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Abstract. In this paper we have defined fuzzy set, fuzzy relation, fuzzy subgroup, complex fuzzy subgroup, and
fuzzy normal subgroup. By using our new perspective, we have introduced the idea of the intersection of fuzzy sets
and provided several theorems on fuzzy subgroup. Additionally, we have used our novel notion for fuzzy relations
and provided several instances.
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1. INTRODUCTION

In 1965, L.A. Zadeh [13] proposed fuzzy sets and a number of set operations, including
intersection, union, and complement of fuzzy sets. The fuzzy subgroup was then defined by
Rosenfeld [1], utilizing the fuzzy set and its operations. The year 1992 was the pinnacle of
fuzzy sets. In the same year, Saxena [14] researched the non-trivial union and decomposition of
fuzzy subgroups, and Kumar [9] established conclusions for normal fuzzy subgroups. In 1989,
Buckley [11] proposed fuzzy complex numbers. This two-dimensional technique covers every
branch of the fuzzy universe after fuzzy complex numbers. Buckley’s two-dimensional method
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was employed as a complex fuzzy set [3]. Work on the idea of fuzzy relation equations with
applications in transportation issues and a focus on the medical elements of difficulties was done
by Sanchez in 1976 [6]. Dubois [2] worked on the fuzzy set’s application component in 2000.
He used fuzzy sets in modeling and system control, approximation reasoning and information
systems, pattern recognition and image processing, decision analysis, operation research, and
statistics. Using complex vague lattices, Singh [15] examined ambiguity and uncertainty in a
data set in 2017. In 2019, Lee and Hur [10] proposed the idea of a bipolar fuzzy connection
and explored how it related to their (a,b)-level sets. Emam [5] worked on the suitability of finite
intuitionistic fuzzy relations with the group Z,. In 2021, Kumar and Gangwal [17] investigated
the use of fuzzy relations in conjunction with Sanchez’s method for medical diagnosis.

The intersection of two or more complex fuzzy subgroups was defined by Alsarahead [12]
and Ramot [4].In this paper, we have applied this concept for fuzzy subgroups, given a new
result by defining the intersection of fuzzy sets in different domains, and illustrated our main

theorem by example 4.1

2. PRELIMINARIES

Definition 2.1 (Fuzzy set). [13] Let X be any set, then a fuzzy set A in X is a set of ordered

pairs:
A={(nps() xeX)

here pj: X — [0, 1] is called membership function.

Definition 2.2. [13] A and B are fuzzy sets in X then AN B is a fuzzy set in X
ANB = {(x,z5(0): ¥ € X)

here 1gr5(x) = b4 (3) A pp(x) = min {13 (x), 1g(3)]}

Definition 2.3 (Crisp Relation). [7] A relation among crisp sets X1, X>, ..., X} is a subset of the
n n
cartesian product [] X;. It is denoted by R(X},X>,...,X,). For every object x € [] X;, if x € R
i=1 i=1
means relation R hold for x, and if x ¢ R then relation R does not hold for x.
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In light of these two facts, the following characteristic function for relation R is defined:

1 i R
R(x) = ifxe

0 otherwise
A crisp relation is constructed only for a specific argument in which the truth value can be
true or false. In reality, there are a lot of statements that might be true or false, e.g., "The
price of product X is higher than product Y,” but it does not provide any information about the
price difference between X and Y. By establishing fuzzy relation on this type of argument or

relationship, we can account all possible outcomes.
Definition 2.4 (Fuzzy Relation). [8] Let X1,X>,...,X, be any set, then

- n

R={(x,upx)): x€ HXi}

i=1
n
is called a fuzzy relation on [] X;.
i=1

Example 2.5. If X is a set of some district of Chhattisgarh and Y is set of the capital of Chhat-
tisgarh. For x € X and y € Y relation R stated as follows

R: x is far from y
Here Y = {Raipur}

X Kanker Bilaspur Korba Rajnandgaon Durg Raipur Balod Kondagaon Sukma
Distance

(in km) 130 106 169 64.1 36.3 0 74 184 318
{d(x,y)}

TABLE 1. X and distance from Y

Table-1 shows the distance of Raipur from elements of X. Now define tz: X xY — [0, 1]

such that

d
(1) ug(x,y):ng’g)VXxY

Note: For this function, we randomly select a denominator that is greater than or equal to the

most significant distance.
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Here X x Y ~ X therefore, we write x instead of (x,y), so relation R can be written as

p _ 0.3714 0.3029 0.4829 0.1831 0.1037 0 0.2114 0.5257 0.9086
R= Kanker + Bilaspur + Korba + Rajnandgaon + Durg + Raipur + Balod + Kondagaon + Sukma
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FIGURE 1. Fuzzy Relation on X x Y

In (fig.1), Sukma has the highest value, indicating that it is more distant from Raipur com-

pared to other locations.

