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Abstract. A right module M over an associative ring with unity is a QTAG-module if every finitely generated
submodule of any homomorphic image of M is a direct sum of uniserial modules. The main aim of this paper is
to investigate the direct sums of countably generated QTAG-modules and obtain some significant results related to
these modules.
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1. INTRODUCTION

Different concepts for groups like purity, projectivity, injectivity, height etc. have been gen-
eralized for modules. In generalizing the results of groups for modules sometimes we find that
they are not true for modules. So, for establishing such generalizations we impose some condi-
tions either on the module or on the underlying ring. Here we impose a condition on modules
that every finitely generated submodule of any homomorphic image of the module is a direct

sum of uniserial modules while the rings are associative with unity. After these conditions many
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elegant results of groups can be proved for QTAG-modules which are not true in general. Many
results of this paper are the generalization of the paper [3].

The study of QTAG-modules was initiated by Singh [8]. Mehdi et al. [2] worked a lot
on these modules. They introduced many concepts and generalized different notions for these
modules and contributed to the development of the theory of QTAG-modules. Yet there is much
to explore.

Singh [8] proved that a QTAG-module M is a direct sum of uniserial modules if and only
if M is the union of an ascending chain of bounded submodules. This indicates that M is a
direct sum of uniserial modules if and only if Soc(M) = @ Sy and H(x) = k for every x € .
This motivates us to define summable modules. A redu]éeeg QTAG-module M of length o is
said to be summable if Soc(M) = @ S, and the nonzero elements of S, are contained in
(Hp(M)\ Hp41(M)) [1]. This implil;:(;hat a QTAG-module M of length ® is a direct sum of
uniserial modules if and only if it is summable.

Here we investigate the direct sums of countably generated QTAG-modules. The following
example shows that a summable A-module (@ < A) need not be a direct sum of countably
generated modules. Let My be the countably generated QTAG-module of length ¢, having
each of its nonzero Ulm-invariant equal to Ny. If ¥ < A, then for each B (a0 < B < ) My, can
be embedded in Mg such that Hy, (Mg) N\ Mg = Hy (M) for all i. For a limit ordinal y, M, ~

U My and Hy(Mg) "My = Hy(Mg) for oo < 8 <. If v is a non limit ordinal, y— 1 is
Z<13/mit ordinal and Hy_;(My)-high submodule of My is isomorphic to My_; If y—2 exists
then we consider My_1, a direct summand of My i.e. My = M,_1 ® Hy_{ (M) for o« < B < 7.
As o ranges over the countable ordinals the modules M, are embedded in one another. Let
M= |J Mgy. Now M is summable, M /Hy (M) is a direct sum of countably generated modules
for eaoéﬁlcountable a, but M is not a direct sum of countably generated modules.

This made us investigate the other conditions as summability is not enough. The condition
that M /H, (M) should be a direct sum of countably generated modules for all p less than the

length of M ensures that M is a direct sum of countably generated modules. If p is a countable

ordinal and M /H, (M) and H, (M) are h-reduced countably generated QTAG-modules then M



ON COUNTABLY GENERATED QTAG-MODULES 3
is a direct sum of countably generated QTAG-modules. Therefore we focused on the QTAG-
modules of limit length.

In section 3 of this article we prove some significant results related to the modules which
are the direct sums of countably generated modules. Section 4 deals with some applications of

these results.

2. PRELIMINARIES

Throughout this paper, all rings are associative with unity and modules M are uni-
tal QTAG-modules. An element x € M is uniform, if xR is a non-zero uniform (hence
uniserial) module and for any R-module M with a unique composition series, d(M) de-
notes its composition length. For a uniform element x € M, e(x) = d(xR) and Hy(x) =
sup {d (i—i) |yeM, xcyRandy uniform} are the exponent and height of x in M, respec-
tively. Hy(M) denotes the submodule of M generated by the elements of height at least k and
H*(M) is the submodule of M generated by the elements of exponents at most k. A submod-
ule N of M is h-pure [5] in M if NN Hy(M) = Hi(N), for every integer k > 0. A submodule
N of M is said to be isotype in M, if it is o-pure for every ordinal o [4]. M is h-divisible if
M=M= ﬁ Hy(M) and it is h-reduced if it does not contain any A-divisible submodule. In
other wordski:tois free from the elements of infinite height.

