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Abstract. R = k[xj,...,x,] be a polynomial algebra and I be an ideal of R generated by f € R. Then S = R/I =
% be an affine domain which is called hypersurfaces. Q;(S) denotes the module of first order derivations
of Kihler modules over S. V2(Q;(S)) denotes the module of second order derivations of symmetric algebra on

Q1 (S). In this paper, we prove that if S be an affine domain represented by S = M

, then projective dimension
of V2(Q1(S)) is less than or equal to 1.
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1. Introduction

Let R be a coordinate ring related to an irreducible affine algebra.Vasconcelos gave some im-
portant results about projective dimension of Q;(R). He proved the following at 1968 in [9]:”
Let R be an affine domain and pd(Q(R)) is finite, then R is normal if and only if Q;(R) has
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a free resolution of length less than or equal to one.” Matsuoka presented that projective di-
mension of Q) (R) is infinite under some special cases in [3].The universal modules of higher
differential operators of an algebra were introduced by H.Osborn in [7].Afterwards, same notion
emerged in [4,8]. Erdogan studied with regard to the universal modules of higher differential
operators at 1993 in [2]. In that work, he represented very important results of projective di-
mension of universal modules.For instance, he proved that if R = k[xy,...,x;] and I be an ideal
of R generated by f € R, then pdQ,(R/I) < 1. Olgun defined generalized symmetric deriva-
tions on universal modules and gave some properties,examples and some interesting results by
using this definition in [5] and connectedly Kéhler modules and symmetric derivations intro-
duced by H.Osborn in [7].Using these,in this work, we have found out the following:Firstly,
“Let M be an R-module.Assume that N be a submodule of M and that Ly be the submodule
of V2(M) generated by {mVn:m € M and n € N}.Then there is a R-module isomorphism
VM /Ly ~ V*(M/N).

Secondly,” if S is an affine domain represented by S = k[x, ...,x;]/(f), then projective dimen-
sion of \V2(Q(S)) is less than or equal to one.”Ultimately, we have given some examples about

them.

The studies about symmetric derivations of universal modules and its projective dimensions
are less than the other ones.So, the purpose of this paper is to give the more informations and
homological properties related to it. Throughout this paper we assume R be a commutative
algebra over an algebraically closed field k with characteristic zero. Let ,(R) be the module
of g-th order Kihler differentials of R over k and d,; be the canonical g — th order k-derivation
R — Q4(R) of R.The pair {€,(R),d,} has the universal mapping property with regard to the
g — th order k-derivations of R. Q,(R) is generated by the set {d,(r) : r € R}.

2. Preliminaries

Definition 2.1. [6] Let M be an R-module,M ®g M be the tensor product of M with itself and

K be the submodule of M ®g M generated by the elements of the form x ® y — y ® x where
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x,y € M. Then the module V?(M) = M ®g M /K is called the second order symmetric power of
M. Assume that ® : M x M — M ® M is the canonical balanced map defined by ®(x,y) =x®y
and that y: M @ M — VM is the natural surjection . Then the composite of ® and ¥ is a bilinear
map. We denote Y& by V.

Lemma 2.1. [1] Let M,N be R-modules and 6 : M x M — N be a bilinear map.Then there

exists an unique R-module homomorphism f : V2M — N such that the diagram

Mxm 2 N

VN N f
VZM

commutes.
Definition 2.2. [5] Let k is a field with characteristic zero and R be a commutative k-algebra
with unit. R — ©,4(R) denotes g-th order Kahler derivations of R and let V(€,4(R)) be the
symmetric algebra @~ V7 (£,4(R)) generated by Q,(R) over R.