Definition 2.6 (Fuzzy Subgroup [1]). Let G be any group and .7 &?(G) be the fuzzy power set
of G. If u € .F P (G)thenu is called a fuzzy subgroup of G if,

(D) puxy) > px)Ap(y) v,y eG
Q uxH>ux)vVxeG

here .7 (G) denotes the set of all fuzzy subgroups of G.

Theorem 2.7. If G be any group. {Ai: i € A} be the collection of fuzzy subgroups of G. Then

N A; is a fuzzy subgroup of G .
ien
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Proof. Given G be a group and A; € .% (G)Vi € A
Clearly
ﬂ Ai eFY (G)
iEA
Let x,y € G be arbitrary then

(MNA)xy) = min {4 (xy)}

ien

> rlrél/{l[mm{gl (x) ,Ai )}

= minmin{A;(x)}, min{A;(»)}]
= mln{ﬂ Ai(x), ﬂ Ai(y)}

= (ﬂAi)(X)A(ﬂAi)(y)

ien ien

Thus for all x,y € G
@ (N = (A A (A O)

Again let x € G be arbitrary

NA)x") = minfd(x")}

. ien
1ENA

v

min{A;(x)}

ien

= (A (x)

ieA

Thus for all x € G

(3) (NA)E) = (NA)W)
ien ien

Thus by inequality (2) and inequality (3)

ﬂAi Ey(G)

ien

(from [13])
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Corollary 2.8. [12] The intersection of any two fuzzy subgroups of a group is a fuzzy subgroup.

Proof. Let G be any group and A, B € .7 (G).

Clearly

Let x,y € G be arbitrary then, from Def. 2.2

(ANB)(xy) = A(xy) AB(xy)
= min{A(xy),B(xy)}

> min[min{A(x),A(y)},min{B(x),B(y)}]

= min[min{A(x),B(x)},min{A(y),B(y)}]

= min{(ANB)(x),(ANB)(y)}

Thus for all x,y € G
4) (ANB)(xy) > (ANB)(x) A(ANB)(y)

Again let x € G be arbitrary

ANB)(x =AY ABx™") > min{A(x),B(x)} = (ANB)(x)
Thus forallx € G
5) (ANB)(x~") > (ANB)(x)
Thus by inequality (4) and inequality (5)

ANBe 7(G)

Following example is an illustration of the Cor. 2.8.
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Example 2.9. (Zg,+¢) be a group and A, B € .# (G) such that

1 ifx=e

A(x) =
25 else
and
. 85 ifx=e
B(x) =
S5 else
we can easily show that
. 85 ifx=e
(ANB)(x) =
25 else

which gives ANB € .7 (G).

Definition 2.10 (Fuzzy Normal Subgroup [9]). Let G be any group and i € .% (G) then p is

said to be a fuzzy normal subgroup if
plox™) 2 () VxyeG

Theorem 2.11. If G be any group. {Nj: i € A} be the collection of fuzzy normal subgroups of

G. Then N Nj is a fuzzy normal subgroup of G
ien

Proof. Here G be any group and N is a fuzzy normal subgroup of G for alli € A.
Now foralli€ A, N; € Z(G) = N N; € #(G) [by 2.7]

icA
Let x,y € G be arbitrary.

ﬂ]Vi(xyx_l) = IiIéiAn{Ni(xyx_lﬂ

icA
> min{N(y)}
1IENA
= ﬂ Ni )
icA
Thus for all x,y € G
(6) N Miox) > M)

ien ien
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Thus () A is a fuzzy normal subgroup of G. UJ

ien
Corollary 2.12. The intersection of two fuzzy normal subgroups of a group is a fuzzy normal

subgroup.

Proof. Here G be any group and A and B are a fuzzy normal subgroup of G.
Now A,Be 7 (G) = ANBec Z(G) [by 2.8]
Let x,y € G be arbitrary.

