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Abstract. Representation of a semigroup has to do with obtaining a homomorphism that maps the semigroup into
the full transformation semigroup. The representation is said to be faithful when it is an embedding. It is an existing
result that ample monoid is embeddable into an inverse semigroup. This result has been extended to translational
hulls and, in effect, a faithful representation of translational hull of ample semigroup is also an existing result. This
faithful representation will be called categorical if we can establish that it is a class consisting of systems of the
same type, referred to as objects and between any pair of objects A and B in the class, there are arrows f: A - B
and each arrow is a structure preserving map referred to as morphism. In this paper, therefore, we want to carry out
categorical analysis of faithful representation of translational hull of ample semigroup. The commutative diagrams
of the faithful representation of translational hull of ample semigroups shall be very useful tools in the analysis.
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1. INTRODUCTION AND PRELIMINARIES
Let X be a set, and denote by Ty the set of all functions @ : X — X. Ty is called the

full transformation semigroup on X with the operation of composition of functions. A
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homomorphism ¢:S — Ty is a representation of the semigroup S. We say that ¢ is a
faithful representation, if it is an embedding.

It is well known from [16] that the set of all partial one-one maps of any non-empty set X is an
inverse semigroup and it is called symmetric inverse semigroup usually denoted by Ty.

Let a, b be elements of a semigroup S, we define a R*b if and only if for all x,y € S, xa =
ya < xb = yb. Dually we define the relation £*. Let S be a semigroup and a € S. The elements
a’(resp. a*) will denote an idempotent element in R*( resp. L*)-class R}, (resp. L3).

A semigroup S with a semilattice of idempotents E(S) is said to be an adequate semigroup if
each R*-class and L*-class contain an idempotent.

With E(S) being a semilattice such an idempotent is unique. A left adequate semigroup is said
to be a left ample (formerly left type A) if for all ee E(S)anda € S, ae = (ae)Ta (see [9])
and dually for right ample (formerly right type A) semigroups. A semigroup S is said to be an
ample (formerly a type A) semigroup if it is both left and right type ample. For more results on
ample semigroups, see [6], [7], [10], [14], [17] and [18].

It is important to note that from Fountain [9] that every ample semigroup is essentially a special
subsemigroup of an inverse semigroup through an embedding, thus several results in ample
semigroups are analogous to those of an inverse semigroup. In fact, Offor et al [22] extended this
embedding to translational hulls. Other results for translational hulls of a semigroup exist in the
literature, for example, see [5], [12], [13], [21], [23], [24], [25] and [26].

A map A from a semigroup S to itself is a left translation of S if for all elements a,b € S,
A(ab) = (Aa)b. A map p from a semigroup S to itself is a right translation of S if (ab)p =
a(bp) for all elements a,b € S. A left translation A and a right translation p are linked if
a(Ab) = (ap)b for all a,b € S. The set of all linked pairs (4, p) of left and right translations is
called the translational hull of S and it is denoted by 2(S). We denote the set of all the
idempotents of 2(S) by Eq(s). The set of the left translations of S is denoted by A(S) and the set
of the right translations of S is denoted by P(S). 2(S) is a subsemigroup of the direct product
A(S) X P(S) . For (4, p)(A,p") € 2(S) , the multiplication is given by (1,p)(1,p") =
(A", pp") where 21" denotes the composition of the left maps A and A’ (that is, first A’ and then 1)
and pp' denotes the composition of the right maps p and p’ (that is, first p and then p’). For each
a in S, there is a linked pair (14, p,) within 2(S) defined by A,x = ax and xp, = xa, and
called the inner part of 2(S) and for all a,b € S, the following is obvious (14, p.) (A, Pp) =
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(Aabr Pap)- @+ (Aq,pga) is @ map of S into 2(S) is denoted by Ms. Is(S) = {(Ae,pa) | a €
S, Agx = ax,xp, = xa,Vx € S}

Theorem 1.2 [1]: Translational hull of an inverse semigroup is an inverse semigroup.

For (4, p) € 2(S), the inverse (4, p)~1 is denoted by (171, p~1) and satisfies the property that

A x = (x71p)™1, and xp71=Ax"1)lvxes

Lemma 1.3: Let S be a type Asemigroup. 1,1" (p,p ) are left (right) translations of S whose
restrictions to the set of idempotents of S are equal, then 2 =1 (p = p)).

