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Abstract. Let G denote a finite group and let S be a finite G-set. It is well known that the Burnside
ring Q(G) of G has its elements as the formal differences of isomorphism classes of finite G-sets. In
[8], the category (G, S, (G))-gr, which consists of Q(G)-modules graded by S as objects and the degree
preserving Q(G)-linear maps as morphisms, was introduced. Using this category as a springboard, some

interesting results in the structure theory of graded Burnside rings are brandished.
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1. Introduction

It is well known that module theory is usually adopted when we study the structure
theory of rings or the Clifford theory for graded rings (see [1], [2], [5], [6], [10], and several
others). When we consider a ring R graded by a group G, we usually work with G-graded
modules. A typical example of this arises when we consider G-graded modules over a
group algebra kG as modules over kH by means of restriction of scalars, where H is a
subgroup of G (see for instance [2], [5]). In this paper, we review the concept of graded

Burnside module as in [8] and investigate the structure of graded Burnside ring. For the
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balance of this section, we give a brief description of the Burnside ring and describe the
organisation of this paper.

Now let GG be a finite group. Recall that a G-set is a set S on which G acts from the left
by permutation; that is we have a map f: G x S — S : (g,$) — gs such that es = s (e
is the identity element of G) and g(hs) = (gh)s for all g,h in G and s in S. Furthermore
G-sets form a category G with an obvious notion of morphisms. For any two G-sets
S1 and Sy, there exist the sum S; U Sy (disjoint union) and product S; x Sy (cartesian
product with diagonal action). In this way the isomorphism classes of G-sets form a semi
ring Q7 (G). The Grothendieck ring of Q1 (G) is called the Burnside ring of G, denoted
by Q(G). Also recall that for two finite groups G and H, any group homomorphism
w: H — G, gives rise to a functor p* : &% — $*¢ from the category &¢ of G-sets into
the category % of H-sets, obtained by restricting the action of G on a G-set S (via ) to
H. Obviously p* commutes with sums and products and so defines a ring homomorphism
w o QG) — Q(H), from the Burnside ring Q(G) of G into the Burnside ring Q(H) of
H. Furthermore p* has a left adjoint pu, : H% — & from H-sets to G-sets, which
commutes with sums and thus defines an additive map . : Q(H) — Q(G), which by
adjointness, turns out to be an 2(G)-module homomorphism (see [9]). By the Frobenius
reciprocity law (H) is considered as a ©(G)-module via p*. In this paper, we denote
such modules by M.

In section 2 we start with the basic theory of (G, S,§(G))-gr, which is the category
consisting of the Q(G)-module M graded by a G-set S as objects and the degree preserving
Q(G)-linear maps as morphisms. Theorem 2.8 is the first significant result in this section,
namely that the category (G, S,Q(G))-gr is a Grothendieck category. In section 3, we
introduce the notion of smash product for finite G-set denoted by Q(G)#5S. This notion
has recently been used extensively to obtain duality results and category equivalences that
provide a neat approach to categorical properties of modules studied in the theory of group
actions as well as group gradings. We demonstrate here a sort of generalization of the
notion of smash product from groups to finite G-sets. In theorem 3.2, we demonstrate that

the category (G, S, Q(G))-gr is isomorphic to the category Q(G)#S-mod. This implies
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that we can always consider (G, S, 2(G))-gr as a module category isomorphic to Q(G)#5S-
module. We conclude the study of the smash product in section 4 by considering a
characterization of smash products in terms of matrix rings and derive a glossary of some
interesting corollaries; for instance, we demonstrate that Q(G)#G/H is Morita anti-
equivalent to the ring (Q(G)#G) * H, the skew group ring of H over the ring Q(G)#G.
In section 5, we extend the applicability of some functors considered by Dade in [2]
for homogenous G-sets and a ring R, to arbitrary G-sets and the Burnside ring Q(G).
Given a morphism ¢ : S — S" of G sets we associate the functor Ty : (G, S, Q(G))-gr
— (G, 5,Q(G))-gr. T, has an exact right adjoint denoted by U?. Furthermore U is a
left adjoint for T}, if for every s’ € S’ the set ¢~*(s’) is finite. With this simple observation,
we can infer that if S is finite and Q € (G, S,Q(G))-gr is an injective object then @ is
injective in (G)-module. If S is a G-set and B is a subset of S fixed by some subgroup

H of GG, then we may define a functor
TB : (G, S? Q(G))_gr — (H7 B, Q(G)(H))—gr7

where (Q(G))*) = @ Q(G)y, by setting TB(M) = @ M,. In theorem 5.6, we demon-
strate that T2 has thleft adjoint, denoted by U?®: Svevflich is an extension of the case
considered by Dade in [2]. The same result tells us that 7% has also a right adjoint, and
it will be denoted by Up. We say that U” and Ug are the induction and the coinduction
functor, respectively. Particular cases of these functors have been used in many literature
(see for instance [6]) and it is well known (see [5]) that for strongly graded rings induction

and coinduction are isomorphic. The case where B = {s} and H = G, is the stabilizer

subgroup of s lead to the functors:

T (G, S, QG))-gr — Q(G) %} mod, T*(M) = M,.

U*: Q(G)!% mod — (G, 8,Q(G))-gr, U'(N)=0Q(G) K) N.
Q(G)(Gs)

If Q(G) is strongly G-graded and S is a transitive G-set then (G, S, Q(G))-gr is equivalent
to ((G))“)-mod and the equivalence is given by 7° and U® (or U,). Furthermore,
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for any subgroup H of G, we have that (Q(G))*)-mod is equivalent to (G,G/H,Q(G))-
gr. For a detailed treatment of the application of the induction and coinduction we
refer the reader to [6]. For the balance of this paper, G is a multiplicative group with
identity element 1. Q(G) is said to be G-graded if Q(G) = @ Q(G),, where each Q(G),
is an additive subgroup of Q(G) and Q(G),Q(G), C Q(ée)Ggh for all g,h € G; when
QG)QUG), = QG)yn we say that Q(G) is strongly graded. We shall write Q(G)-mod

for the category of (G)-modules and Q(G)-gr for the category of graded 2(G)-modules.
2. Preliminaries

We begin this section with the following definition.
Definition 2.1. An Q(G)-module M such that M = @ M, and for all g € G and s € S

ses
we have that Q(G),Ms C My, where each M is an additive subgroup of M, is said to be

a (left) graded Q(G)-module of type S.