For a QTAG-module M, there is a chain of submodules MO > M > M?--- > MT =0, for
some ordinal 7. M°*! = (M°)!, where M€ is the 6'"-Ulm submodule of M. Several results
which hold for TAG-modules also hold good for QTAG-modules [8]. Notations follows the
standard work of Fuchs [6, 7].

3. MAIN RESULTS
This section deals with some interesting results and consequences. We start with the follow-

ing:

Definition 3.1. A submodule N of a QTAG-module M is height finite, if the heights of the

elements of N take only finitely many values.
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Remark 3.1. We may observe that if M is a summable QTAG-module of countable length
then Soc(M) is the union of an ascending chain of height finite submodules. Since Soc(M) =

D Sp, Sp S (Hp(M)\Hp11(M))U{0} if p1, P2;--.Pn;- .. are the ordinals less than o, then
p<c

Soc(M) = U T, T = Sp, ® ... ® Sp, and Ty are height finite.
k=1
We prove the following lemma:

Lemma 3.1. Let N be a submodule of a QTAG-module M such that

(i) Hi(M/N) = wfvﬂ,for every o < 3;

(ii) M/N is countably generated of length < 3.

IfK/N is finitely generated submodule of M /N, then K also satisfies these two conditions.

_ Ho(M)+

K
Proof. Assume that Hy (M /K) ,forall o« <y < B. Consider x+ K € Hy(M/K).

Hy(M)+K K)R
If y= o+ 1, then there exists y+ K € Hy (M /K) = % such that d <M) =1,

(x+K)R
Hy(M)+K

therefore y € Hy (M) and x+ K € . Otherwise, if 7y is a limit ordinal, then for each

o<y, x+K=z+K, where z € Hy(M). Thus x—z =u+v where u € K, v € N. Since u

assumes only finitely many values, there is a fixed up € K and aset T C {a | & < ¥} such that

Hy(M)+N
supT =yandx—z=up+vwhereve N.Nowx—up+K=z+N € %

Hy(M)+N Hy(M)+N
Ha(M)+ N forall @ € T and x —u, + N € H(M/N) = %

Ho(M)+K
—
To prove the second condition it is sufficient to prove Hg (M/K) = 0 i.e., length of M /K is 3.

.Since supT =
Y, x—u,+N=z+N €

Now we may write x —u, + N =z+N withz € Hy(M) andx+ K =z+K €

For x+ K € Hg(M/K) we find u € K such that x—u+N € Hg(M/N) = 0. Therefore x —u € N
orx+K=0. O

Theorem 3.1. If N is a submodule of a QTAG-module M such that

() Ha(m /) = 80N

for every a < B;
(ii) Hy(M)NN = Hy(N) for every a. < jB;
(iii) M /N is countably generated of length < f3;

then N is a summand of M.
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Proof. Since M /N is countably generated, we have to show that if K/N is a finitely generated
submodule of M/N, every height increasing homomorphism f : K — N (f|y = Iy) can be
extended to a height increasing homomorphism f : K + xR — N whenever y € K such that

R
d (X—R) = 1. Consider x ¢ K. Now Hy;/x (x+K) = a, for some & < 3. Therefore x+K = z+ K
Yy
. . ZR
with z € Hy(M). Since u € K where d <—R
u

Hy(x+v) < Hyg(x+K) = Hy(x) = a for all v € K. Again @+ 1 = f, we have w € Hy(N)

) =1and xR+ K =zR+ K, x € Hy(M). Now

R -
such that w' = f(y) € Hy+1(M) NN = Hy 11 (N) where d (WTR) = 1. Now we may define f on
w

K + xR such that f(xr+u) =wr+ f(u), r € R, u € K. Here f is a well defined height increasing

homomorphism, which is an extension of f. O

As a corollary to the Theorem 3.1, we have the following theorem:

Theorem 3.2. Let N be a submodule of a QTAG-module M such that
) M/N
O Hy /N
g(M/N)
(if)

N+Hﬁ<M)
Hg (M)

(iii) NN Hg(M) = Hg(N) and

(iv) Hg(M) =Hg(N)®T;

is countably generated;

is a summand of M /Hg(M);

then M =N®KwithK 2O T.