ANB)(oyx™) = min{AQyx 1), Blxyx™ )}

> min{A(y),B(y)}

= (ANB)(y)
Thus for all x,y € G
(7 (ANB)(xyx~") > (ANB)(y)
Thus AN B is a fuzzy normal subgroup of G. 0J

Definition 2.13 (Complex Fuzzy Set [4]). Let X be any set, then a complex fuzzy set C in X is

a set of ordered pairs:

¢ ={(x.pelx) s x € X}

here pg: X — {z € C: |z] < 1} complex valued membership function such that
e = re (e

where rx(x): X — [0, 1] and @z (x): X — [0, 27]

{(x,7a(x)): x € X} is a fuzzy set on X and {(x, ®z(x)): x € X} is - fuzzy set on X[12].

Definition 2.14 (Homogeneous Complex Fuzzy Sets [12]). A complex fuzzy set C of X is said

to be homogeneous if for all x,y € X

re(x) <re(y) = 0a(x) < 0(y)
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Definition 2.15 (Complex Fuzzy Subgroup [12]). A complex fuzzy set which is a fuzzy sub-

group is known as a complex fuzzy subgroup.

Theorem 2.16. [12] The intersection of two complex fuzzy subgroups is a complex fuzzy sub-

group.

Proof. By Cor. 2.8 and Def. 2.15 we can say, The intersection of two complex fuzzy subgroups

is a complex fuzzy subgroup. 0

3. MAIN RESULTS

If two fuzzy sets are defined in a set, their intersection and union can be easily defined, but
when the fuzzy sets are defined in different sets then it goes meaningless. In this section we

have extended the notion of intersection and union of fuzzy sets.

Definition 3.1. Let A and B are fuzzy sets in set X and Y respectively, then AN B is a fuzzy set

in XNY, and its membership grade is defined by

(ANB)x) = A() AB(x) Vx e XNY
3.1. Fuzzy Subgroup.

Theorem 3.1.1. If G be any group. {H; : i € A} be an arbitrary collection of subgroups of G.

If for any i € A, A; is a fuzzy subgroup of H; , then () 4; is a fuzzy subgroup of (] H;.
ien ien

Proof. For all i € A, H; is a subgroup of G, therefore (| Hj is a subgroup of G. Now
ien
AiEJOZ(Hi)ViE/\

Let x,y € () H;j be arbitrary then
ien

(NA)G) = minfAi(w))
> min[min{A;(x),A;(y)}]

ien

= min[riléi;l{ﬁi(x)},IiTéiAn{Ai()’)}]
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= min{(mAi)(x)v (ﬂfil)()’)}

= (NAE AN
Thus for all x,y € (] Hj
® (M) () 2 (A A (N A)D)

Again let x € () Hj be arbitrary
i€N

(NANGT) = min{A4(x"")}

. ien
1IENA

IV

min{A;(x)}

ieA

= ((NA))
ien
Thus for all x € N H;
ien

©) (NAE > (N A)®)
ien ien
By inequality (8) and inequality (9)
ANB e Z(HNK)

O

Corollary 3.1.2. Given G be any group. H and K are subgroups of G. If A and B are fuzzy
subgroups of H and K respectively, then (A N B) is a fuzzy subgroup of HNK.

Proof. Since H and K are subgroups of G, therefore HN K is a subgroup of G. Now
A e Z(H)and B € 7 (K)

Let x,y € HN K be arbitrary then

(ANB)(xy) = A(xy) AB(xy)
> min[min{A(x),A<Y)}ami”{g(x)ag()’)}]

= min[min{A(x),B(x)},min{A(y),B(y)}]
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= min{(ANB)(x),(ANB)(y)}

= (ANB)(x) A(ANB)(y)
Thus for all x,y e HNK
(10) (ANB)(xy) > (ANB)(x) A(ANB)(y)

Again let x € HNK be arbitrary

(AﬂB)(x’l) = A(xfl) /\B(xfl)

> min{A(x),B(x)}
= (ANB)(x)
Thus for all x e HNK
(11) (ANB)(x 1) > (AnB)(x)

By inequality (10) and inequality (11)

ANBe Z(HNK)

Following example is an illustration of the Cor. 3.1.2

Example 3.1.3. Qg represents a group of quaternions. H= {1, —1,i,—i} and K={1,—1, j,—j}
are the subgroups of Qg. A € .% (H) and B € . (K) such that

. 9 ifx=1
Ax) =
.65 else
and
. 76 ifx=1
B(x) =

.68 else
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Now (AN B) defined on (HNK) such that

i 76 ifx=1
(ANB)(x) =

.65 ifx=-1
which gives ANB € .Z (HNK).
3.2. Fuzzy Normal Subgroup.

Theorem 3.2.1. Let G be any group. {Hj :i € A} be an arbitrary collection of subgroups of G.
If N is a fuzzy normal subgroup of Hj for every i € A, then () Aj is a fuzzy normal subgroup

ien
of (N H;.
ien

Proof. For any i € A, Nj is a fuzzy normal subgroup of H;.