D is a k-linear map of V(€ (R)) into itself is called a generalized symmetric derivations such
that satisfies the following conditions:

i) D(VP(Q(R))) € VP (Qy(R))

i1) D is a g-th order derivation over k and

111) the restriction of D to R is the Kéhler derivation
dy: R — Q,(R) where R ~ V(Q,(R))
Proposition 2.1. [5] Let R = k[x|, ....,x;] be a polynomial algebra with

+5
dimR = 5. Then Q,(R) is a free R-module of rank ( 1 ) — 1 generated by the set

_ t+1
V2(Q4(R)) is a free R-module of rank ( )

r—1

+s . . . .
where ¢ = ( 1 ) — 1 with basis { dy(x|'....x) @ dy(x]'....x) tiy+ ...+ i < g}
s

Proposition 2.2. [2] Let S = R/I for an ideal of R containing f € R. F is a free S-module with
basis {d,(x*) : | @ |< n} and N is a submodule of F generated by the set {d,(x*f) :| a |< n},
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from corollary 3.1.3 in [2], there is an isomorphism Q,(S) ~ F /N. Therefore we have
0—N—F — Q,(S) ~ F/N — 0 an exact sequence of S-modules.

Lemma 2.2. [5] Let R be an affine domain with dimR = s. Then Q,(R) is a free R-module if
and only if V2(Q,(R)) is a free R-module.

3. Main results

3.1. Projective dimension of the second order symmetric derivation of the first order Kéhler dif-

ferentials for hypersurfaces

Proposition 3.1. Let M be an R-module. Assume that N is a submodule of M and Ly is the
submodule of VM generated by the set {xVy | x € M and y € N}. Then, we say that VM /Ly
is isomorphic to \V2(M/N).

Proof Let ¥ : M x M — \V>(M/N) be the composite map

(

AA
M x MY MmN s M/N 25 v(M)N)

where A : M — M /N is the natural surjection. Then, ¥ is a bilinear map.
By the universal property of \V2(M) there exists an unique R-module homomorphism p :

V2M — V2(M/N) such that the diagram

MxM -2 V2(M/N)

VN /P
VM

commutes. It is obvious that p(Ly) = 0. Therefore we have an induced map

p:V2M/Ly — V*(M/N) defined by

ﬁ(zim) =p(LirxiVx) =Y, rp?i\/;; where r; € R and x;,x; € M. Otherwise, the com-
posite map

Mx M 152 25 v2M /Ly

is a bilinear map where @ is the natural map.

Just now, @V (x,y) € Ly foreveryx € M and y € N. Since xVy—yVx =0, xVy belongs to Ly
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and then ® V (x,y) € Ly.Hence, ®V produces a bilinear map  : M/N x M/N — V>M /Ly
defined by B(¥,x) = xVx'. Similarly, B produces an unique R-module homomorfizm ¥ :

V2(M/N) — VV>M /Ly such that the following digram

M/N x M /N LR VM /Ly
VN Y
VA(M/N)

commutes.It is clear that py and yp are identity maps as we desired.

Proposition 3.2. Let S denote an affine algebra represented by R/I
where R = k[xj,...x;|is a polynomial algebra and I = (f1,...f,;) ideal of R. Then the map ¢ :
VZ(F /N) — V2F /Ly defined by

¢(dy(x;)Vd(xj)) =d(x;) Vdi(x;) is an isomorphism of S-modules.

Here \V2F is a free S-module with basis {d; (x;) Vdi(x;): 1 <i< j<s}

Ly is a submodule of V2F generated by the set {d(f;) Vd(x;) :k=1,...,m,
j=1,...s}.

Proof This is obvious by proposition 3.1

Theorem 3.1. Let S = k[xy,...x5|/(f) be an affine domain.Then pd(,(S)) < 1.

Proof The proof is similiar to [Erdogan, A.,Theorem 3.1.4,p.35]

Theorem 3.2. Let S = k[x1, ...x;] /(f) be an affine domain.Then projective dimension of V(Q(S))

is less than or equal to one.