If 2(S) is adequate, and (4,p)is an element of 2(S), then (1%, p*) denotes the unique
idempotent in the £*-class of (1, p),and (AT, pT) denotes the unique idempotent in the R*-class
of (1, p).

Fore € E(S), ATe = (e)T; 2e = (1e)*; ept = (ep)T; ep* = (ep)*

AT, 2%, pT, p*satisfy the following properties ;

For a €S, Afa = (atp)ta; 1'a= AaNa; apt = a(a’p)’; ap*=a(la*)*

We notice from the definition that ATe,1*e,ept and ep*are idempotents. We also note the
following:

i. ATe = (ep)te  from the definition

=e(ep)t  idempotents commute
= e(e’p)’
=ept by definition.
ii. Ae = (Ae)’e Dby definition
=e(le)* commutativity of idempotents
= ep* by definition.

In particular therefore, ATh™ and a*pT are idempotent of S.
Theorem 1.4 [11] The translational hull of an ample semigroup is ample.

The set of left translations is denoted by A(S) and right translations by I'(S). The left and the
right translations are assumed linked. Iz:a ~ A,, and I'(S) = {A,:a € S}.4g: a » p, and
A(S) ={pq:a €S}

Theorem 1.5 [2]. Given an ample monoid S, there are inverse semigroups S;,S,, and
embeddings ¢:S > S;, ¢,:5S—>S,, such that ¢ a* = (¢p,a)* = (¢p,a) " (¢p1a), p,a’ =
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(p,a)T = (¢p,a)(¢p,a) ™1, and there are also embeddings 1,: A(S) = A(S;), P,:P(S) - P(S,)

such that each of the diagrams

S ¢4 .5 S b2 > s,
I—.'S' I—él AS AS1
[ L2
A(S) > A(S1) P(S) > P(S2)
@) (i)
commutes

and ¥, (A7) = [ D]" = 1D (D, 200" = 20" = Y2 () [W2 ()]

The theorem is proved through the following propositions and corollaries. Diagram (i) is dual to
diagram (ii) and therefore every fact established about diagram (i) applies in dual manner to

diagram (ii).

Proposition 1.6. [9]. Given an ample monoid S, there are inverse semigroups S;,S,, and
embeddings ¢:S = S;, ¢,:5S—>S,, such that ¢,a* = (¢p,a)* = (p1a) " (¢1a), pa’ =
(P20)" = ($2a)(p0) 7"
Corollary 1.7 [22]. If (a, b) € R*(S), then [¢p1(a), p,(b)] € R*[¢1(S)]
Let H be a subset of a semigroup S. The upper saturation Hw of H in S is defined by:

Hw ={s €S:(3h € H) h < s}.
Proposition 1.8 [22]. ¢, preserves subsemigroups and upper saturations
Lemma 1.9 [22]. For an inverse semigroup Sy, I": a = 4, is an isomorphism from S;onto I'(S;).
Lemma 1.10 [22]. For an ample semigroup S, I": a = A, is an isomorphism from S onto I'(S).
Corollary 1.11 [22]. For an inverse semigroup S;, 4, :a = p, is an isomorphism from S; onto
A(S;). Similarly, for an ample semigroup S, 4s: a + p, is an isomorphism from S onto 4(S).
Proposition 1.12 [22]. Given an ample monoid S, there are inverse semigroups S;, S,, and
embeddings ¥,: A(S) = A(S1), P2 P(S) = P(S,) suchthat ; (1) = [P (D]* =
[ (DI P1 (D), P20p") = [W2(0]T = ¥2(p)[W2(p)] "
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Proposition 1.13 [22]. Each of the diagrams

. b, . ¢,
Is Is, A 4s,
A(S) Vi s P(S) Y2, sy

(i) (ii)

commutes.

Proposition 1.14. [22] .1, ! is an idempotent-separating congruence on I'(S)

Proposition 1.15 [22]. ¥, is a good homomorphism

Proposition 1.16 [22]. y,: I'(S) — I'(S;) is a *-homomorphism

Proposition 1.17 [22]. If § is a congruence on I'(S), then v, (6) is a congruence on I'(S;)
Definition 1.18.

An ideal F of a semilattice E is called a P-ideal if the intersection of F with any other principal
ideal of the semigroup is a principal ideal.