Proof. We may put

M _N—l—Hﬁ(M)EB 0
Hg(M)  Hg(M) Hg(M)’

Thus, (N+ Hg(M))NQ = He(M)NQ for all @ < 3. Now suppose Hy (M) NN = Hy(N) for
o <y < B.If yis a limit ordinal, we have Hy,(M) NN = Hy(N), otherwise y = & + 1. For

R
x € H/(M)NN, there exist y € N, z € Q such that d ((y+z) ) =1landy+z € Hy(M). Then
x
R
z2€ (N+HoM))NQ=HoqM)NQandy=y+z—2z€ Hy(M)NN = Hy(N). Ifd(yy,—R> =1,

thenx—y € NNQ =NNHg(M) = Hg(N) and x = (x—y') +y" € Hy(N). In order to show that

Ho (M) +N

Ho(M/N) = , forall a < 3,
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consider
M B N+Hyg(M)+Q
N+Hy(M) N-+HgM)
0 o

1%

ON(N+He(M))  QNHa(M)

Ha(M)+0
Ha(M) = Ha(M)

Y

, forall a < 3.

N&T N+Hg(M)
T T

Ha (av(g/f))n) ~ e (zng) ~ e (w#‘fw>

Now we apply Theorem 3.1 to

and get

_ (Ho(M/T)+N®T)/T
(N®T)/T

M)T
(N®T)/T

These isomorphisms give identity on when combined together and we have

(Ho(M) +N)/T) _ (Ha(M/T)+N&T)/T
((Hﬁ(M)—}—N)/T) - (N@T)/T , forall a < 3.

Now,

HoM/T)N((N®T)/T) = (Ho(M)/T)N(N®T)/T)
= ((Ha(M)NN)®T)/T = (Hu(N) & T)/T

CHy((N&®T)/T), forall o < .
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Also,
Ty M (M/Hg(M))

(NEBT)/T_N—i—H[;(M) (N+Hpg(M))/(Hg(M))

B M/N
~ Hg(M/N)

is countably generated module of length at most 3. Again by Theorem 3.1 we have

M (NeT & K
T T T
and therefore M = N @ K. O

In order to prove some important results, we need the following lemmas:

Lemma 3.2. For a QTAG-module M, a submodule N C M and a limit ordinal A if

Soc(Hq(M/N)) = SOC(Ha](VM)) +N, for every oo < A, then
Hy(M)+N
N

Ho (M) +N

Ho(M/N) = ,foralla < A.

Proof. Assume that B < A and Hy(M/N) =

(y+N)R
(x+N)R

,foralla < B. If B=a+1and x+

Hy(M)+N

N € Hg(M/N),thend ( ) =1forsomey € Hy(M/N) = . Without loss of

A , Hﬁ (M) + N yR
generality, we may assume thaty € Hy (M) andx+N =y +N € — N where d vl
y
Hg(M)+N

1. Otherwise, if B is a limit ordinal and we assume H¥ (Hg(M/N)) € andx+N €
H** (Hy (M/N)). 1f d (%) — k, then y+N € Soc(Hp., ((M/N)) = SOC(HB*JZ(M)) N
as B+ k < A. Therefore y+ N = z+ N such that 7/ € H**!(Hg(M)), d (Zzl—g) =k and (x—
, L H/;(M) +N , .

Z)+N € H*(Hg(M/N)) C — Therefore x — 7' +N = u+ N with u € Hg(M) and
x+N:(z’+u)—|—N€HB(M#. O

Lemma 3.3. Let N C K be submodules of a QTAG-module M such that K/N is h-divisible. If
M Soc(Hy (M N
Soc (Ha (ﬁ)) _ Soc(He(M)) + then

S]:c (Ha (%4)) _ Soc(Ha(M)) +K

K
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M K
Proof. Since K/N is h-divisible, it is a direct summand of M /N and NN ® ]%, for some

Q D N. For x+K € Soc(Hy(M/K)), x=y+z, y € O, z€ N and we may define a homo-
morphism f : M/K — Q/N such that f(x+ K) = y+ N. Therefore y+ N € Soc(Hy(Q/N)) C
Soc(Hy(M/N)) = (Soc(Hy(M))+ N)/N and there exists a u € Soc(Hy(M)) such that y+N =
u-+ N. Therefore

Soc(Hg (M) + K
i+ K=yt K =yt K e S HaM)) + K

which completes the proof. 0J

Lemma 3.4. For k < , let K be a Hy (M)-high submodule of M. Then H'(M) C H'(K) +
Hy (M) for everyi <k—+1.