Suppose M = @ My and N = @ N, are graded Q(G)-modules of type S, then a
ses seS

morphism f : M — N is a Q(G)-linear map such that f(M;) C Ny for all s € S.
The category (G, S, Q(G))-gr consists of objects as the graded Q(G)-modules of type
S and morphisms as the Q(G)-linear maps just defined. Now consider M = @ M;
in (G,S,Q(G))-gr and an m (# 0) in M. Then m has a unique decompositionsesl =
> myg, with my, € My, and the my(# 0) are called the homogenous components of m. A
;iimodule N of M is called a graded submodule (of type S) if for any element n € N,
each homogenous component of n also belongs to N; this means that N = @ (N N M).
Observe that if N is a graded submodule of M, then M/N is a graded mgi{?ﬂe of type
S by setting (M/N)s; = (Mg + N)/N for all s € S. In the category (G, S, Q(G))-gr it is
easy to see that direct sums and products exist (indeed if (M;);c; is a family of objects

of (G,S,Q(G))-gr , then the module @ (P(M;)s) is a direct sum, and P ([[(M;)s) is a
seS iel se€S il

direct product of the family in the category (G, S, Q(G))-gr, respectively). For M, N in

(G, S, Q(G))-gr the set Hom s.0(c))—gr(M, N) is a subgroup of Homgey(M, N). Because

for any morphism f in Hom g sac))—gr(M, N) both ker(f) and coker(f) are objects of
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(G, S,Q(G))-gr, we have that (G, S, Q(G))-gr is an abelian category. When G = S with
the natural left action of G on itself, then the category (G,G,Q(G))-gr coincides with
the category €2(G)-gr. For a subgroup H of G, and S = G/H, where G acts by left
translation, we write (G/H, )(G))-gr for the category (G,G/H,(G))-gr. Furthermore,
when H is normal then (G/H,Q(G))-gr may be identified with Q(G)-gre,u, the category
of all graded left Q(G)-modules of type G/H (here Q(G) is considered as a G/H-graded
ring). If S is a singleton with G acting trivially on it, then the category (G, S, Q(G))-gr
coincides with Q(G)-mod. The elementary properties of (G, S, Q(G))-gr considered in
this section are similar to those of R-gr (where R is an arbitrary ring) and the proofs are

similar to those in [5]. Therefore we shall omit proofs to most results in this section.

Proposition 2.2. Suppose M,N,P € (G,S,QQG))-gr is fized to satisfy the following

commutative diagram of Q(G)-linear maps

M s N

el B

N v
P

If B, resp. ~y is a morphism in (G, S,Q(QG))-gr, then there exists a morphism 7', resp.
B" in this category, such that o« = o~ resp o = ' o~. More especially, we have that
if M € (G, S,QG))-gr is projective, resp. injective in Q(G)-mod, then M is projective,
resp. injective, in (G, S,QG))-gr.

Proof. Follow similar argument of the proof of lemma 1.2.1 of [5].

Proposition 2.3. Let G be a finite group and let S be a G-set such that each stabilizer
Gs (s € S) is normal (this condition holds if for example S is a free G-set or if G is
abelian) in G. If N is a graded submodule of M € (G, S,Q(G))-gr, then N is essential
in M as an object of (G,S,QUG))-gr, if and only if N is essential in M as an object of
Q(G)-module.

Proof. Because we have that (G, S, Q(G))-gr is equivalent to a product of categories of
the type (G/Gs, Q(G))-gr (see [5]), it suffices to restrict our attention to the case where
S = G/H, for a normal subgroup H of G. In which case (G/H,Q(G))-gr is a category of
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graded modules in the classical sense, and so we invoke lemma 1.2.8 of [5] to complete

the proof.

For a morphism of G-sets p : S — S’, we may associate a canonical covariant functor
T,: (G, S, QG))-gr — (G, S5, QG))-gr, defined as follows: T,(M) is the (G)-module M
with S’-gradation given by My = @{M, | s € S, p(s) = ¢ for s € S'}, where we set
My =0if s & p(5). Clearly for any A\, € Q(G),, we have

MEDIML s p ()Y © PIMy|sep )} = M.

That M = & My, is obvious. For a morphism f € Hom,soc)—g-(M,N), we set
s'es/
T,(f) = f. Note that T, is an exact functor.

Proposition 2.4. If S 25§’ L8 s a morphism of G-sets, then
(1) pop—Tp’OTp~
(2) If p is an isomorphism, then T, o T, = T,-1 oT, = Id; more especially T, is an

1somorphism of categories.
Proof. Easy verifications.

Let S be a G-G'-set, where G and G’ are groups. For h € G we may define a morphism
of G-sets: pp, : S — S,s — xh for s € S. Because we have that p is an isomorphism of
G-sets, the functor T}, = T, is an isomorphism of categories. It is a folklore to verify the
following;:

1. Ty = Id.

2. Ty, 0Ty = Ty, for all b, W € G'.

3. T,oT,-1+ = 1dfor all h € G'.

It M € (G,S,Q(G))-gr, then denote Ty, (M) by M(h) for each h € G', so M(h) = M as
Q(G)-modules and for each s € S we have M(h)s = Mg,. We call the object M(h) the
h-suspension of M. For some specific examples see [5]. For S a G-G'-set, we say that
Q(G)-linear map f : M — N, where M, N € (G,S,Q(G))-gr is a graded morphism of
degree h € G’ if f(M;) C Ny, for all s € S. Graded morphisms of degree h € G’ form an
additive subgroup HOMgqcy (M, N ), of Homgqy(M, N). We denote by HOMgqey (M, N)
the subgroup of Homg ) (M, N) generated by all HOMqcy(M, N)y, (h € G'). It is clear
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that HOMqq)(M,N) = @ HOMquc) (M, N), is a graded abelian group of type G'. If
heG’
f:M — N and e : N — P are graded morphisms of degree h, h’ € G’ respectively then

eo f has degree hh'/. Consequently, we may view EN Doq) (M) = HOMqqy(M, M) as a

graded ring of type G’ if we define the multiplication by f-e=eo f.