A semigroup homomorphism 1: S — T is called a P-homomorphism if ()(Es)) is a P-ideal of
E;.

Theorem 1.19 [22]. If ¢, and I, are P-homomorphisms, then so is the composition 5.

2. CATEGORY THEORY

According to Hollings [15], category can be viewed in two versions which are indeed implicitly
the same. Namely; the object — morphism version of category and the generalized monoid
version of category.

2.1. The Object — Morphism Version of Category

According to Asibong-Ibe [3], a category consists of

- aclass of objects (usually denoted by C- obj)

- a set of morphisms between the objects in € which are denoted by hom,(A4, B) or simply

hom (A, B) for morphisms between A and B, satisfying the following conditions:
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i. for any set of objects A4, B, C € C, the C-morphisms f € hom (4,B), g € hom (B, C) imply
gef € hom (4,C)

ii. for each object A4, an identity morphism 1, € hom (4, A)

iii. if f€hom(4,B), g€ hom (B,C) and h € hom (C,D), then ho(gef) = (hog)ef €
hom (4, D)

iv. forevery object 4, 1, € hom (A,A) and fol, = f,1z0g = g, for every f,g € hom (4, B).

v. every distinct pair of C- objects has distinct set of morphisms. That is, if (4, B) # (C, D),
then hom (4, B) N hom (C,D) = @

So, in a category, there must be a class consisting of systems of the same type, referred to as

objects and between any pair of objects A and B in the class, there must arrows f: A — B and

each arrow is a structure preserving map referred to as morphism.

2.2 Subcategory

According to Asibong-Ibe [3], assuming D is a subclass of a category € such that each object in

D is also a C- object. Then D is a subcategory if

i. for any pair of objects A4, B in D, each morphism f: A — B in D is also a morphism in C

ii. each object in D has an identity morphisms in D and

iii. D contains the product of its morphisms. That is, the products of D-morphisms f: A - B and

g:B = C whichis gof: A = C is also a D-morphism.

Reader is referred to [3], [4] and [8] for the numerous examples of category and other details.

Right now, we are particularly interested in the following example as it will help to link us to the

generalized monoid version of category.

Example 2.2.1 [3]

Define the object set in M as elements of the underlying set A of M and between any objects a, b,

is the monoid operation "'o”’. That is, for a, b in object M, (a,b) - aob.

Thus, ((a,b),c) = ((a° b),c) > (@aeb)oc=ao (boc) = (a,(bc)).

Also 1, € hom (4,A) and 14 istheunitin M.ae°1l, =1,0a = a.

Thus, M is a category with object A and morphism ""o”’,

2.3 The Generalized Monoid Version of Category

Let C be a class and "' - " be a partial binary operation on C. For x,y € C, we write 3x -y if x -

y € C. An element e € C is called an idempotent if 3e - e and e - e = e. The idempotents e € C
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which satisfy the conditions that for x € C,3e-x=e-x =x and 3x-e=x-e = x, are called
the identities of C. We denote the set identities of C by C,.

According to [15], the pair (C,) is called a category if the following hold:

i. Ax-(y-z)e3(x-y)-z andinwhichcase,x-(y-z)=(x-y) -z

. 3x-(y-z)e3Ix-yand3y -z

1li.Vx € C, there exist unique identities d(x), r(x) € C, such that 3 d(x) - x and 3x - r(x)
Whenever the partial multiplication in category (C,") is clear, we simply refer to category C. The
identity d(x) is called the domain of x and the identity (x) is called the range of x. Since d(x),
r(x) € C,,d(x) -x=x and x-r(x) = x. Thus, for any identity e, d(e) = r(e) = e.

2.4. Functor

Let € and D be categories. A function ¢: C — D is called a functor if it satisfies the following

conditions:
i. f 3a-binC,then3 a¢ - b in D and
ii. ap-bp = (a-b)¢

A functor ¢: C = D is called an ordered functor (or order preserving functor) if a < b in C,
then a¢ < b¢ in D.
An ordered functor ¢:C — D is called inductive functor if Ve, f € C,, then e¢ A f¢ exists in
D,.
Lemma 2.5. [15]. Let (C,-) be a category with x,y € C.
. Axryoerkx)=dQy)
ii. If3x-y, thend(x-y) =d(x)and r(x-y) =r(y).
Let (C,") be a category. Fore, f € C, , Hollings [15] defined the set mor(e, f) by:

mor(e, f) ={x € C:d(x) = e, r(x) = f}.
When e = f,mor(e, f) is a monoid. To see this, for x € mor(e,e),e-x =d(x) - x =x, x*
e = r(x) = x. Therefore, e is the identity in mor(e,e). Let x,y € mor(e,e). Then, d(x - y) =
d(x) =eand r(x-y)=r(y) =e. Therefore, x - y € mor(e,e). It then follows that 3x - (y
z)and3(x-y) -z Vx,y,z € mor(e,e), and since mor(e,e) € C,x-(y-z) = (x-y) - z.
mor(e,e) is called the local submonoid of C at e. Thus, category is regarded as a
generalization of a monoid. According to [15], a unipotent category is a category in which
every local submonoid contains only one idempotent.

Definition 2.6. [15] A cancellative category is a category (C,") inwhichV a, b,z € C,
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If3z-a,3z-b and z-a=2z-b,then a = b and
If3a-z3b-z and a-z=D>b-z then a = b.
Definition 2.7. [15]. Let (C, -) be a category and let C be partially ordered by < with a, b, c,d €
C. According to [15], the triple (C,-,<) is called an ordered category if the following
conditions hold:
Ifa<c,b<d,Ja-band3Ic-d,then a-b<c-d
If a < b,then d(a) <d(b) andr(a) < r(b)
(1) for each f € C,and a € C with f < r(a), there exists an element of C, denoted by a|fwhich
is the unique element with the properties a|f < aandr(alf) = f.

(2) for each f € C,and a € C with f < d(a), there exists an element of C, denoted by
fla, which is the unique element with the properties fla < aand d(f|a) = f.
The element a|f is called the corestriction of a to f, whilef|a is called restriction of f to a.
Assuming e, f € C, and Je|f, then by definition, e < d(f). But d(f) = f. Therefore, e|f=e <
f. Similarly, if corestriction f|eis defined, f < e.
Let (C,-,<) be an ordered category with a,b,x,y,z € C and e, f € C,. Suppose a < b. Then
d(a) < d(b) and r(a) < r(b). Since d(a) and r(a) are identities by definition, then by (vi) &
(vii), the restriction d(a)|b and corestriction b|r(a) are defined in C and d(a)|b <
b;d[d(a)|b] = d(a). Since d(a)|b is unique, d(a)|b = a. Similarly, b|r(a) = a.
So, ifa < b,thend(a)|b = a = b|r(a) (2.7.2)
Let f < r(a). By definition,3a|f,r(alf) = f and since r(a|f) is an identity such that (al|f) -
r(alf) = (alf) , we have (alf)-f =al|f. Similarly, f-(fla) = fla. Thus, for f <
r(a),3(alf) - f with (a|f) - f = a|f and for f < d(a),3f - (f|a) with

f-(fla) = fla (2.7.2)

Suppose 3 ¢ € C such thata < cand b < ¢ and that r(a) = r(b). Then by equation (1),a < c
and b <c imply that a =c|r(a) and b =c|r(b) . Therefore, a = c|r(a) = c|r(b) = b.
Similarly, ifa < cand b < ¢ and thatd(a) = d(b), then a = b. Thus, if 3 ¢ € C such thata <
cand b < ¢ and either r(a) =r(b) ord(a) = d(b),thena =»b
Thus, r(a) =r(b)ord(a) =d(b),then a=b (2.7.3)
From equation (1), we have that a < b = d(a)|b = a = b|r(a). Now, if a = b, we have
d(a)|la = a = a|r(a).
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Thus,Va € C,d(a)|a = a = a|r(a) (2.7.4)
Assuming e < f, then by equation (1) and since e = d(e) = r(e), we have e|f =d(e)|f =
e = flr(e) = fle.