Proof. Since Soc(M) = Soc(K) & Soc(Hyx(M)) € Soc(K) + Hy(M), we suppose that

H' (M) C H'(K)+ Hg (M) for every i < k. Consider x' € H'*1(M). Then there exists x € H'(M)
/

such that d (

R R
ks =iand x =y+7 where y € Soc(K) and d = = k with z € Hy(M).
xR 7R
/

y R> :

~— | =i for some

YR
1!

R . .
y € K. Now if d (Z/_R) =i, thenx—y — 7’ € H(M) C H(K) + Hq(M) which implies that

Now y=x—7 € H;(M)NK = H;(K), as K is h-pure in M. Therefore d (

<
x € HYY(K) +Hy(M). O

The above discussion leads to the following:

Soc(Hy(M)) +N
N
forall a < B, then Hy(M)NN = Hy(N) for all a < B. For B < @, the converse holds.

Remark 3.2. For a submodule N of a QTAG-module M, if Soc(Hy (M /N)) =

Lemma 3.5. If N is a direct summand of a Hy(M)-high submodule of M, then Soc(Hy(M /N)) =

Soc(Hy(M))+N
oc(Hy(M)) + JJorally < .
N
Proof. Being a direct summand of a h-pure submodule of M, N is also h-pure in M. Remark
Soc(Hy(M))+N __.
3.2 suggests that for all ¥ < @, Soc(Hy(M/N)) = N . Without loss of gener-

ality, we may assume that ¢ > @. Let « = B +k, k < @, B a limit ordinal and Q ® N, a
Hy(M)-high submodule of M. Suppose the result holds for all ordinals 6 < . If ® < 6 < &
and if T is a Hg(N)-high submodule of N, then T is a direct summand of Hg(M)-high sub-
module of M. Therefore if K is Hg(Q)-high in Q, then T @& K is Hg(M)-high in M. Inductively,
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Soc(Hg(M T N Soc(Hg(M N
Soc(Hs(M/T)) = 32 5(T )+ . As = is h-divisible by Theorem 3.2, oc 5](\7 NN _
Soc(Hg(M/N)) and the result holds for all y < a.

Soc(Hy (M N
In order to prove that Soc(Hy(M/N)) = oc(Ha(M)) + , we have to show that

N
H*'(Hg(M)) +N M
( 6\5 ) . Consider x + N € H! (Hﬁ (ﬁ)) . Since N is h-

pure, x € H**1(M) and by Lemma 3.4, x = x| + x5 + x3 where x; € H*T\(N), x, € H*1(Q)

H* (Hg(M/N)) =

and x3 € Hg(M). As 3 is a limit ordinal, for every ordinal y < B, by Lemma 3.2, we may write

x+N =z+N, where z € Hy(M). Thus for each y < B, we have x = x1 +x, +x3 = 2+ 21 where

71 €N.
Now, x1 —z1+x2 € Hy(M)N(N® Q) = Hy(N) © Hy(Q) and x, € () Hy(Q) = Hg(M) implying
r<B
H"''(Hg(M))+N
that x+ N = (xp +x3)+N € ( [j\(] ) : O

We need some more lemmas to prove our main results:

Lemma 3.6. Let K = @ K; be a submodule of a QTAG-module M such that each K; is countably
icl
generated. If N is a submodule of M, NNK = @ K;, I' C I and if T /N is a countably generated
el

M
submodule of N’ then there is a submodule Q C M such that T C Q, ]% is countably generated

M
and QNK = @ K; for some subset J of 1. If — and

are h-divisible, then M can be chosen

so that is also h-divisible.

Proof. Since is countably generated, there is a countable subset I” of I such that & K;

NNK i1
: . NK
contains a complete set of representatives of X SetQ=T+ (D K;) =T + (D K;), where
iel” ieJ
J=rur.
M . . L .
Now, suppose — and are h-divisible. Consider a submodule LDON such that — is
K NNK N

countably generated i.e., N X(b;+ N)R. Consider the elements xj, xp,..., Xp,... such that

R
b; —y; € K where d (xl—) =1.
YiR

P
If P=L+Xx;R, then N is countably generated and L C H;(P)+ K. In this way we can choose
two ascending sequences of submodules7 CQ1 C 0, C...C Oy C...and PP CP, C...CP.C

M, P,
..., where Wk and Nk are countably generated for every k, Oy NK = @ Ky, Ox C P, C Q41 and
i€l
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Or CH|(P)+K foreachk. If weput Q= U Oy = U BrandJ = U I, then P, CH (P 1)+ K
k=1 k=1 k=1

ensures that QQ is h-divisible. ]