Proposition 2.5. If Q(G) is G graded then for a family of G-sets (S;)icr, the categories
(G, 115 UG))-gr and [](G,S;, QG))-gr are equivalent.

i€l iel
Proof. We assume that the sets S; are mutually disjoint; in which case, S = igz S; is a
direct sum. Let T": (G, 5, Q(G))-gr — [[(G, Si, Q(G))-gr be a functor defined by T'(M) =
(M,)ier, where M; = €@ M, and for azirllorphism in (G, S,Q(G))-gr, f: M — N say, we
put T(f) = (fi)ier, wslfjlie fi is the restriction of f to M;. Now let U : H(G,Si, Q(G))-gr
— (G, 5,Q(G))-gr, be a functor defined by U((M;)ier) = @ M; = Mz; Q(G)-modules,
and for s € S, My = (M;)s, where i is such that S; is the uzrfilque one containing s so that

M is clearly a graded Q(G)-module of type S. Furthermore, if (f;);c; is a morphism in
[1(G,S;, QG))-gr, then U((f:)icr) = f, where f = @D fi. It is obvious that U o T is the

iel el
identity of (G, S, Q(G))-gr and T o U is the identity of [[(G, S;, Q(G))-gr.
el
Corollary 2.6. Let Q(G) = @ QUG), be a G graded and let S be a G-set. Then
geG

(G, S,QUG))-gr is equivalent to the product of the (G/Gs, QG))-gr, where s varies over
a set of representatives for the G-orbits in S. More especially, if S is a free G-set, then
(G, S,9(G))-gr is a product of copies of QG)-gr over the G-orbits in S.

Proof. One has S = UG, and G, ~ G/Gj, so the assertion follows from the foregoing

proposition.
To state the next theorem we need the following definition.

Definition 2.7. Let Q(G) = @ QUG), be G-graded and S a G-set. For each s € S the
geG

s-suspension U(G)[s] of QUG) is defined to be the object of (G, S, Q(G))-gr which coincides

with Q(G) as an Q(G)-module, but with gradation defined by Q(G)[s] = P{QUG), | g €

G,gs=t, te S}
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Theorem 2.8. The object V.= @ QG)[s| is a projective generator of the category
seS

(G, S,QG))-gr and it is free of rank |S| as an Q(G)-module. In particular, (G, S,QG))-

gr is a Grothendieck category.

Proof. Obviously V is a free Q(G)-module, and so we can fix a canonical basis {es | s €

S}. Let N C M in (G, S,Q(G))-gr be such that N # M; say M = @ M;, N = @ N;.
seS SES
Then there exist s € S, mg € M, such that ms & Ns,. Now we may define a morphism in

(G, S,Q(G))-gr by setting f(es) = ms, f(es) = 0 for ' # s in S, and clearly Im(f) ¢ N.
Consequently, V' is a generator for (G, S, Q2(G))-gr and a projective object of (G, S, Q(G))-
gr by Proposition (2.2).
Corollary 2.9. Let M € (G,S,QG))-gr. Then M is a projective object in (G, S, QG))-
grif and only if M is a projective left Q(G)-module.
Proof. Proposition (2.2), concludes the "if” part, and the converse follows from Theorem
(2.8) by observing that any projective object M in (G, S,§2(G))-gr is isomorphic to a
direct summand of some direct sum of copies of V' which is a projective generator in
(G, 5, Q(G))-gr.

Let gr — p dim(M) denote the projective dimension of an M in (G, S, Q2(G))-gr. Then

corollary (2.9) yields:

Corollary 2.10. gr-p dim(M) = p dim(M) for any M in (G, S,Q(G))-gr.

3. Smash Product

Let Q(G) = @ Q(G), be G-graded, and let S be a finite G-set. We define the smash
geG
product Q(G)#S as the free Q(G)-module with basis {ps | s € S} and multiplication

defined by

(agbp)pe it ht=s
0, if ht # s

(1) (agps)(brpe) =

for any g,h € G, a, € Q(G),, b, € QG)y, and s,t € S. We may extend this by
Z-bilinearity to a product on all of Q(G)#S = P{QUG),ps | g € G,s € S}.
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Proposition 3.1. The multiplication defined by equation (1) above turns Q(G)#S into
a ring with identity 1 = > ps and {ps | s € S} is a set of orthogonal idempotents. The
following properties also Sheosld:
(i) The map 0 : QG) — QUG)#S, a — a-1="> aps is an injective ring morphism.
(11) For all a, € QG),,s € S one has that: ]fci, = agpy-15, where psay is the product
P,0(ay) in the ring Q(G)#S.
(11i) The set {ps | s € S} is a basis for QG)#S as an Q(G)-module.
(iv) For s € S, ps centralizes Q(G) %) = @ Q(G);.
(v) H == N{Gs | s € S} is a normal sutbegGri)up of G such that for any b € QG)H) =
P QG)p, s € S, we have bps = psb.

heH

(vi) Autc(S) acts on Q(G)#S by (aps)® = ap;(ls), for o € Aut(S),a € Q(G), and s € S.

Proof. Associativity of equation (1) is the only difficult thing to show in the first claim.
To show this, let I, g,h € G,a; € QG);, by, € B(G)g,cn € Q(G)p, and let s,t,u € S. Then

one has that

(abgen)py, if gt =sand hu=t

2) (ap) (bype) (cnp) = |
0, otherwise
and
arbycn)py, if hu =t and ghu = s
3 ()b epa)] = | fands

0, otherwise.

If hu = t, then the equation gt = s and ghu = s are equivalent, and so associativity follows.

Because aps(Y p1) = > (aps)pe = aps and (3 po)bpe = - ps(bpr) = (22( D2 by))pe =

teS tesS ses ses s€S gt=s
bpy, it follows that ) p; is the identity of Q(G)#S, the claim follows since b= > (> by).
ses SES gt=s

The assertions (i) and (ii) are obvious, and one can easily check properties (iv) and (v).