Thus, e<f=elf=e=fle (2.7.5)

Lemma 2.8 [20]: Let (C,",<) be an ordered category and suppose thata € C and e € C,. If
a<ethenac€C,.
Consequently, in an ordered category (C,, <), if the greatest lower bound (the meet) of two
identities — e, f , denoted by e f (with respect to <) exists, then it is an identity.
An inductive category is an ordered category (C,-, <) in which Ve, f € C,,enf existsin C,.
Let (C, -, <) be an ordered category. The Pseudoproduct ® in (C, -, <) is the binary operation
given by

a® b = [a|r(a)ad(b)]-[r(a)a d(b)|b]
If 3a - b, then by lemma 2.8.4, r(a) = d(b).Sothata @ b = [a|r(a)] - [d(b)|b]
By equation (2.7.4), a|r(a) = a and d(b)|b = b. Hence,a @ b = [a|r(a)] - [d(b)|b] = a - b.
Thus, if botha-b and a @ b are definedin C,thena-b=a ® b
(2.7.6)
Proposition 2.9 [19]. Let (C,-, <) be an ordered category. If botha @ (b @ ¢) and (a ® b) ®
c are defined, then they equal. Hence, in an inductive category, @ is an everywhere defined
associative binary operation.
Suppose (C,-,<) be is an inductive category with a € C and e € C,. Then, e ®@a =
[elr(e)ad(a)]-[r(e)ad(a)|a] = [ele nd(a)] [e rnd(a)|a] . Notice that ead(a) is an
identity and e nd(a) <e. Therefore, by (xii), elend(a) =end(a). So that e @a =
end(a)-[ead(a)|a]. Furthermore, e A d(a) < d(a) and by equation (2.7.2),
e@a=enrd(a) [erd(a)la] =enrd(a)|a (2.7.7)
Similarly, a @ e = a|r(a)a e (2.7.8)
It is important to note that a|r(a)a d(b) means a|[r(a)a d(b)] and not [a|r(a)] A d(b).
Similarly, r(a)a d(b)|b should be read as [r(a)A d(b)]|b and not r(a)a [d(b)|b].

Theorem 2.10. [3]. Every functor preserves identities, isomorphisms and commutative diagrams.
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3. RESULTS: CATEGORICAL ANALYSIS OF THE EMBEDDING

We recall that in a category, there must be a class consisting of systems of the same type,
referred to as objects and between any pair of objects A and B in the class, there must arrows
f:A — B and each arrow is a structure preserving map referred to as morphism.

Proposition 3.1. Let S;, S, be inverse semigroups and S an ample monoid. Then the embeddings
P1:A(S) = A(Sy) , P2: P(S) = P(Sy) such that ¥, (A7) = [p:D]" = [ D] 1 (D)
20" = [W2(P)]T = 2 (p)[1W2(p)] ™" is categorical.

Proof. Here is the commutative diagram. We show that it is a category

The objects are: S ¢ > S,
i.  The ample semigroup S;
ii. The inverse semigroup Sy; I ¢ Is,
iii. The left translational hull A(S) of S and
iv. The left translational hull A(S;) of S;.
ot 45) —— A5

We showed that the diagram commutes. Thatis, ¥Is =I5 ¢ = ¢ where {:a — 6, (a € S).

¢ € hom(S,S,), Is, € hom(S;,A(S1)) and I, ¢, T € hom(S, A(S1))

I € hom(S, A(S)), Y € hom(A(S),A(S;)) and Yl , T € hom(S, A(S;))

For each object, there is an identity map. For instance, 15:a — 1-a(where a € S and 1 is the
identity in S), is an identity map on the object S. ¢1s = ¢.

Notice that ¢, P, = P14 = g and dad; = P,. So that ¢, is the identity in S;. 15, : ¢g = P P1
is an identity map on the object S;. 15, ¢ = ¢

Every arrow in the commutative diagram is distinct. Each arrow is not just a homomorphism but

a x-homomorphism. Hence, the arrows are all structure preserving.

Thus, the diagram is a category. s ¢ > S,
From this point, we call the commutative
. c
diagram — category C. L I,
Y
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3.2  Construction of a Category from an inverse semigroup

We do this construction in analogy with Lawson [19] construction of inductive category from a
restriction semigroup.

Given an inverse semigroup S;, we define a product in S; by

e =1, _ pp-1
o= {un(;leb}ined, ol‘gleiwiie_ o @b €S, (3.2.0)
Theorem 3.2.1 LetS; be an inverse semigroup with the natural partial order <. Then (S;, -
,<) = C(S,) is a category with C(S1), = E(Sy), d(a) = aa™!,r(a) = a la, Va € S;, where
"« ""is the product defined in equation (3.2.0) above.
Proof. Assuming e is an identity in (S;,-) such that 3 e - x for x € S;. Then, by the definition of
.1 e =xx~t. Similarly, if f is an identity in (S;,") such that 3x - f for x € S;. Then f =
x~1x . Thus, idempotents in S; are the identities in (S;,).xx"1-x exists since
(xx )7 (xx™1) = xx~1. Of course, xx™1 - x = x and by uniqueness of d(x), xx~! = d(x).
Similarly, x"1x = r(x).
Next, we show that (Vx,y,z€ S;)3Ix-(y-z) ©3(x-y)-z and thatx-(y-z) =(xy) -z,
dx-y;3dy-z
Assuming 3x - (y-z),thenx™1x = (y - 2)(y - 2) 7!
But (y - z) = yzsuchthat y 1y = zz~1