Proof Let R = k[xy,...x5] and d; : R — Q;(R) be the first order k-derivation of R. Assume
that m is a maximal ideal of R containing f. Then the localisation of R at m is a regular

algebra of dimension s. By lemma 2.6, V2(Q(R)) is a free R-module. If dimR = s, then

rank@;(R) = (") —1=(*))

Let (,*,) =t. Then rank V* (Q(R)) = (;ﬂ) Since m be the maximal ideal of R, V?(Q;(R)) ®

1)

V2(Q1(R)) @ R/m ~ V*(Q(R)/m(Q1(R)) then V2(Q1(R)/m(Q1(R)) is an R/m- vector space

R/m is a R/m- vector space of dimension (
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of dimension (:*}) if and only if Q;(R)/mQ(R) is a R/m- vector space of dimension t. § is a

domain with dimension s — 1. Hence Q(R)/fQ;(R) is a domain of dimension s — 1.

Let L be the field fractions of Q1 (R)/fQ;(R), thentrdeg; Q1 (R)/fQ1(R) =5—1, so0,dim;Q (L) =
1(R) +s—1 1+s—1 . |

dimy g @rL= (") = 1= (77 = 1= (%)) = 1= () Since (%) =+, then ({3) =

t—1so0,dimvZ(Q (L) = (F17)) = (")

Now consider

0 — kerf — V(5 80) =25 V2(Qy(S)) — 0

By tensoring with Sys,we have

0 — (ker@)y — \/z(fg(f))) O, V2(Q1(S))y — 0 where M is the image of m in S. Ob-

serve that v2( 1(R) )um is free of rank(’“) where t = (,°,). So, we get

FQ(R)
dimp (kerOy @ L) = (;ﬂ) —(5)=(")

on the other side, ker is generated by the set & = {d;(f) Vdi(x;) : j = 1,...s} which has

(,",) elements. Therefore the set & be a free basis of (ker)y, since m is arbitrary, we see
that ker0 is locally free so, ker@ is a free S-module. By prop.2.3.5 in [6], ker is a projective
S-module.Consequently, pd \VZ (Q;(S)) < 1.

Example 3.1. R = k[x,y,z] be the polynomial algebra with y> = xz. Then it can be calculated
the projective dimension of Q;(S) and V(Q;(S)).

F is a free S-module with basis {d|(x),d;(y),di(z)} and N is a submodule of F generated by
d\(f) = di(y* —xz) = 2ydi (y) — xdy (z) — zd (x)

By corollary 3.1.3 in [2], Q;(S) ~ F/N. Since rank Q;(S) = (i:;) =2

then, rankN = rankF — rankQ(S) =3 —2 = 1. By lemma 2.6.2 in [2],

N is a free S-module. Therefore,we get 0 — N — F — Q(S) ~F/N — 0

a free resolution of Q;(S) and projective dimension of Q(S) is less than or equal to one.Using
these modules,by prop. 3.1 and prop. 3.2, VZ(Q;(S)) ~ V2F /Ly and \V?F is a free module with
basis

{di(x) Vdi(x),di(x) Vdi(y),di(x) Vdi(2),d1 (y) Vdi (y),d1 (y) Vdi(2),d1(2) Vdi (2) } and Ly is
a submodule of \V2F generated by

df)Vdi(x) =2yd(y) Vdi(x) —xdi(z) Vdi(x) —zdi (x) Vdi (x)

di(f)Vdi(y) =2ydi(y) Vdi(y) = xdi (2) Vdi (y) — zd1 (x) V di (y)
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di(f) di(z) = 2yd1(y) Vdi(z) —xdi(2) Vdi(z) — zd1(x) Vdi(z)

since rank V2 (1 (S)) = (,',) = (332) =3 wherer=(,°,) = (;) =3

we get rankLy = rank V> F — rank V> (Q((S) =6 -3 =3

so, Ly is a free S-module of rank 3.Therefore we have

0 — Ly — V2F — V2(Q(S)) ~ V2F /Ly — 0

a free resolution of V?(Q(S)) and projective dimension of V2(Q(S)) is less than or equal to

one.
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