supplement of V in M.
Proof: Since V is a generalized weak §-supplement of Uin MthenV+U =M and V NU <

d(M). Therefore it is clear that U is also a generalized weak 3-supplement of V in M.

Theorem 3.5: Let M be a module and U,V be submodules of M. V is a generalized weak
d-supplement of U ifandonly if U+ V = M and Rm <5 M forallme unV.

Proof: Let V be a generalized weak 3-supplement of U. Then, U +V =MandU NV < §(M).
Since 6(M) is the sum of all §-small submodules of M, there exists elements m; € M for every
1 <i<ksuchthatm =m; +m;, +--+m; and Rm; <5 M for some k € N. Following this,
Rm «<s M is obtained since the sum is finitely and Rm < Rm; + Rm, + --- + Rm,,. Conversely,
assume that U+V =M and Rm s M for all m € UNV. Then Rm < §(M) since §(M) =
YL«gm L-Hence, UNV < §5(M).

Theorem 3.6: Let M be a o-local module and V be a generalized weak 3-supplement of U. Then
V is weak &-supplement of U.

Proof: If V is a generalized &-supplement of U,thenU +V =M and U NV < §(M). Since Mis
d-local, (M) «s M andso U NV «Ks M. Hence, V is weak 5-supplement of U.

Theorem 3.7: Let M be a module and K < L < M for submodules K, L of M. Then L < §(M) if
and only if K < §(M) and L/, < 5(M/}).

Proof: Assume that L < §(M). Clearly K < &8(M). Now let take into account natural
epimorphism pM— M/ Since p(s() € s(pn) =5(M/), then
L/ =p) c p(8(M)) < 5(M/,) is obtained. For the converse assume that K < §(M) and
L/K < S(M/K). Now we show that L < §(M). For this suppose that L < §(M). Then there is a
maximal submodule X of M such that M/X singular and L £ X. Namely, there is an element m in
L with m & X. Then X + Rm = M since X is maximal in M and so X/, + Rm+ K/, =M/
Since L/, < 8(M/}) and M/, is singular then KM+ K/, «s M/, Therefore, X/, =M/,

and so X = M is obtained but this fact contradicts with the maximality of X. Hence, L < §(M).
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Theorem 3.8: Let M be a module and N <6(M). If M/N is generalized weakly
d-supplemented then M is also generalized weakly §-supplemented.

Proof: Let U be an arbitrary submodule of M. Since M/N is generalized weakly

d-supplemented module there is a generalized weak 3-supplement X/N of U+ N/N in M/N' So,

N+ U)/N +%/y=M/y and (N + U)/N nX/y = N+ nX)/N c §(M/p). Here it is not
difficult to see that U+ X = M. By the previous theorem UNnX < §(M). Hence X is a

generalized weak &-supplement of U in M.

Corollary: Any 6-small cover of a generalized weakly 6-supplemented module is generalized

weakly 6-supplemeneted.

Definition 3.9: Let M be an R-module and N < M. We call N a generalized 3-coclosed
submodule of M if N/ is singular and N/, € §(M/, ) for some X < N, then X = N.

It is clear that every d-coclosed submodule is generalized 3-coclosed.

Theorem 3.10: Let M be a module and K < L < M. If L is generalized 3-coclosed and K <
d(M) then K < &(L). Additionally, §(L) = L n §(M).

Proof: Assume that K & §(L). Then there is a submodule X of L with L/X singular simple that is
not containing K. So there is an element m in K such that m & X. Since L/X Is simple X is also a

maximal submodule of L. Hence it can be seen easily that X + Rm = L. Now by taking into

account the natural homomorphism p:M — M/X,p(Rm) _ (Rm +X)/X = L/X KLg M/X is
obtained since Rm <« s M. This contradicts with the fact that L is generalized 6-coclosed. Finally,
K < 6(L) must be true.