Lemma 3.7. Let {K; }7_| be a sequence of submodules of a QTAG-module M and Ky = El? K,gi),
i€l
where each K,El) is countably generated. Let A be a set of positive integers such that M / K}, is

h-divisible, for every k € A. If N is a submodule of M such that NN K;, = @ K,Ei) for each k and

i€l
T M
is h-divisible, whenever k € A and if — is a countably generated submodule of —, then
NNK; N N
there is a submodule Q of M such that T C Q, % is countably generated, QN K, = P K,gi) and
i€ty
Q is h-divisible, whenever k € A.
ONKy

Proof. Let ny, ny,... be a sequence of positive integers such that for every pair of positive

integers k and n there is an integer j > k such that n; = n. By Lemma 3.6, we may construct

a chain of submodules of M containing 7, Q1 C Q> C ... C Ok C ... such that for each k, %
is countably generated. Oy NK,, = @ K,ik and L is h-divisible, whenever n; € A. Set
iel,’;k Ok N Ky,

0 = U O and for each n, let J, be the union of all I,]fk for which n; = n. Since for each n, Q is
k=1
the union of those Qy such that ny = n, Q is the required submodule. [

M Soc(Hy (M N
Lemma 3.8. Let N be a submodule of M such that Soc (Ha (ﬁ)) = oc( a](V )+ forall
o < A.IfSoc(M) = Soc(N)® T, where T is a summable subsocle such that T NH) (M) = 0,

M
then N is a summable module of length atmost A.

Proof. LetT = @ Ty, where Sq C Hy (M), Sq "Hy+1(M) =0, for every o. Then
a<A

Soc(M/N) =

Soc(M)+N_TEBN_@ To ®N
N N N '

a<A
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Ty +N
We have to show that for x+N(#0) € =2 i

T, Soc(Hq(M)) = (Soc(N) NHe (M) @ (T N He(M)) = (Soc(N) N Hq (M)) & (ﬁ@ Sg). There-

, Hyyn(x+N) = a. Since Soc(M) = Soc(N) &

fore
Soc(Ha(M/N)) = (Soc(Ho(M)) +N)/N
=((TNH(M))+N)/N = ﬁ@a((TB @©N)/N)
= ((Ta ®N)/N) ® (BSPH((TIB ©N)/N))
= (T« ©®N)/N) @ Soc(Hg.1(M/N)).
and we are done. 0

Now we are able to prove one of our main results.

Theorem 3.3. Let M be a QTAG-module of length &, where © is a countable limit ordinal. Then
M is a direct sum of countably generated modules if M is summable and for each p < o, M

contains a Hy(M)-high submodule which is a direct sum of countably generated modules.

Proof. For an ordinal p such that < p < o, let K, be a H,(M)-high submodule of M which

is a direct sum of countably generated submodules. Put K, = K;; such that each K;, is count-
i€l,
ably generated and Soc(M) = @ T;, where each T; is countably generated. Now the elements
icl
of the minimal generating set of M, {xy} can be well ordered a < §. Since o is countable,

K,’s can be enumerated and by Lemma 3.7, we may define submodules {Ny} satisfying the

following conditions:

(i) No=0,Ng C Ng forevery o < p and Ny = |J Np, if @ is a limit ordinal;
B<a
(ii

)

) X € Noy1;

(iii) NqNKp = .EBaK’. , for each «;

(iv) Ng+1/Ng igecfﬁ)untably generated;

(v) Na/(NgNKp) is h-divisible, for each a;
)

(vi) Soc(Ny) = D T.

iel*
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By Lemma 3.5,

Hy(M
Soc(Hy(M/Ng)) = Soc( p](\/a)) +Na, forall p < o.

Therefore by Remark 3.2, each Ny is isotype and again by Lemma 3.2,

Hy,(M)+N,
Hy,(M/Ny) = M, forall p < o.
N
Now we infer that
H,(N N
Hy(Ng+1/Na) = il a;1>+ 2, forallp < o.
o
N
By Lemma 3.8, 2+ has length at most o and

o

Now using Theorem 3.1, we get Ny11 = Ng + Qq, foreach o < 8. Consequently, M =

P Oy, a < d is a direct sum of countably generated modules. 0
o

To prove some other interesting results, we need some more lemmas.