We now verify (iii) and (vi).
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(ili) From (ii) it is clear that Q(G)yps = pgsG)y =~ Q(G),. So we have

QG#S = D{UG)ps | g€ G se St = DipQG)y | g€ G, s €5}

= D{nQAG)y | s €5}

= {pG) | t € 5},

with each p,Q(G) = P{pQUG), | g € G} ~ P{UG), | g € G} = Q(G). Hence (iii)
holds.

(vi) Suppose a € Aut(S). Then we calculate for a, € Q(G),, by, € Q(G)y, and s,t € S

[(agbn)ps]® = (agbp)pa-1y if ht=s

(4) [(agps) (brpo))® = |
0, if ht #0
and
aghp)pa! if ha='(t) =a (s
(5) (agPat(0) (B ) = (agbn)pa™(t) (t) (s)

0, otherwise.

Because we have that ht = s if and only if ha™'(t) = a~!(g), it follows that

[(agps)(brp)]* = (agps)® (bape)®

So Aut(S) acts on the ring Q(G)#S as described; in view of the fact that aps — (aps)* =

apa-1(s) 18 a bijective map.

Note that if S = G and G acts on S by left translation, then the multiplication in
Q(G)#S becomes (aps)(bpy) = (abgy—1)pt for a,b € Q(G), and s,t € G; in which case
Q(G)#G coincides with the smash product defined by Cohen and Montgomery in [1] for

arbitrary rings. Moreover if S = [[ S; is a finite direct sum of finite G-sets, then the ring
el
Q(G)#S is isomorphic to the direct product [ Q(G)#S;. Consequently, we obtain the
el
following result, which extends theorem 2.2 of [1] for arbitrary G-sets.

Theorem 3.2. Let S be a finite G-set and let Q(G) = @ Q(G), be G-graded. Then the

geG
category (G, S, QUQ))-gr is isomorphic to the category QU(G)#S-mod.
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Proof. By proposition 3.1(i), Q(G) may be viewed as a subring of Q(G)#S via the
morphism 6. By restriction of scalars, M € Q(G)#S-mod has an Q(G)-module structure.
For s € S, we set M, = p,M. Because we have that 1 = > p, and {p, | s € S} is a
family of orthogonal idempotents we have that M = € ]\Zis Moreover, if a, € Q(G),
then a,M; = agpsM = (pgsay)M is an element of pgi\i/ = M,,; implying that M is
an object of (G,S,Q(G))-gr. For a morphism f : M — N in Q(G)#S-mod we have
f(M;) = f(psM) =psf(M) C ps N = Ns. In this way we obtain a functor (), : Q(G)#S-
mod — (G, S, Q(G))-gr, where (M), is the graded structure of type S defined on M as
illustrated above, and (f)y = f.

Conversely, take an object M in (G, S,Q(G))-gr. For a, € Q(G),, and s € S, put

(agps)m = agm,, where m € M is given by m = ) m,. Since 1 = ) p, we have that

ses ses
I-m=_psm=> my=m.If gh € G,ay € QG), b, € QUG)p,s,t € S then we
seSs ses
calculate
[(agbp)pdJm = agbymy, if ht = s
(6) [(agps) (brpe)]m = ! !

0, if ht # s
On the other hand:

(agps)(bpymy) = agbpymy, if ht =s
0, if ht # s.

(7) (agps)[(bnpe)m] =

This implies that we can consider M as an Q(G)#S-module. For a morphism f : M — N
in (G, S, 0(G))-gr, one has that f[(ap)m] = f(am,) = af(m,) = ap,f(m), because
f(M,) C N,. Therefore we arrive at a functor (=)# : (G, S, Q(G))-gr — Q(G)#S-
mod, where M# is the Q(G)-module M equipped with the structure of Q(G)#S-module
defined above, and f# = f for each morphism in the category (G, S, Q(G))-gr. If M €
(G, S,Q(G))-gr, then

am = (a-1)m = (Z aps)m = z:amS = a(z ms) = am

seS seS seSs

holds in M#. Therefore (—),. o (—)# is the identity.
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Conversely, suppose we consider M € Q(G)#S-mod as an object of (G, S, Q(G))-gr with
the grading M @ M,, where M, = P,M, then (aps)m = amg holds for a € Q(G),s € S,
s€S

and m € M. Because m = > psm, we have ms; = psm and so (aps)m = a(psm). It follows
s€S

that (—)# o (—)-gr is the identity functor.

4. Matrix Ring

Here we obtain a characterization of smash products in terms of matix rings and study
the properties thereto. If S is a finite G-set, then one has that V = @ Q(G)(s) is
a projective generator of (G, S,Q(G))-gr by theorem 2.8. Furthermore, (SGE,SS, Q(G))-gr
is equivalent to the category of U-modules in view of a result of Mitchell [3], where
U = Endg s0c)-g- (V). On the other hand, by theorem 3.2, the category (G, S, Q(G))-
gr is equivalent to the category Q(G)#S-mod. This implies that U is Morita equivalent

to the opposite ring (Q(G)#S)°PP. We demonstrate a stronger result in the next theorem.

Theorem 4.1. Let Q(G) be G-graded and let S = {s1,...,s,} be a finite G-set. The
rings (Q(G)#S)PP, U = End so@c)—g (V) and T are isomorphic, where

QG)(s1)s; QAUG)(s1)s, QUG (51)s4 Q(G)(s1)s,

Q(G)(s2)s, QUG (s2)5,  QUG)(52)s4 Q(G)(s2)s,
T —

Q(G)(sn)s; UG (8n)s, UG)(8n)ss Q(G)(sn)s.,

Proof. Recall that for each s € S, one has that (G)(s) is the object of (G, S, Q(G))-gr

equal to Q(G) as an Q(G)-module. Furthermore, it has gradation given by

QG)(s): = EDIAC), | g € Crgs = 1},

Theorem 3.2 garantees an equivalence Q(G)#S — mod ~ (G, S, Q(G))-gr. We apply this
equivalence to the regular Q(G)#S-module Q(G)#S. As a left Q(G)#S-module this is
the direct sum of its submodules (Q2(G)#5S),, = Q(G)ps, each of which is a regular left
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Q(G)-module. The S-grading of (2(G)#S5)ps is given by:

(UG #S)ps): = P UG #S)ps = ps = PAG)ps = Y PG ps

geG

- @{Q(G>gps | g € G,gs =t}.
This implies that (Q2(G)#S)ps = Q(G)(s) as objects of (G, S, Q(G))-gr. Therefore we
have

QUG#S = POAG)#S )P, = PAG)(s) = V

seS s€S
as objects of (G, S,Q(G))-gr. By theorem 3.2, this means that

U = End(G7s7Q(G))_gr(V> = End(G7S7Q(G))_gI‘(Q(G>#S) = Endg(g)#s(Q<G)#S)
(QG)#S).

