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1.Introduction:

The notion of BCC-algebras was proposed by W.A. Dudek in ([6], [8]). S.S. Ahn and H.S. Kim
have introduced the notion of QS-algebras. A.T. Hameed and et al [3] introduced the notions of
QS-ideal and fuzzy QS-ideal of QS-algebra. A.T. Hameed introduce new of abstract algebras: is
called KUS-algebras and define its ideals as KUS-algebras in ([4]). In 2017, A.T. Hameed and
B.N. Abbas. introduced the notion of AB-ideals in AB-algebras and described connections
between such ideal and congruences [1]. A.T. Hameed and B.N. Abbas., considered the
fuzzification of AB-ideals in

AB-algebras [2]. In this paper, we introduce the notion of t-derivation on AB-algebras

and obtain some of related properties and we characterized Kerd by t-derivations

2 Basic definitions of AB-algebra:
We review some definitions and properties that will be useful in our results.
Definition 2.1 ([1]) Let X be a set with a binary operation ”+” and a constant 0.Then(X, *, 0)
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is called an AB-algebra if the following axioms satisfied for all x,y,zeX:
(1) ((xxy) *(z »y)) *(x *z) = 0,
(i) 0xx=0,

(ili) x*0 =x,

Note that: Define a binary relation ( <) on X by letting x * y =0 if and only if, x <y.

Then (X, <) is a partially ordered set.

Proposition 2.2 ([1]) In any AB-algebra X, for all x, y, z € X, the following properties hold:
(1) (x *y) *x=0.

(2) x<yimplies xxz<y*z.

(3) x<yimplies zxy<z*X.

Remark2.3([1]) An AB-algebra is satisfies for all x,y,zeX

(2) (x* (x xy)) xy=0.

Definition 2.4 ([1]) A nonempty subset S of anAB-algebra X is called AB-subalgebras of X if
X * Yy €S whenever x,y € S.

Definition 2.5([1]) Let X be an AB-algebra and ¢ =1 < X. | is called an AB-ideal of X if it

satisfies the following conditions:
(1) O0e€l,

(i) (x*y)*zelandy €l imply x*zel.

Definition 2.6 For an AB-algebra X, we denote xAy=yx(yxXx), for all x,yeX, XAy<x,y.
Definition 2.7 An AB-algebra is said to be commutative if and only if, satisfies for all x,y
EXX*(X*xy)=y*(Y*X), ., XAY=YAX.

Definition 2.8LetX be an AB-algebra. A map d: X — X is a left-right derivation
(briefly,(1,r)-derivation) of X,

if it satisfies theidentityd(x = y) = (d(x) = y) A (X = d(y)), forall X,y € X,

if d satisfies the identityd(x * y) = (x * d(y)) A (d(x) *y), for all X,y € X.

Then d is a right-left derivation (briefly, (r, I)-derivation) of X.

Moreover, if d is both a (I,r) and (r,I)-derivation, then d is a derivation of X.

Example 2.9. Let X = {0,1,2,3} be an AB-algebra in which the operation (*) is defined as

follows:
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*10]1 (213
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111010
212|120 |0
313|131 |0
Defineamap d: G — G byd(x) = {g lljl:;c : ;),1,3.
And defineamap d” : G — G byd*(x) {2 iii : (z)é

Then it is easily checked that d is both a (I,r) and (r,I)-derivation of G and d” is a (r,)- derivation
but not a (l,r)-derivation of G.
Definition2.10 A derivation of a AB-algebra is said to be regular if d(0) = 0.

3.Main results

3.1. Basic definitions of weak AB-algebra:

We review the definition of weak AB-algebra and study some properties of it.
Definition 3.1.1 An algebra (G; *, 0) of type (2, 0) with a relation defined by (1) is a weak AB-
algebra if and only if, for all X, y, z € G the following conditions are satisfied:

(i) (x*y) * (z*y)) <(x*2z),

(ii") x <x,

(iii") x*0 = X,

From (i") it follows that in weak AB-algebras implications

(1) x<y=x*z<y*z

(2) x<y=z*y<z*xarevalid, forall x,y,z € G.

Definition 3.1.2. Let (G; *, 0) be a weak AB-algebras, a subset A weak AB-algebra is called a
AB-ideal if

a) 0€EA,

b) Forally € A, (x*y)* z € A implies x*ze A.