Lemma 3.9. If p is a countable ordinal and x € H,(M), then there is a countably generated

submodule N of M such that x € Hy(N).

Proof. The statement holds if p = 0. We shall prove the result inductively by assuming that it
holds for all ordinals o < p. If p = o + 1, then there exists an element y € H, (M) such that
R
d (y—R) = 1. By assumption, there is a countably generated submodule N such that y € Hs(N).
X
R
Now x € Hs1{(N) =Hp(N) as d (y—R> = 1. Otherwise, if p is a limit ordinal, then x € Hs(M)
X
for all o < p. Inductively, there exists a countable submodule Ng for each ¢ < p, such that
x € H5(Ngs). If N = XN, then N is countably generated and x € | Hs(Np) C () Hs(N) =
o<p o<p
H)(N). O
Lemma 3.10. Let ¢ be a countable ordinal and N a submodule of a QTAG-module M such that
Hs(M)NN = Hg(N). If T/N is a countably generated submodule of M /N, then there exists a

submodule K C M such that T C K, K/N is countably generated and Hs(M) N K = Hs(K).
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Proof. As

112

TNHs(M) _ (TNHg(N))+N c T
Hs(N) N =N’

T NHg (M)

Hs(N)

each k, there is a countably generated submodule Nj such that x; € Hs(Ng). Put K; = T + XN

we may select elements xi, x2,...,Xg,... such that = 2x;R. By Lemma 3.9, for

K
Now ﬁl is countably generated and T N Hg (M) C Hs(K]). On repeating this process, we may

K
construct a chain of submodules K; C K> C ... such that ﬁk is countably generated and K; N

(o)

Hs(M) C Hs(Ky11). Now K = |J K is the required module. O
k=1

Lemma 3.11. Let 6 be a countable ordinal and T a submodule of M such that T =
M
DT, =@ Qj and each T; and Q; is countably generated. Suppose N is a submodule of

i€l jes
N+T
M such that NNT = @ T;, i @ Qjand H;(M)NN = Hs(N). Ifg is a countably gen-
icl’ T ey N
M P
erated submodule of —, then there exists a submodule P of M such that Q C P, N is countably
P+T

generated, PNT = @ T;, ——= @ Qj and Hs(M) NP = Hy(P).
iel” jeJ"

Proof. Since Q/N is a countably generated module, so

is also countably generated.
N+T

Therefore there exists a subset J C J such that @ Q; contains a set of representatives of
jeJ

T N+T
(Q ;: ) / ( ;: ) .If L is generated by a complete set of representatives of @ Q;, then L s
jeJ

L+T

a countably generated submodule of M such that =@Q; IfP=0+LandJ; =J UJ,

jeJ
= @ Q;. Now by Lemma 3.10 and Lemma 3.6, there
JEJ
exist ascending chains of submodules A C P, C ... C P C..;[1 CL,C...CL,C...and

P+T

P
then Nl is countably generated and

KiCK,C...CK;C...suchthat NC P, C Ly C Ky C Py, P/N is countably generated for

P+T o e

each k, Lk @ Qj, LinT =@ T;and Hs(M)NKy = Hs(K;). Now P= | P, I" = U I
j€h icl k=1 k=1

and J” = |J J; and we are done. O

k=1

Now we are able to prove the following result.
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Theorem 3.4. If ¢ is a countable ordinal and if M is a h-reduced QTAG-module such that
M/Hg(M) and Hs(M) are direct sums of countably generated modules, then M is a direct sum

of countably generated modules.

Proof. Let

=@ Q; and Hs(M) = @ P;, where each Q; and P, is countably generated.
Hs(M) i icl

We may define a well ordering relation on the set of generators of M, {x4}, o < . By Lemma
3.11, we may construct a well ordered family of the submodules {Ny} of M satisfying the

following conditions:

(i) No=0,No CNgif o < and Ny = |J Np, if @ is a limit ordinal;
B<a

(iii) NoyNHs(M) = D T;;

icly
Nt HeM)
(iv) W_jg?a 0j;

(v) Hs(M) NNy = Hg(Na);
(vi) Ng+1/Ng is countably generated.