I

Now suppose M € (G, S, (G))-gr, M = @ M;, then End ¢, s0(G))—gr (M) =

=1

Homc,s,0(G)—gr (M1, M1)  Homc s,0G)—gr (Mo, My) -+ Homa,s.0.G))—gr(Mn, M)
Homc s,0(G))—gr (M1, Ma)  Homc s,0(G))—gr(Ma, Ma) -+ Hom.s.0(G))—gr(Mn, My)
Homc s.0(G)—gr (M1, M)  Homc,s,0(G))—gr(Ma, My) -+ Homa,s.0(G)—gr(Mn, My,)

the isomorphism sending each u € End ¢ s0(q))—gr (M) to the matrix (u;;)i<ij<n, Uij =

—gr
gi o u o pj, where ¢; : M — M, denotes the canonical projections and p; = M; — M

denotes the canonical injections. But because
Homc,s0(6)-gr (UG (5:), AG)(s5)) = QG)(5;)s,,
as one can easily check, the desired isomorphism between U and T follows.

Theorem 4.1 has many useful applications. To give one application, let S = G/H, where
H is a subgroup of G of finite index. To the canonical G-set morphism 7: G — G/H we
associate the canonical functor T, : Q(G)-gr — (G/H,Q(G))-gr, as defined earlier. For
M € Q(G)-gr, we put EN Do) (M) = @ ENDg)(M),, where

geG

ENDQ(G)(M)Q = {f € HOMQ(G)(M, M) | f(Md) - Mdg for all d € G}
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It is clear that EN Dq(q)(M) is a G-graded ring with multiplication given by f-g = go f
for f,g € ENDqy(M). Put M* = T.(M). Then M* is an object of (G/H,Q(G)-gr
which is equal to M as an Q(G)-module but graded as follows: M* = & M., where

ceG/H
M, = @ M,. Now we state:
gec

Proposition 4.2. If an object M € Q(G)-gr is finitely generated or G is finite, then
EN Doy(M)") = END(G1.0(G))-gr(M”).

Proof. For g € H, and any c € G/H, let f € ENDq(c)(M),. Then

f) = f@PMy) ¢ PMy = M

dec dec

and this yields EN Dqcy(M)") € END /o)), (M?).

Now let f € ENDG o) —g(M*). For the cases we have at hand here, we invoke
corollary 1.2.11 of [5] which asserts that N Doy (M) = Endo)(M); and this implies
that Endc/moc)_gr(M*) C ENDgq)(M). Therefore we can decompose f = fg, + fg, +
-+ fg., where f,, is a non-zero morphism of degree g;. We claim that ¢;,...,¢9, € H.
Indeed, because f,, # 0, there exists ¢ € G/H (put this ¢ = gH) such that f,,(M.) # 0.
Also, there exists an element m € M,y,, h € H, m # 0, such that f, (m) # 0. But
fm) = fo,(m) + fo,(m) + -+ + fy.(m), and f,,(m) € Mg, for i = 1,...,s. Since
ghg; # ghg;, for i # j and f(m) € f(M,.) C M., we have f,, (m) € My, for some h' € H.
Hence ghg, = gh' and therefore g; = h™'h/ € H. In a similar way go, ..., g, € H; therefore
f € ENDgg) (M),

Now for H < G a subgroup of G of finite index n < oo, suppose {g1, ..., gn} is a set
of representatives for the left cosets of H in G, and V = @@ Q(G)(g;H); then
i=1

UG giH)yn = @IAUG), | g € G, ggiHl = g;H} = QG) @9 = Q(G)(g7 ") @™,

Therefore Q(G)(g;H) = éQ(G)(g{l)(ng) =T.(2G)(g; ")), and so

J
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is a small projective generator of (G/H, Q(G))-gr, by theorem 2.8; in which case, theorem
4.1 becomes:

Corollary 4.3. The rings (QG)#G/H)"", U = ENDc/uac)-g (V) and T are iso-

morphic, where

Q@) @) Q(G)leter) L Q(G)lonter )

Q@) @) Q(G)eete") L. Q(G)lntes ")
T =

Q(G) @ He) (@) leHe) . Q(G)onHen")

Let G be a finite group, and put K = @ Q(G)(g). We have that Ts(K) is another
small projective generator of (G/H, Q(G))if7 and by a theorem of Mitchell [[3], p.17],
(G/H,Q(G))-gr is equivalent to mod-U’, where U’ = End/u0(c))—gr(Ts(K)). However,
by proposition 4.2, U’ = EN Dq)(K)"), and ENDg)(K) = (UG)#G) = G, where
Q(G)#G is the usual smash product [7]. Thus EN Do) (K)) = (Q(G)#G)H, where
(QUG)#G)H is the skew group ring of H over the ring Q(G)#G. Hence we have the

following corollary:

Corollary 4.4. For a subgroup H of a finite group G, the rings (Q(G)#G/H) and
(QUG)#G) x H are Morita equivalent.

More information on the ring (Q(G)#G) * H is given by the next corollary:
Corollary 4.5. Let G be a finite group and H a subgroup of G. Then (Q(G)#G) x H =
My (QUG)#G/H).

Proof. Keeping the notations above, we at once see that T5(2(G)(g)) = Te(QUG)(h))
whenever g, h € H is in the same coset gH = hH of H. This implies that Tg(K) is isomor-
phic to a direct sum of |H| copies of V = Ty (Gn}l Q(G)(gi_l)) . Therefore (QUG)#G) « H

is anti-isomorphic to N Dgg)(K), which in turn is isomorphic to

Vi <ENDQ (@Q e ))
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n

However, Mg (ENDQ(G) <@ Q(G)(gf)“”)) = My (UG)#G/H) by theorem 4.1
i=1
and proposition 4.2.