So N is a fuzzy subgroup of H;j for all i € A, then by Theorem 3.1.1 () Nj is a fuzzy subgroup

ien
of ﬂ Hi
ien
Now we can easily verify that
(MM = (M) () Vx,ye (H
ien ien ien
Hence Njisa fuzzy normal subgroup of () H;. O
ien ien

Corollary 3.2.2. Let G be any group. H and K are a subgroup of G. If A and B are the fuzzy

normal subgroup of H and K respectively, then A N B is a fuzzy normal subgroup of HNK.

Proof. Since A and B are fuzzy normal subgroups of H and K, respectively, so A and B are
fuzzy subgroups of H and K respectively, by Theorem 3.1.2 AN B is a fuzzy subgroup of HNK

Now we can easily verify that

(ANB)(xyx~ ) > (ANB)(y) Vx,y e HNK

Hence AN B is a fuzzy normal subgroup of HNK. UJ
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3.3. Complex Fuzzy Subgroup.

Theorem 3.3.1. If G be any group. {Hj : i € A} be an arbitrary collection of subgroups of G. If

C; is a complex fuzzy subgroup of Hj for every i € A, then () Cj is a complex fuzzy subgroup

ien
of ﬂ Hi-
ieA
Proof. By Theorem 3.1.1 (N G; is a fuzzy subgroup of () H; and by Def. 2.13 N G; is a
icn ieA ien
complex fuzzy set. Thus () G is a complex fuzzy subgroup of N H;. 0J
ien icA

Corollary 3.3.2. Let G be any group. H and K are subgroup of G. If A and B are complex
fuzzy subgroups of H and K respectively, then A N B is a complex fuzzy subgroup of HNK.

Proof. Since A and B are fuzzy subgroups of H and K respectively. By Cor. 3.1.2 ANB is a
fuzzy subgroup of HNK.

Again A and B are complex fuzzy sets of H and K respectively. By Def. 2.13 AN B is a complex
fuzzy set of HNK.

AN B is a complex fuzzy set which is a fuzzy subgroup as well.

Hence AN B is a complex fuzzy subgroup of HNK.

4. APPLICATION IN FUZZY RELATION

It is clear from Def.2.4, a fuzzy relation is a fuzzy set defined on the cartesian product of sets.
The intersection of two different relations defining on the same set can be determined by using
Def.2.2, but our Def.3.1 gives us the freedom to find the intersection of fuzzy relation defining

on different sets.

Example 4.1. Define X and Y as in example 2.5 and R is fuzzy relation(1) on X x Y. Let
Z = {Rajnandgaon, Raigarh, Bastar, Durg, Bijapur, Raipur} and relation Q on Z x Y is
stated as follows
Q: area of z is smaller than y.

In Table-2 d;(z,y) = 12383 — z and negative sign shows the area of z is lesser than y and
positive sign implies the area of z is greater than y, here z € Zandy € Y. define y5: ZxY —
[0,1] such that
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Z Rajnandgaon Raigarh Bastar Durg Bijapur Raipur Surguja
Area of z (in km?) 8070 7086 10470 8535 8530 12383 15732
dy(z,y) -4313 -5297 -1913 -3848 -3853 0 3349

TABLE 2. Area of z and d;(z,y)

_di(zy) ifd
3300 1 I(Zvy) S 0
(12) Ho(zy) =
0 else

Here Z x Y ~ Z therefore we write z instead of (z,y), so relation Q can be written as

A 0.8138 .09994 0.3609 | .7260 0.7270 0 0
Q " Rajnandgaon + Raigarh + Bastar + Durg + Bijapur + Raipur + Surguja

In fig.2, the peak value holds for Raigarh, which means the area of Raigarh is significantly

smaller than the area of Raipur. moreover, the area of Raigarh is the smallest in our collection.