Now Hg(Ng+1) "Ng = Hs(Ng) and Hs(Ny) = @ T;, is a direct summand of Hg(Ng 1) =

i€l
N, Hs(M N,
@ T;. If we define the canonical map f : a1+ Ho(M) arl , then f is an iso-
i€ly 1 HG(M) HG(NaH)
No+Hs(M Ny +Hg (N No+Hs(M
morphism and f a+ Hol )> —Nat o aH). As o+ Ho (M) is a direct summand of
Ho (M) Ho(Nai+1) Ho (M)
N, Hs(M) Ng+ Hg(N N,
a1+ Hol ), at+Ho(Noy) is a direct summand of ——%*1_ and all the conditions of
Hs(M) Ho(Nat1) Ho(Na1)
Theorem 3.2 are satisfied, therefore for each & < § we have Ny 1 = Ng B NJ,. Thus M = @ N,
o<pf
is a direct sum of countably generated modules. 0

Since h-pure, isotype and high submodules are very significant in the study of QTAG-

modules. We prove some results related to these submodules.

Proposition 3.1. For a countable ordinal 6 and a QTAG-module M, if M /Hs(M) is a direct
sum of countably generated modules, then every Hs(M)-high submodule of M is a direct sum

of countably generated submodules.

Proof. Suppose the statement holds for all the ordinal less than o and o > ®@. Now we put

0 = p +k, where p is a limit ordinal and k < . Let N be a Hy(M)-high submodule of M. Then
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by Lemma 3.5 and Lemma 3.2,

M/N =Hy(M/N) = w

forall @ < p.

Therefore,

N gHOC(M)JFN_ M ~ (M/Hq(M))
Ho(N)  Hq(M) — Ho(M)  He(M/Hs(M))

is a direct sum of countably generated submodules for all @ < p. Now, by induction, ev-

ery Hq(M)-high submodule of N/H,(N) is a direct sum of countably generated submod-
N+Hy(M) ~ N an N+Hy(M)

Hp (M) Hp(N) Hp(M)
M/Hy(M), N/H,(N) is also summable.

ules. Since

is isotype in the summable module

Now by Theorem 3.3, N/H,(N) is a direct sum of countably generated modules, therefore

by Theorem 3.4, N is a direct sum of countably generated modules. U

Theorem 3.5. Let N be an isotype submodule of a QTAG-module M of countable length and
M, a direct sum of countably generated h-reduced QTAG-modules. Then N is also a direct sum
of countably generated modules.

N+Hgs(M)
we assume that the length of M is also 0. Suppose the statement holds for all lengths p < ©.

N+H,(M M N N+H,M
Now +—p() is isotype in for all p < o. Inductively, = +Hp (M) isa
Hp(M) Hp(M) Hp(N) Hp(M)

direct sum of countably generated modules for all p < o. If 0 = p + 1, then and H,(N)

Proof. Let ¢ be the length of N. As is isotype in , without loss of generality,

Hp(N)
o
are the direct sums of countably generated modules and the result follows from Theorem 3.4.
N
Otherwise, if o is a limit ordinal, m is a direct sum of countably generated submodules
for all p < o and N is summable as it is isotype in the summable module M of countable length.

Therefore, N is a direct sum of countably generated modules. 0J

4. SOME APPLICATIONS

In this section we establish some interesting results using the results of section 3. We start

with the following lemma:
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Lemma 4.1. Let N, K be Hs(M)-high submodules of M where 6 = p +n, n < ®. If x+
H,(N) = y+H,(K) if and only if x —y € Hp(M), then this mapping is a height preserving
isomorphism from Soc(N /Hp (N)) to Soc(K/Hy(K)).

R
Proof. Let x € N and x’ € Hp(N) such that d (XI—R> = 1. Suppose x ¢ K, then (K +xR)N
x
Hs(M) # 0 and therefore there exists y' € K and z € Hp (M) such that y' +x” = 2/ # 0. Here

R R
d 22 = i, d ) — 1 since KNHg(M) =0, i <n and there is a y” € K such that
x//R Z/R

//R . . //R

d (y/_R> =i. By Lemma 34, y' +x+7" € H(M) C H(K) + Hy(M), where d (Z’_R) =i
' Z

Now x = (u—y") +7" 4 v for some u € H(K) and v € Hy(M). Put y = u —y". Now the map

x+Hp(N) — y+ Hp(K) is a height preserving isomorphism. O

Theorem 4.1. If a Hs(M)-high submodule of a QTAG-module M is a direct sum of count-
ably generated modules, then every Hs(M)-high submodule of M is a direct sum of countably

generated submodules.