Note that: A special case of an AB-ideal is an AB-ideal, i.e., a subset A suchthat0 € A, and y,
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x*ye A imply x € A.

The main properties of this map are collected in the following theorem proved.

Remark 3.1.3. In the investigations of algebras connected with various types of logics an

important role plays the self map ¢(x) = 0*x, for all x € G.

Theorem 3.1.4. Let G be a weak AB-algebra. Then for all x, y € G.

(1) ¢* (x) < x,

Q) x <y = 6(x) =),

(3) $° (%) = ¢(x),

(4) §% (x*y) = $*(X)* ¢*(y)

Definition 3.1.5. A weak AB-algebra in which Ker¢(x) = {0} is called group-like or anti-

grouped.

Remark 3.1.6.

1- A weak AB-algebra (G; - 0) is group-like if and only if, there exists a group (G; *, 0)
such that x.y = x = y !

2- The set of all minimal (with respect to <) elements of G will be denoted by I (G). Itis a
AB-subalgebras of G. Moreover, 1 (G) = ¢(G) = {a € G : $*(a) = a}.

3- Theset B(a) ={x € G:a< x},whereae€ I (G) is called the branch initiated by a.

4- Branches initiated by different elements are disjoint. Comparable elements are in the same
branch, but there are weak AB-algebras containing branches in which not all elements are
comparable.

Lemma 2.1.7.

1- Elements x and y are in the same branch if and only if, x*ye B(0).

2- B(0) is a AB-subalgebras of G. It is a maximal AB-algebra contained in G.

3- Inaweak AB-algebra G, for all a, b € | (G) we have B(a)*B(b) = B(a*Db).

4- Theidentity (x*y)* z = (x*z)*y. plays an important role in the theory of BCl-algebras.

Definition 3.1.8. A weak AB-algebra G is called solid if the above condition is valid for all x, y
belonging to the same branch and arbitrary z € G.
Remark 3.1.9.

1- Asimple example of a solid weak AB-algebra is a BCl-algebra.

2- BCK-algebra is a solid weak AB-algebra.

3- A solid AB-algebra is a BCK-algebra.
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4- There are solid weak AB-algebras which are not BCl-algebras.

5- The smallest such weak AB-algebra has 5 elements.

Example 3.1.10. Consider the set X = {0, 1, 2, 3, 4, 5} with the operation defined by the
following table:

gl B~ W N k| O

gl A~ W N k| O O
BB N N O O -
W N | O B~ BN
W N O O &~ b W
= O B B DN DN D
O O B B DN DN O

Since (S; *, 0), where S ={0, 1, 2, 3, 4}, is an AB-algebra, it is not difficult to verify that (X ; *,
0) is a weak AB-algebra. It is proper because (5*3) *2 # (5*2) *3. Simple calculations show that
this weak AB-algebra is solid.

Proposition 3.1.11. In any solid weak AB-algebra we have

(@) X *(x*y)*y,

(b) x* (x *(x*y)) = x*y, forall x, y belonging to the same branch.

Corollary 3.1.12. In asolid weak AB-algebra from x, y € B(a) it follows

X * (x*y), y *(y*x)€ B(a).

Proposition 3.1.13. The map ¢(x) = 0*x is an endomorphism of each solid weak AB-algebra.
Proposition 3.1.14. In each solid weak AB-algebra for x*y, x*z (or x*y and z*y) belonging to
the same branch we have (x*y)*(x*z)<(z*y).

Proof.
Indeed, ((x*y) * (x*2))*(z*y) = (x*y)*(z*y))*(x*z) = 0.

3.2.t-derivations in AB-algebras

The following definitions introduce the notion of t-derivation for a AB-algebra.
Definition 3.2.1Let X be a AB-algebra. Then for any t €X, the self map d;: X — Xis
called a right translation by t and is denoted by R; if d,(x)=xxt, for all xeX.
Example3.2.2LetG={0,1,2,3,4}bean AB-algebra with the following Cayley table:
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*10[|1/12(3|4
o0j0|0|0(0]O0
111(0({0]0|1
2122|001
313|2|11|0]1
41414141410
Foranyt e X, defineaself mapdi: G — G by
_ (0 if x=0123
dt(x)—X*t—{4 if x=4