Therefore, Ax - (y - z)=x"x = (yz)(yz) tand y~ly = zz71

lzz7ly™ = yy~lyy~tyy~! (since y~ly =

So that x™1x = (yz)(yz) ' = yzz~ly ™! = yzz~
zz7l) =yy~

Therefore, 3x - y. Similarly, 3y - z.

Again, x-(y-z) =xyz such that x 1x = (yz)(yz)™! and y 'y =zz"1! . But x 1x =
2)(yz) "t =yy™

Therefore, x - (y - z) = xyz suchthat x 1x = yy~1; y~ly = zz71,

On the other hand, (x * y) - z = xyz such that (xy)™1(xy) = zz"tand x 1x = yy~ L.

But (xy)"'(xy) =y 'xTlxy =y xThaxTiay = y T lyy Tlyy Ty =yl

Sothat (x-y)+-z=uxyz suchthaty 'y =zz71; x 1x = yy~1
Thus,3x-(y-z)=>3A(x-y)-zandx-(y-2z) =(x-y) -z

Hence, (S;,7) is a category. We denote by C(S,) this category associated with an inverse

semigroup S, and the set of identities of C(S1) by C(S1),
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Proposition 3.2.2. €(S4) is inductive

Proof. Suppose a,b,c,d € C(S1) such thata < c,b <d,3a-b,3c-d. Then for somee, f €
C(S1)o,a=ecand b = fd.Sothat ab = ecfd = ecc™'cfd = ecfc™cd

ecfc~1is an idempotent. Therefore, ab = ecfc™lcd < cd. Thus,a-b <c-d

Now, suppose a < b. This impliesthata = eb = bf forsome e, f € C(S1),-

Witha ! = b~ le,aa ! = ebb e = ebb™1 < bb1

So that d(a) < d(b).

Witha = bf,a = fb~randa™ta = fb~1bf = b~ bf < b~1b. So that r(a) < r(b).

So that, a < b implies that d(a) < d(b) and r(a) < r(b).

For each f € €(S1), and a € €(S1) with f < r(a), we take a|f = af, the correstriction of a
to f. af satisfies the required properties as follows:

af <aand a laf <a la. Therefore,f < ala=r(a). r(af) = (af)  (af) = fa taf =
a~laf = f.

For the uniqueness, let g be another value for a|f. This implies that g < a and r(g) = f. That is,
glg=f.

g < a=>g = ae forsome e € €(§;),. Sothat g1 = ea™ 1.

Therefore, g™'g = ea 'ae = a~'ae. This implies that, g~1g < e.

So that,eg g = g 1g. So withg = ae,g = gg~'g = aeg g = ag™'g, and with g~1g = f,
we have g = ag™'g = af.

Similarly, if we choose fa for the restriction of f to a, the desired properties will be satisfied.
Thus, €(S¢) is an ordered category.

For Ve,f € C(S),, ef <eandef < f. So thatef <enaf. Assumingg =en f, g € C(51),
then we have g < e, g < f and therefore,en f = g =g?> <enf = g.Hence, en f € C(S1),
Hence, C(S1) is an inductive category.

Corollary 3.2.3: LetS; be an inverse semigroup with the natural partial order <. Then (S;,
,<) = €(S4) is an inductive category with C(S1), = E(S;),d(a) = aa !, r(a) =a la,Va €
S,

3.3. Construction of a category from an ample semigroup

In a very similar fashion as that of inverse semigroup, we construct a category from an ample
semigroup as follows:

Let S be an ample semigroup and define a product in S by
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4-b= { ab if a*=bt
undefined, otherwise

abeS; (3.3.0)
Theorem 3.3.1: Let S be an ample semigroup with the natural partial order <. Then (S,",<) =
C(S) is a category with C(S), = E(S),d(a) =a', r(a) =a*, Va€ S, where " -" is the
product defined in (ii) right above.