Corollary 4.6. Let Q(G) = @ QG), be strongly G-graded and let H be a subgroup of
geG

finite index in G. Then Q(G)#G/H and Q(G) are Morita equivalent.

Proof. Because we have that Q(G) is strongly graded, it follows from theorem 1.3.4¢ of
5] that o()Q2(G) is a generator in Q(G)-gr. So Te(a)2(G)) is a projective generator in
(G/H,Q(G))-gr. Consequently, (G/H,Q(G))-gr is equivalent to mod-U, where

U = End(g/H@(G))_gr(T@(Q(G)Q(G))) = ENDQ(G) (Q(G)Q(G))(H).

Since EN Do) (a(e)§2(G)) is anti-isomorphic to (G) as graded rings, it follows that U
is anti-isomorphic to (2(G))*) and thus Q(G)#G/H is Morita equivalent to (Q(G))®H).

Corollary 4.7. Let Q(G) be a crossed product and let H has finite indexn = [G : H| < oo,
then Q(G)#G/H = M, (Q(G))H).

Proof. Suppose {g1,..., 9.} is a left transversal for H in G. By theorem 4.1 we have that
(QUGHG/H)™ =T, T Endmaey-» (V). V =T (0G5 - Since 2(6)
is a crossed product, we have that Q(G) = Q(G)(g) in Q(G)Z—:glr for all g € G. Therefore
D AC)5™") = ACY" S0 V = (Ta(aer AC)
T = Endio/ma)-o(Ts(acQC)") = My(Bndiomacy) - (TolaeAG)))). But

)™ and it follows also that

Endac).cri)-g(TolaeUG))) = Endae (QUG))"

is anti-isomorphic to (Q(G))*) and so M, ((Q(G))*)) is anti isomorphic to 7. Therefore
QG)#G/H = M,(QC)™).

5. Functors

Dade [2] constructed several functors associated with homogenous G-sets S (that is
the set of the form G/H, where H is a subgroup of G). Here, we extend the ideas
in [2] along with the functor “(—) constructed in ([5], p.4) to arbitrary G-sets. So let
Q(G) = @ Q(G), be G-graded and let ® : S — S’ be a morphism of G-sets. As in the

geG
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previous section, consider the canonical functor Ty : (G, S, Q(G))-gr — (G, 5, Q(G))-gr.

Our first result in this section is the following:

Theorem 5.1. Ty has a right adjoint U®. Moreover U® is an exact functor. Furthermore,

if ®71(s') is a finite set for all s € S', then U? is also a left adjoint for Ty.

Proof. Let N[S] denote the additive group which is the direct sum €@ °N of copies *N
of an Q(G)-module N. If s € S and n € N, then *n will denote theserfatural image of n
in the subgroup *N of N[S]. We turn N[S] into an S-graded Q(G)-module by putting
N[S]s =*Nforall s € Sand \,-*n =9(\;jn) foralls € S,g € G, \;, € Q(G), and n € N.
Let N € (G, S, Q(G))-gr. Then N is also an Q(G)-module and N[S] € (G,...Q(G))-gr.
We define an additive subgroup U®(N) of N[S] by U?(N) = @*Na(s).

Note that U®(N) is a subobject of N[S] in (G, S, Q(G))—gr.self/[ore especially U®(N) €
(G, S, QQ))-gr with U*(N); = *(Ngs), for all s € S. We check this by looking at
Ay € Q(G)y, n € Ng(s and calculating A, - *n = 9°(Agn). Doing this is easy because
since A\gs € AgNas) C Nyas) = Naogs), we have that 9°(A\gs) = Ay -* n € 9°(Naogs)),
hence U?(N) is a subobject of N(S) in (G, S,Q(G))-gr, as claimed. If N — N’ is a
morphism in (G, S, Q(G))-gr, we define f[S] : N[S| — N’'[S],*n — *(f(n)), and it is
clear that the latter is a morphism in (G, S, Q(G))-gr. From f(Na()) C Ny, it follows
that f[S](U®(N)) C U®(N’) and so we may define U®(f) to be the restriction of f[S]
to U®(N). Exactness of the functor U? is clear. We now demonstrate that U? is a right
adjoint for Tp. Let M € (G, S,Q(G))-gr, N € (G, S,Q(G))-gr, and define the canonical
morphism « : Homc,s/.0(G)-g-(To(M), N) — Homg,s' 0(G))—gr (M, U®(N)) as follows:
for u: Te(M) — N we have u(To(M)y) C Ny for all s € S’; so u(P{M; | P(s) = s'}) C
Nog(s) or u(M;) C Ng(s) for all s € S. So we may define a(u)(m) = > *u(my) in U(N),
where m = > my € M. =

s€S

Conversely, let ¢ : N[S] — N denote the natural Q(G)-morphism sending *n to n for

any n € N. Define the canonical morphism

B Hom@so@)-g(M,U*(N)) — Hom s oc))—gr(To(M),N)



18 KENNETH K. NWABUEZE
as follows: for v € Homg,s 0(G))—gr(M,U®(N)) we have v(M,) C (U*(N))s = *Nes),
therefore Yv (M) = Yo(B{M, | ®(s) = s'}) C No) = Ny. Thus we set f(v) = 1) o v.
One can easily verify that o and 3 are inverse to each other.