Then it is easy to check that dt is a t-derivation on G.(i.e. dt is (I, r) and(r, I)-t-
derivations)
Example 3.2.3Let G = {0, a, b} be anAB-algebra with the following Cayley table:

* |0 |a |b
0 [0 |0 |O
a |a |0 |a
b |[b [b |0

Forany t € X, define a self map

0 if x=0,a
b ifx=»b

Then it is easily checked that dt is both (I, r) and (r, I)-t-derivation of G.

dt : G —Gbyd,;(x) =x*t={

Definition 3.2.4A self map dt of an AB-algebra X is said to be t-regular if dt(0) = 0.
Theorem 3.2.5A (I, r)-t-derivation of an AB-algebra X is t-regular.

Proof.
di(0) = dy(0 *x)= (di(0) * x) A (0 * di(x))= ((O *t) *x) A(O *(xxt))
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= ((O t) *x) AO=0 * (0 * ((0 * t) *x x))= 0.

Theorem 3.2.6A (r, I)-t-derivation of an AB-algebra X is t-regular.
Proof.

di(0) = di(0 *x)= (0 * di(x)) A (d(0) * x)

=0 A((0 1) x x)= ((0 *t) xx) *(((O *t) *x) *0)

= ((0 #t) *x) *((0 +t) *x)= 0.

Corollary 3.2.7A t-derivation of an AB-algebra X is t-regular.
Proposition 3.2.8Let d;be a self map of an AB-algebra X. Then

)] If diis a (I, r)-t-derivation of X, then d,(x) = d\(x) Ax, forall x € X.
i) If diis a (r, I)-t-derivation of X, then d,(x) = x Ad,(x) for all x eX.
Proof.
(). Let d;be a (I, r)-t-derivation of X, then
di(X) = di(X * 0)= (di(x) * 0) A (x * d(0))= di(X) A (X * 0)=di(X) A X.
(i1). Let d,be a (r, I)-t-derivation of X, Then
di(X) = di(x * 0)= (x * di(0)) A (d(X) * 0)= (x * 0) A di(X)= XAd(X).
Theorem 3.2.9Let dtbe a t-regular (r, I)-t-derivation of an AB-algebra X. Then, the
following hold:

1) d(x)<x, forall x eX.

i) d(x)*y<xxd,(y), for all x,yeX.

i) d,(xxy)=d,(x)*y<d(x)*d,(y), for all x,yeX.

iv) dt_l(O) = Ker(d,) = {x € X : di(x) = 0} is a AB-subalgebras of X.
V) di(dy(x)) <x.
vi) di(x*d(x)) = 0.
Proof.
(i). Forany x € X, we have:
di(X) = di(x * 0)= (x* d(0)) A (di(X) * 0)= (x* 0) A di(X)= X A d(X)< x.
(if). Since dy(x) <x for all x €X, then dy(x) * y <x * y <x * d,(y)and hence the proof follows.
(iii). For any x, y € X, we have
di(xxy) - =(xxd(y))A(A(X)*y)= (di(X) * y) * ((di(X) * y) * (X * di(y)))
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= (d(x) *y) * 0= (di(x) *y) < dy(X) * di(y).

(iv). Letx,yeKer(d,)=d;(x)=0=d,(y).From (iii) , we have d,(x*y) < d;(x) *d(y)
= 0 *0= 0. implying di(x* y) < 0 and so d(x* y) = 0.

Consequently Ker(d,) is a AB-subalgebras of X.

(V). di(di(X)) = di(x* )< dy(X) * di(t)= (xx t) * (t* t)= (x* t) x 0= (X*t)<x.

(iv)  di(xx di(X)) = di(X) * di(X) = 0.
Proposition 3.2.10Let X be an AB-algebra and dt a t-derivation. If ye Ker(d,) and x € X,
then x Ay € Ker(d,).