0 | | | |
s £ 5 o 5 5 T
@ < 7 > o 2 3
— 3 3 a = g 5
5 & B @
c
‘©
o

FIGURE 2. Fuzzy Relation Q on Z x Y
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Now recall collection X from example2.5. We get
X NZ = {Rajnandgaon,Durg, Raipur} and relation RN Q defined on (X xY)N(ZNY) and
stated as follows

RNQ: xis far fromy and
area of x is smaller than area of y
membership fuction piz-5: (XX Y)N(Z xY) — [0,1] and for all (x,y) € (XxY)N(ZNY),
defined as

(13) Mg (x:y) = min{pg(x,y), Hp(x,y)}

Here (X x Y)N(ZNY) ~ XNZ thereffore we write x instead of (x,y), So relation RN Q can be

written as

0.131 0.1037 0

RNQ=
© Rajnandga0n+ Durg  Raipur

1 T

09 g

0.8 4

0.7 i

0.6 g

05 4

04r 7

0.3 B

0.2 i

3
0.1 -

0 1
Rajnandgaon Durg Raipur

FIGURE 3. Fuzzy Relation RNQon (X xY)N(ZNY)
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membership value for relation RN Q can give an idea about at least one relation, In fig.3 mem-
bership value of Rajnadgaon is 0.131, which means relation R and relation Q are not false for
Rajnandgaon but in the case of Raipur membership value is 0, which means at least one of the

relation must be false, it can be R, Q or both, in this case, both the relation is false for Raipur.

5. CONCLUSION

We can say that our Def. 3.1 is valid for fuzzy subgroup and fuzzy relation. It can be used for
sentences in which the decision depends on more than one component. We can make a decision
by creating a fuzzy set for each component and finding the intersection of all.

We have applied Def. 3.1 for a— fuzzy subgroups (see [16]).

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests.

REFERENCES

[1] A.Rosenfeld, Fuzzy groups, J. Math. Anal. Appl. 35 (1971), 512-517.

[2] D. Dubois, W. Ostasiewicz, H. Prade, Fuzzy sets: history and basic notions, in: D. Dubois, H. Prade (Eds.),
Fundamentals of Fuzzy Sets, Springer US, Boston, MA, 2000: pp. 21-124.

[3] D. Moses, O. Degani, H.-N. Teodorescu, M. Friedman, A. Kandel, Linguistic coordinate transformations for
complex fuzzy sets, in: FUZZ-IEEE’99. 1999 IEEE International Fuzzy Systems. Conference Proceedings
(Cat. No.99CH36315), volume 3, pages 1340-1345, 1999.

[4] D. Ramot, R. Milo, M. Friedman, A. Kandel, Complex fuzzy sets, IEEE Trans. Fuzzy Syst. 10 (2002),
171-186.

[5] E.G. Emam, Intuitionistic fuzzy relations compatible with the group Zn, J. Egypt. Math. Soc. 27 (2019), 54.

[6] E. Sanchez, Resolution of composite fuzzy relation equations, Inform. Control, 30 (1976), 38—48.

[7] G.J.Klir, B. Yuan, Fuzzy sets and fuzzy logic: theory and applications, volume 4, chapter 5, pages 119-152.
Prentice hall New Jersey, 1995.

[8] H.-J. Zimmermann, Fuzzy set theory—and its applications, chapter 6, pages 71-91. Springer Netherlands, 4
edition, 2001.

[9] I. Kumar, P. Saxena, P. Yadav, Fuzzy normal subgroups and fuzzy quotients, Fuzzy Sets Syst. 46 (1992),
121-132.

[10] J.-G. Lee, K. Hur, Bipolar fuzzy relations, Mathematics, 7 (2019), 1044.
[11] J.J. Buckley, Fuzzy complex numbers, Fuzzy Sets Syst. 33 (1989), 333-345.



THE INTERSECTION OF FUZZY SUBGROUPS AND RELATION 17

[12] M. O. Alsarahead, A. Ahmad, Complex fuzzy subgroups, J. Qual. Manage. Anal. 13 (2017), 17-28.

[13] L. Zadeh, Fuzzy sets, Inform. Control, 8 (1965), 338-353.

[14] P. Saxena, Fuzzy subgroups as union of two fuzzy subgroups, Fuzzy Sets Syst. 57 (1993), 209-218.

[15] P. Singh, Complex vague set based concept lattice, Chaos Solitons Fractals, 96 (2017), 145-153.

[16] R.K. Verma, R. Tiwari, P.S. Thakur, Algebra of ¢ - fuzzy subgroup and lagrange’s theorem, IJCRT, 10 (2022),
b8-b12.

[17] S.Kumar, C. Gangwal. A study of fuzzy relation and its application in medical diagnosis, Asian Res. J. Math.
17 (2021), 6-11.



	1. Introduction
	2. Preliminaries
	3. Main Results
	3.1. Fuzzy Subgroup
	3.2. Fuzzy Normal Subgroup
	3.3. Complex Fuzzy Subgroup

	4. Application In Fuzzy Relation
	5. Conclusion
	Conflict of Interests
	References