Now suppose that ®1(s’) is a finite set for all s € S’, and let us show that in this
case U? is also a left adjoint for Ty. Let M € (G, S,Q(G))-gr, and N € (G, S, Q(G))-gr
, M =@M, N=EN,. We can define the morphisms:

seS seS

¥ Homg,s,0(G)-gr(UT(N),M) — Homg,s.ac))—gr (N, To(M))

by setting for each u € Homg,sa(G)—g(U*(N), M) and ny € Ny

Y(u)(ny) =u Z Ny

{s€S | B(s)=5"}
and 0 : Hom,s' 0(G)—gr (N, To(M)) — Homg,sac)—g(UP(N), M) by setting for
each v € Homa s.a(c)-gr(N, Te(M)) and “na) € (UT(N))s, 0(0)(ng(s) = v(nags))s
Now let v € Homq, s 0(c))—gr (IV, To(M)) and ny € Ny. Then (¢00)(v)(ny) = ¥ (0(v))(ny)

=0(v) ( > n) = 2 )lny)= > v(ng)s =v(ng)
{s€S | ®(s)=s"}

{s€S | ®(s)=s"} {s€S | ®(s)=s'}

Hence ’l/} o 5 = 1H0m(G,S/,Q(G))7QT‘ (N7 T¢<M))

Let u € Homg,s.0(G))—gr(U*(N), M) and *ngs) € *No) = (U®(N))s. Then

(6 0 9)(u)(*nas)) = (¥ (u)(nags))s = > u('nag) | = ulna).

{tes | o(t)=2(s)}
Therefore § 0 ¥ = Lom g s oo (UT(N), M).
Corollary 5.2. Let S be a finite G-set. Then Q € (G, S,Q(G))-gr is an injective object
in this category if and only if Q is an injective Q(G)-module.
Proof. The “if”-part is immediate from proposition 2.2. Now for the converse, let s € S
and @ : S — {s},®(t) = sforallt € S. Then Ty : (G, S,QG))-gr — (G,{s}, QG))-gr
~ ()(G)-mod is the functor which ”‘forgets” the graded structure. This functor has an

exact left adjoint,by theorem 5.1 and so it preserves injectivity.
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We also have the following corollaries. For similar proofs, we refer the reader to [4].

Corollary 5.3. Let G be a finite group. Then Q € Q(G)-gr is gr-injective if and only if
Q is injective in Q(G)-mod.

Corollary 5.4. Let H C G be a subgroup of finite index. Then Q € (G/H,Q(G))-gr is

injective in this category if and only if Q is an injective Q(G)-module.

Corollary 5.5. Let K C H C G be subgroups of G, and ® : G/K — G/H,gK —— gH,
be the canonical morphism of G-sets, K has finite index in H, and Q € (G/K,QQ))-gr

be an injective object. Then Te(Q) is an injective object in the category (G /K, Q(G))-gr.

Now let S be a G-set, H a subgroup of GG. Assume that B is a subset of S such that
gB C B for all g € H. Define the functor 7% : (G, S, Q(G))-gr — (H, B, Q(G)H))-gr by
setting TB(M) = MB) = @ M,. If f : M — N is a morphism in (G, S, Q(G))-gr, we set
T5(f) = P = flue. -

Theorem 5.6. TP possesses a left adjoint UP and a right adjoint Ug. If B C S and H
is a subgroup of G such that gs = t with s,t € B implies that g € H, then TP o UP =

TP o Up = 1(n,5.0(G))—gr» Where 1y paG))—gr s the identity of (H, B,Q(G))-gr-

Proof. First we show the existence of a left adjoint for T2. To N in (N, B, Q(G)®))-
gr we associate Q(G) ®z N € Q(G)-mod where the Q(G)-module structure is given by:
rAQ@s) = rA®mn, for r € Q(G), X € B,n € N As additive groups: Q(G)Q, N ~
D D UG, @ N;. Put (UAG)Q,N)s =D{UG); QN | g € G,te B,gt=s} (where
%;Géf)ivention direct sum of an empty family is zero). It is clear that Q(G)Q, N =
D (QUG)Q, N)s as additive groups. If A\, @ n; € (UG) ®z N)s, then ht = s. If ry €
SigG)g, then r, (A, @ 1) = 1A, @ ny and (gh)t = g(ht) = gs. Therefore

QG) (UG R, N)s C (AG)Q, N)ys and so Q(G) Q, N is an object of (G, S, QG))-
gr.

Next consider the natural epimorphism ¢ : Q(G) ®z N = Q(G) Qqgyan N, where
K = Ker(¢) is the Q(G)-submodule generated by the elements {aA@n —a@ An | a €
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QG), N € QG)H) n € N}. Each such generator may be decomposed as a sum of ele-
ments of the same form, with a, A, n being homogeneous; so K is a graded Q(G)-submodule
of (G)Q, N and therefore Q(G) gy N is S-graded by setting ((G) @, N)s

o((UG) Q4 N)s). We can define UP : (H, B, Q(G))-gr — (G, S, Q(G))-gr by UB(N) =
Q(G) gy N. To a morphism f : N — N' in (H,B ,Q(G)H))-gr we associate the
Q(G)-morphism 1@ f and because the latter acts well on the generators of K, it in-
duces a unique morphism: UZ(f) : Q(G) Qo N = QUG) Qqgyan N, such that
UB(/AN@®n) = AR f(n). To establish that UZ is a left adjoint for TZ, consider

€ (G, S,Q(Q))-gr and N € (H, B,Q(G)*))-gr, and define

a : Homg s0(G)—gr(UP(N), M) = Hom g g oy —gr (N, TP (M)

and

B Homy g oy —gr (N, TP (M)) = Homc,s.0(c))-gr(UP(N), M)

as follows: to u € Homg s0(c)—gr(UP(N), M) we associate a(u) given by a(u)(n) =
u(1@n). If A € QG)"D | we have a(u)(An) = u(1@ In) = u(A@n) = u(AN1Qn)) =
(1@ n) = Aa(u)(n).