Proof.
Let d;be a (I, r)-t-derivation and y € Ker(d,). Then we get d,(y) = 0, and so
di(XA'y) = diy * (y *x))

= (di(y) * (y *x)) A (Y * di(y *x))

= (0 (y *x)) A (y * di(y *x))

=0 A (y * di(y *x))

= (y * diy *x)) * ((y * di(y *x)) * 0)

= (y * diy #x)) * (y * di(y *x)) =0
Hence we have x A 'y € Ker(d,). Similarly, we can prove in case of (r, I)-t-derivation.
Proposition 3.2.11 Let X be a commutative AB-algebra and dt a t-derivation. If x <y and y
eKer(d,), Then x eKer(d,).
Proof.
Letx <yandy € Ker(d,). Then we getx *y = 0and d(y) = 0, and so
di(x) = di(x* 0)= dt(x*(x*y))= dt(y * (y *x))= dt(y) * (y * X)= 0 * (y *x)= 0
Hence we have x € Ker(d,).
Proposition 3.2.12L et X be an AB-algebra and dt a t-derivation. If x eKer(d;), we have x* y
eKer(d,),for all y eX.
Proof.
Let x eKer(d,). Then d;(x) = 0. Thus we have d;(x *y) =d(x) *y=0*y =10

which implies x* y eKer(d,).
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Proposition 3.2.13LetX be a commutative AB-algebra and d; at-derivation. Then
Ker(d,) is an ideal of X.

Proof.

Clearly, d,(0) =0.Let x+ y € Ker(d,) and y € Ker(d,). Then we get d,(x *y) = 0 and d,(y) = 0,
and so

di(X) = di(x* 0)= di(xx(x*y))= dy(y * (y * X))= di(y) * (y * X)= 0 *(y *x)= 0 = x € Ker(dy).
Definition 3.2.14Let d,be a t-derivation of an AB-algebra X. An AB-ideal A of X is said to
be d-invariant if d,(A) € A, where d,(A) = {d,(X)|x € A}.

Theorem 3.2.15L et d;be a t-derivation of an AB-algebra X. Then every ideal A of X is d;-
invariant.

Proof.

Let A be an AB-ideal of an AB-algebra X. Lety € d,(A). Then y = d,(x), for some x € A.
It follows that y *x = di(x) *x = 0 €A, which implies y €A.

Thus d,(A) € A. Hence A is di-invariant.

3.3. Commutative solid weak AB-algebras

In any BCK-algebra G we can define a binary operation A by putting X Ay =y *(y*x) , for all x,
y € G. A BCK-algebra satisfying the identity

(1) x*(x*y) =y*(y*x) ,i.e., y AX=XAYy, is called commutative.

A commutative BCK-algebra is a lower semi lattice with respect to the operation A.This
definition cannot be extended to BCI-algebras, AB-algebras and weak AB-algebras since in any
weak AB-algebra satisfying (1) we have 0 *( 0*x) = x *(x*0) =0, i.e., $> (X) = 0, for every x € G.
Thus ¢(x) = $3(X) = 0, by Theorem (3.1.7). Hence in this algebra 0 < x for every x € G.

This means that this algebra is a commutative AB-algebra. But in any AB-algebra G we have 0
< y*x for all x, y € G, which together with (3) implies y *(y*x) <y. Thus a commutative AB-
algebra satisfies the inequality (y*X)*(x*y) =y *(y*x) <.

Consequently, it satisfies the identity (x *(x*y))*y = 0, so it is a BCK-algebra. Hence a
commutative (weak) AB-algebra is a commutative BCK-algebra. Analogously, a commutative
BCl-algebra is a commutative BCK-algebra. But there are weak AB-algebras in which the

condition (1) is satisfied only by elements belonging to the same branch.
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Example 3.3.1A weak AB-algebra defined by the following table:

* 10 (a |b |c |d
0 |0 |0 |0 |c |cC
a a |0 |0 |c |cC
b (b |a |0 |d |c
c |c |c |c |0 |O
d |d |c |c |a |0

has two branches: B(0) = {0, a, b} and B(c) = {c, d}. It is not difficult to verify that in this weak
AB-algebra (1) is satisfied only by elements belonging to the same branch.

Definition 3.3.2A weak AB-algebra in which Remark (3.1.9(5)) is satisfied by elements
belonging to the same branch is called branch wise commutative.

Theorem 3.3.3 For a solid weak AB-algebra G the following conditions are equivalent:

(1) G is branch wise commutative,

(2) x*y = x*(y*( y*x)) for x, y from the same branch,

@) x=y*(y*x)) forx <y,

(4) x*(x*y)) = y*(y*(x *(x*y))), for x, y from the same branch,

(5) each branch of G is a semilattice with respect to the operation x A y =y *(y*x).

In the proof of the next theorem we will need the following well-known result from the theory of
BCK-algebras.