Additionally it is clear that §(L) < L n §(M). Suppose that m be an arbitrary element in L n
6(M). Then m € §(M) and Rm <5 M therefore Rm € §(M). And so Rm < §(L) since L is

generalized d-coclosed. From this reason, (L) = L N §(M) is obtained.
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Theorem 3.11: Let M be a module and K < L < M. If L is generalized 5-coclosed then L/K Is

also generalized &-coclosed in M [k

L
Proof: Let assume that there is a submodule of X/, of L/, with L/, singular and /K/X/ c
K

M
) ( /k / ¥ /K) Then L/, € 8(M/y) and this contradicts with the fact that L is generalized §-

coclosed submodule of M. So, L/K is a generalized 6-coclosed submodule of M/K'

Theorem 3.12: Let M be a generalized weakly 6-supplemented module. If a submodule L of M
is generalized 8-coclosed then so is L.

Proof: Let U be an arbitrary submodule of L. Since U <M and M is generalized weakly
d-supplemented then there is a submodule V of Msuch that U+ V =M and UNV < §(M).
Following this (U+V)NL=U+ ¥ NnL)=LandUnN¥V NL)=UNnNV)NL<SS§M)NL =
6(L) by theorem 3.10. Hence, V N L is a generalized weakly d-supplement of U in L.

Theorem 3.13: Let 0 =L — M — N — 0 be a short exact sequence. If L and N are
generalized weakly d-supplemented modules and L is a generalized weakly &-supplement in M
then M is also generalized weakly &-supplemented. Conversely, if L is generalized &-coclosed
and M is generalized weakly &-supplemented then L and N are generalized weakly 6-
supplemented modules.

Proof: Let L be a generalized 5-supplement of X in M. So, M =L+ X and LN X < 6(M).

Following this, M/L Ax= L/L A X EBX/L A x can be written. Since L is generalized weakly
d-supplemented L/L n x is weakly generalized §-supplemented. By using the isomorphisms
X/ nx = X+ L/L =M/, =N, X/, .y is generalized weakly 3-supplemented since N is
generalized weakly &-supplemented. So M / L nx is generalized weakly 3§-supplemented.
Additionally M is also generalized weakly 8-supplemented since L N X < §(M). Conversely, let

assume that M is generalized weakly d-supplemented. Then M / 1 = N is generalized weakly 6-

supplemented and L is also generalized weakly d-supplemented since L is generalized 6-coclosed.



A NOTE ON GENERALIZED WEAKLY 8-SUPPLEMENTED MODULES 7

Conflict of Interests

The author declares that there is no conflict of interests.

[1]
[2]
[3]
[4]
[5]

[6]

[7]

[8]
[9]

REFERENCES
E. Biiyiikasik and C. Lomp, When 3-semiperfect rings are semiperfect, Turkish J. Math. 34 (2010) , 317 — 324.
F. W. Anderson and K. R. Fuller, Rings and Categories of Modules, Springer, New York, 1974.
K. R. Goodearl, Ring Theory: Nonsingular Rings and Modules, Marcel Dekker, New York, 1976.
M. T. Kosan, 3-lifting and 8-supplemented modules, Algebra Collog., 14(2007), 53-60.
E. Takmen and A. Pancar, Some properties of Rad-supplemented modules, International Journal of the
Physical Sciences, 6(2011), no. 35, 7904-7909.
R. Wisbauer, Foundations of Module and Ring Theory, A handbook for study and research. Revised and
translated from the 1988 German edition, Algebra, Logic and Applications 3, Gordon and Breach Science
Publishers, Philadelphia, 1991.
Y. Talebi, B. Talaee, On generalized &-supplemented modules, Vietnam J. Math., 37(2009), 515-525.
Y. Wang and N. Ding, Generalized supplemented modules, Taiwanese J. Math., 10(2006), 1589-1601.
Y. Zhou, Generalizations of perfect, semiperfect, and semiregular rings, Algebra Collog., 7(2000), 305-318.