On the other hand, if n € N;,t € B, then 1@n € (G) ®g(gun N): and hence
a(u)(n) € M, that is, a(u)(Nt) C TP(M);. Therefore a is well-defined. To v €
Homy g.acyin)_g (N, TP(M)) we associate f(v) : QG) Qqgym N — M given by
B)A@n) = M(N). If s € S and there are no t € B, g € G such that gt =
then (2(G) Qqqyun N)s = 0. Otherwise, let t € B, g € G be such that gt = s and let
A € Q(@),, n € N;. Then v(n) € TB(M), = M, and \v(n) € Q(G),M, C My = M.
Therefore 3 is well defined too. Now if u € Homg s,0(G))—gr(UP(N), M) then we have:
Bla(u)AQ@n) = Aa(u)(n) = Au(l@n) = u(AQn) hence o « is the identity on
Homg,sac)-gr(UP(N), M). If v € Homy g o(cyin)—gr (N, TP(M)) then we get

hence v o 8 is the identity of Homy g ocyin)_g-(N, TP(M)). Assume now that H is as
in the last part of the statement and let N € (H, B, Q(G)*))-gr. We have the functorial
morphism ¢(N) : N — (TP o UP)(N), ¥(N(n) = a(lpspn)(n) = 1Qn. But (T o
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UP)(N) = (96) Buygyn M) = D(OUG) Bagyom V). Since
(AG) Qgqgyn N)s is an image (2(G) Q4 N)s, the former is generated by elements of
the form A @n, where A\ € Q(G),,n € Nt, and gt = s. By our hypothesis g € H
follows, and therefore (Q(G) gy N)s C Q(G)H) Qaq(cyn N. This clearly yields that
(TP o UP)(N) is isomorphic to N, and ¢(N) is an isomorphism.

We now show that the right adjoint for T2 exits. To do this, let N € (H, B, Q(G)")-
gr, N = @ N; and define for each s € S|

teB

Up(N)s = {f € Homggyumn (UG), N) | f(Q(G)g) = 0 if there are no h € H,g € G and
t € B such that gt = s and § = hg™', and f(QUG)py-1) C Ny for all b € H if there

exist g € G and t € B such that gt = s}. We set Ug(N) = > Up(N)s. Let us show that

s€s
the sum is direct. Let f € Ug(N)sN Z Ug(N)g. Then f = Zk:fsi, si#s, 1=1,...k.
Let 79 € Q(G)g. If there are no h € Eﬁ,st € B,g € G such til_alt gt = s and § = hg !,
then f(ry) = 0. Suppose there are h € H,g € G,t € B such that gt = s and 0 = hg™*,
and h; € H,g; € G,t; € B such that g;t; = s;,0 = higjl,z' = 1,...,1. We have that
f(re) = f(rpg-1) € Npi. On the other hand, f(rg) = i_zl:lf8¢(7”9) = i_zljlf&(rhig;l) € i_zl:INhiti'
Suppose there exists ¢ such that ht = h;t;. Then s = gt, so g~ 's = t, that is hg~'s = ht,
that is h,;g; ¢ = h;t; and so 9; 's = t;, hence s = g;t; = s;, a contradiction. Therefore
f(rg) € Np,t, N ZZ:Nhiti = 0, that is f = 0. Now we check that Ug(N) = @ Up(N), €
(G.5.0(G))-ar. Let rs € G, f € Up(N)a. We set (f)(a) = f(ar) for all a.r € (G).
and show that r\f € Ug(N)ys. Let rg € Q(G)g. Then (ryf)(rg) = f(rery) If there are
h € H, g€ G, t € Bsuch that A\gt = As, and 6 = hg~'A\~!, then ryry € (Q(G))p,—1 and
gt = s, 80 (raf)(rg) € Ny If not, then (r\f)(rg) = 0. Thus Ug(N) € (G, S, Q(G))-gr.
If NN € (H,B,Q(G)H))-gr and ¢ : Homy g acymy—g (N, N'), then we put Up(yp) :
Up(N) = Up(N'), Up(p)(f) = o f. Then Up(p) € Homg s ) -gr (Us(N)o, Us(N')),
as one can easily check. So we have defined a functor Ug(—) : (H, B, Q(G)))-gr —
(G, S, Q(G))-gr. We now show that Ug(—) is a right adjoint for T2(—). To show this,
define for all M € (G, S,Q(G))-gr, N € (H, B,QG))-gr, M = E[%Ms, N = EBBNt,
sE te

the morphisms v : Homu p.ac)—g (TP (M), N) — Hom.s0(G)—g(M,Ugp(N)) and 6 :
HOm(G7S7Q(G))_gT<M, UB(N)) — HOTTL(H7B7Q(G))_9T (TB(M), N) as follows:
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to u € Homg,poc)—g (TP (M), N) we associate v(u) given by (using where necessary,

the convention that a sum indexed by an empty family is zero)

v(u)(mg)(a) = u ( Z ahg1m5> , ms € My, a € QG).

heH,geC;t€B,gt=s
It is easy to check that v(u)(ms) € Up(N)s, and so v is well defined. Now to v €
Homg,s.0(G)—gr (M, Ug(N)) we associate d(v) given by d(v)(m¢) = v(my)(1), t € B, m; €
M. Because v(m;) € Ug(N),;, we take h € H, g =h, h™'t € B and we have h(h™'t) = t,
thus v(mt)(Q(G)1) = v(m)(QG)pr-1) C Np-11y = Ny, and so 9§ is also well defined.
Now let v € Homg,s0(G))—gr(M,Up(N)), ms € M, a € Q(G). Then

v<6<v>><ms><a>:6<v>< > m>:< > m) (1

h€H,geG;teB,gt=s heH,geG;teB,gt=s

- Z ang-1v(ms)(1) = v(my) ( Z ahg‘1> = v(ms)(a);

heH,geG;teB,gt=s heH,geG;te B, gt=s
since v(my) € Ug(N)s, and hence v(ms)(ay) = 0 if there are no h € H,g € G,t € B such
that gt = s and A = hg™!. So v o d = id.

Conversely, let u € Hom(H,B,Q(G)),gT(TB(M),N), my; € My, and t € B. We have
(y(u))(my) = y(u)(my)(1) = u(my), so 6 oy = Id. Now suppose that H is again as
in the last part of the statement, and let N € (H, B, Q(G)*))-gr. Then T?(Ug(N)) =
@ Up(N);. We have the canonical morphism ¢(N) : @ Ug(N); — N = @ (N); de-
%Er]lged by ¢(N)(f) = f(1) € N; for each f € Ug(N);. Frf)erg the condition gt :tte’j,B ,t'eB
implies g € H, it follows that for all t € B and each f € Ug(N);, we have that f is zero

outside Q(G)H). Tt is clear that ¢(N) is an isomorphim in (H, B, Q(G)*))-gr.
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