Lemma 3.3.41f p is the greatest element of a commutative BCK-algebra G, then (G; <) isa
distributive lattice with respect to the operations

XAy =y*(y*x)) and x V'y = p*((p*X)A(p*Y)).

Theorem 3.3.5 In a solid branch wise commutative weak AB-algebra G, for every p € G, the set
A(p) = {x € G : x < p}is adistributive lattice with respect to theoperations X A 'y = y*( y*x))
and x vy = p*((p*x)A(p*y)).

Proof.

(A). We prove that (Ap; <), whereAp= {p*x : x € A(p)}.is a distributive lattice.
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First, we show that Ap is a AB-subalgebras of B(0). It is clear that 0 = p*peApand A(p) < B(a)
for some a € 1 (G). Thus Apc B(0). Obviously a < x for everyx € A(p).

Consequently, p*x < p*a. Hence p*a is the greatest element of Ap.

Let p*x, p*y be arbitrary elements of Ap. Then obviously y*xe€ B(0) and z = p *(y*x)€Ap
because z*p = (p *(y*x))*p = 0.

Moreover, z*x = (p *(y*x))*x = (p*X)*(y*X)< p*y, by(i’). Since

((p*x)*(p*2)) *(z*x) = ((P*X)*(z*X)) *(p*Z) = O,we also have

((P*x)*(p*2)) < z*x < p*y.

Therefore, 0 = ((p*X)*(p*2)) *(p*y) = ((P*X)*(pP*2))*(p*2) . i.e.,

(2) (P*x)*(p*y)) < p*z.

On the other hand, since a weak AB-algebra G is branch wise commutative, for every y € A(p),
according to Theorem (3.3.3), we have p *(p*y) = .

Hence((p*x)*(p*y)) = (p*(p*y))*x = y*x.

But (p*2)*(y*x) = p*(p*(y*x))*(y*x) = (p*(y*x))*(p*(y*x)) = 0.

Thus p*z< y*x = (p*x)*(p*y),which together with (2) gives (p*x)*( p*y) = p*z. Hence Apis a
AB-subalgebras of B(0).

Obviously, B(0) as anAB-algebra contained in G is commutative, and consequently it is a
commutative BCK-algebra. Thus Ap is a commutative BCK-algebra, too. By Lemma (3.3.4),
(Ap; <) is adistributive lattice.

(B). Now, we show that (A(p); <) is a distributive lattice. Clearly, p is the greatestelement of
A(p).Let x, y € A(p). Then (p*x), (p*y) €Ap and from the fact that (A, ; <) is a lattice itfollows
that there exists the last upper bound p*zeA,, i.e.,

(1) (pP*x) Vp(p*y) = p*z.

Observe that for x, y € A(p) we have

(2) prysp*xex<y.

Indeed, in view of (3), x <y implies p*y< p*x. Similarly, p*y < p*x implies

p *(p*x) <p *( p*y).

But G is branchwise commutative, hence by Theorem (4.3)., for every v € A(p), we have

p *(p*v) = v. Therefore x = p *(p*x) < p *(p*y) = .

From (3) and (4) it follows that z is the greatest lower bound for x and y. Hencex Ay = z.

Moreover, we have p*(x A y) = p*z and(p*X)Vp(p*y) = p*z , which implies
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(3) P*(X AY) = (p*X)Vp(p*y).
Analogously, we can prove that for all x, y € A(p) there exists X V, y and

(4) p*(X Vpy) = (pP*X)A (p*Y).

Therefore (A(p); <) is a lattice.

Since (5) and (6) are satisfied in Apand (Ap ; <) is a distributive lattice, we have

(P*X) Vp ((p*Y)A(P*2) ) = ((P*X)Vp(p*Y)) A ((P*X)Vp(p*Z) )This, in view of (5) and (6), gives
P*(XA (Y Vpz)) =p*((XAY) Vp (XA Z)).

Consequently,p* p*(X A (Y Vpz)) =p * p*((X AY) Vp (X A z))and
XA(YVpzZ)=(XAY)Vp(XAz)because x A(yVpz), XAY)Vp(XAz)€eA(p). This means
that (A(p); <) is adistributive lattice.In this lattice

X Vpy = p*(p*(x Vp y)) = p*((P*X)A(P*Y)).
This completes the proof.
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