Proof. We may assume that o is countable and ¢ > ®. Now ¢ = p +n, where p is a limit
ordinal and n < ®. Let N, K be two Hs(M)-high submodules of M and N a direct sum of
countably generated submodules. Now N/H,(N) is also a direct sum of countably generated
modules and by Lemma 4.1, K/H,(K) is summable. As p is a limit ordinal, by Proposition
3.1, wehave N/Hy(N) =M /Hu(M) = K /Hy(K) for all o < p. Therefore K/H, (K) is a direct
sum of countably generated modules. Now H, (K) is bounded, therefore by Theorem 3.4, K is

a direct sum of countably generated modules. ([l

Proposition 4.1. For a QTAG-module M, if M /H, (M) is summable for all p < &, where & is

countable then M /Hs(M) is a direct sum of countably generated modules.

Proof. We assume that the result holds for all ordinals less than o. If 0 = o + 1, then by in-

duction we may say that M/Hy (M) is a direct sum of countably generated modules. Since
(M/Hs(M)) ,, M

Ho(M/Ho(M)) — Ho(M)
ules, the result follow from Theorem 3.4. Otherwise, if ¢ is a limit ordinal, then by assumption

and Hy (M /Hy(M)) are direct sums of countably generated mod-

M/Hs(M) _ M
Hy(M/Hs(M)) — Hp(M)
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is a direct sum of countably generated modules for each p < ¢. Since is summable,

M
Hs (M)

is a direct sum of countably generated modules. 0

Hs(M)

An immediate consequence of this proposition may be stated as follows:

Corollary 4.1. Let ¢ be a countable limit ordinal and let M be a QTAG-module of length ©.

Then the following conditions are equivalent:

(i) M is a direct sum of countably generated modules;

(ii) M is summable and is a direct sum of countably generated modules for all

Hp(M)
p <0,

(iif) Hy (M) is summable for all p < o,
(iv) M is summable and for each p < o, the H,(M)-high submodules of M are direct sums

of countably generated modules.

Ulm factors play a very important role in the study of QTAG-modules. In order to establish

our next result involving Ulm factors we need the following lemma:

Lemma 4.2. Let 6 be a countable ordinal. Then for a QTAG-module M, M /H,(M) is a

M
direct sum of countably generated modules for all p < wo if and only if e is a direct sum of

countably generated modules for all o0 < 6. Here M% is the o~ Ulm submodule of M.

Proof. If p < o, then p = wa+n, n < ®w, & < . Now we have

Mo M (M/H)M) _ M/Hy(M)
M%  Hgye(M) Hwa(M)/Hp(M) Ha)oc(M/Hp(M))'

M M
Therefore, Hypo | ——= | is bounded and if — is a direct sum of countably generated mod-
Hp (M) M>

ules, then by Theorem 3.4, is a direct sum of countably generated modules. U

M
Hp(M)
Theorem 4.2. Let M be a QTAG-module of countable length. Then M is a direct sum of
countably generated modules if and only if

(i) all Ulm factors of M are direct sums of uniserial modules and

(ii) M/MP is summable, for all limit ordinals p.
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Proof. The second condition implies that M is summable. Now, M will be a direct sum of
countably generated modules if M /H;(M) is a direct sum of countably generated modules for

M
all 7 less than o, the length of M. Assume that p < o and G is a direct sum of countably

M
generated modules for all 7 < p. In the light of Lemma 4.2, we have to show that P is a direct

sum of countably generated modules for all p < 0. If p = a@ + 1, then

(M/MP) —_ (M/MP) M

Hoo(M/MP) — M*/MP ~— M“

is a direct sum of countably generated modules by induction. Now

o (M _M*_ M
oo\ 375 ) = ap = agart

M
is a direct sum of uniserial modules by (i). Therefore by applying Theorem 3.4, e is a direct

M
sum of countably generated modules. Otherwise, if p is a limit ordinal, then — = —— is
MP - Heyp(u)
M
summable by (ii). Inductively, e is a direct sum of countably generated modules for all o <

p. By Lemma 4.2, M/H:(M) is a direct sum of countably generated modules for all T < @p.

M M
Thus ———— = —— is a direct sum of countably generated modules. 0
Hpp(M)  MP

As an immediate consequence of this result, we can say that a summable QTAG-module M
of length  is a direct sum of countably generated modules if and only if all of its Ulm factors
are direct sums of uniserial modules.
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