Proof. Assuming e is an identity in (S,") such that 3e - x for x € S. Then e = xT. Similarly, if f
is an identity in (S,") such that 3x - f for x € S. Then f = x*. Thus, idempotents in S are the
identities in (S,).xT - x exists since (xT)* = xT. Of course, xT-x = x and by uniqueness of
d(x), xT = d(x). Similarly, x* = r(x).

Now, suppose 3x - (y - z). That is x* = (yz)T and y* = z%. So that x* = (yz")T = (yy)t =
yT. Sodx-(y-z)=>y =z, x* =yt But (xy)* = (x*y)* = (yTy)* = y* = zT. So that 3x -
2oy =z x*=ytea(x-y)-z. Hence,x (y - 2) = (x-y) - z

Moreover, 3x - (y - z2)=>x* =y, y* =zT =23x-y;3y -z

Hence, (S,") is a category. We denote by €(S) this category associated with type A semigroup S,
and the set of identities of C(S) by C(S),

Proposition 3.3.2. €(S) is inductive

Proof. Let a,b,c,d € C(S)witha <c,b <d,3a-b,3c-d. Then for somee, f € E(S),a =
ecand b = fd.Sothat ab = ecfd = e(cf)Tcd < cd. Thus,a-b < c-d.

Assuming, a < b, then a = eb, and this implies that a™ = (eb)™ = (eb™)T = eb® < bT. So that
d(a) < d(b).

a < b equally implies that a = bf, f € E(S). So that a* = (bf)" = (b*f)*=b*f <b* and
therefore, r(a) < r(b).

For each f € €(S), and a € C with f < r(a), we take a|f = af, the correstriction of a to f and
we note that af satisfies the required properties as follows: af < a.f < r(a) = a’, so that
r(af) = (af)" = (a*f)" = a*f = f. To confirm uniqueness, assuming there is another value g
for a|f. This implies thatg < aandr(g) = g* = f. Then, g < a=g = ag™ = af. Similarly, if
fa is chosen for the restriction of f to a, the desired properties will be satisfied. Hence, the C(S)
is an ordered category.

Justasin C(S,), ForVe,f € C(S),,en f € C(S),.

Thus, €(S) is inductive.
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Corollary 3.3.3: Let S be a type A semigroup with the natural partial order <. Then (S,,<) =
C(S) is an inductive category with €(S), = E(S),d(a) = a',r(a) = a*, Va € S.
Theorem 3.3.4. n := C(¢p): C(S) = C(S¢) is an inductive functor.
Proof. Essentially, we mean to show that ¢: (S,:, <) = (83,7, <) is an inductive functor.
Suppose 3a - b in. Then a* = bT and a - b = ab. Since ¢ is a homomorphism, a* =
bt=a*¢ = btp=(ag)* = (bp)T=3ap - b in S,
It further follows that (a - b)¢ = (ab)¢ = aphd = a¢d - b in S; [since (ap)* = (bp)T]
Thus, ¢: (S, <) = (51,5, <) is afunctor.
To show that the functor is inductive, recall that Ve, f € C,, then e A f = ef. so that
(e n )¢ = (ef)p = epfp = e A fb.
Finally, we show that the functor is order preserving
Assuming a < b. This impliesthat a = e - b for some e € C,,.
Sothat agp = (e - b)¢p = e¢ - bp=>a¢p < bé.
Evidently, n is an ordered inductive functor.
It is important to note that d(a)¢p = a’p = (ap)™ = d(a¢p) andr(a)p = a*¢p = (ap)* =
r(ag).

C(T5 C(Is,)

Arees) “E— rees)

F:S—>C(S)isthemap (a,h) €S xS S>a-b. Asgiven,a-b = ab (ifa* = bT).
(a,b) = (a-b) =ab = (a)-(b). So """ is the morphism and F € hom [S, C(S)]
As we have seen in the construction of C(S) from S that:

E(S)>C, a" €S-r(x)€eECES), at€S—d(x)eC(S),
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Notice that x L*(S)y & x* = y*or(x) = r(y). Therefore xL*(S)y if and only if r(x) = r(y)
in C(S).
Similarly, x R*(S)y if and only if d(x) = d(y) in C(S).
Thus, the structure in C is not lost in D.
F is a morphism between two categories. Hence F is a functor. As a functor, F preserves, in
category D, the identities and the isomorphisms in category €. Moreover, F carries the
commutative quality of diagram C to D.
Thus, D-diagram commutes.
Proposition 3.3.5. €(S) is cancellative (with respectto " - ")
Proof. Assuming 3x-z,3y-zand letx -z = y - z. By definition of the product, x -z = x* =
zlandy -z = y* = zT. Therefore, x* = y*. That is, r(x) = r(y). But, x - z = y - z implies that
d(x-z) =d(y-z) and this gives d(x) = d(y). So we have r(x) = r(y) and d(x) = d(y).
Therefore, x = y. Similarly, if 3z-x,3z-yand z-x = z-y,thenx = y.
Theorem 3.3.6. [C(S),Q)] is a type A semigroup, where €(S) is the inductive category above.
Proof. Obviously,[C(S),®] is a semigroup. For each a € €(S), we define a™ = d(a) and a* =
r(a).
a® a* =al|r(a)ra*

=2a@a" =ala*'ra” =ala* =a
Thus, with respect to ®, a* is a right identity for a. Similarly, a' is a left identity for a with &.

a*@a* =a*la*ra*=a*and at @ a’ =a'
That is, for each a € [€(S),®],a*and a' are idempotents, which implies that [C(S),®] is full in
c(S).
Let e, f be idempotents in [C(S),R]

e®f=C(eleanf) (enflf)
enf <eenf <f.Therefore,elenf =enfanden f|f =enf by(5)insection 3.5.
Therefore, e @ f =(enf)-(enf)=enf. Similarly f@e=fre=enf. Thus, the
idempotents in [C(S),&] commute.
Next, we show that a* = r(a) is the unique idempotent inL.
Letx,y € C(S)tand assuminga @ x =a ® y
a®x=a®yimpliesthat (a ® x)T = (a ® y)T



16
PASCHAL U. OFFOR, U. R. NDUBUISI, CHINEDU OBASI

That is, [(a

a* ax) - (a axt|0)]t = [(a
That is, d[(a
d(a

a* Ayt - (a* ayTIp]f
a* axt) - (a axt|x)] =d[(a

a*rxt) =d(a

a* ~y™) - (a* a yt|y)] and we have that

a*ayh).

Notice that a* A xT,a* A yT € €(S), and by the definition of corestriction, ala* A xT < a and
ala* A yT < a. So we have:

a* axT) =d(ala* A y")

ala* axt <a,ala* Ayt <aandd(a
Therefore, ala* A xT = ala* A yT.

Now, a ® x = [(a|a® A xT) - (a* A xT|x)] = [(a]a* A y1) - (@* A xT|x)]
By assumption,a @ x =a @ y = [(a
That is, [(a

a* nyt)-(a* ayt|y)]
a* Ayt - (@ axt0)] = [(a

a* ~y") - (a* ayt|y)] and by cancellation,
a* Axt|x =a* ayt|y. Hence,by 2.7.7), a* @ x = a* axflx =a* rytly=a"Qy
Thus, Va € €(S), (a,a*) € L*[C(S),R]. Similarly, (a,a’) € R*[C(S),R].
Since idempotents in [€(S),&®] commute, a* is the unique idempotent in £[C(S),®] and a' the
unique idempotent in R} [C(S),R].
Now, we showthata @ e = (a @ e)f @ aande @R a=a ® (e Q a)*
By 2.7.7), (a®e)f ® a =[(a ® e)T ra'f]la = [(a]a* re)T ral]|a
Since a* A e € C(S),, by definition of corestriction , ala* A e < a. So that (a|a* A e)T < af.
Therefore, (a ® e)T ® a = [(ala* re)T A aT]|a = (a]a* A e)T|a.
Since ala* re < a,(ala* re)Tla =d(ala* re)|a = ala* A e. So that
[(a®e)' ®a]" =[(ala" re)T|a]’ = [ala" re]" = (a @ e)T.
Sowehave: a®e = ala*re<a(a®e)f ®a=(ala*re)fla <a
And d[@®e) ®al=[(a®e) ®al' =(@®e) =d@a®e).
So that, by (2.7.3), (a ® e)Jr RRa=aQe. Similarly,e @a=a ® (e ® a)".
We therefore conclude that [€(S),®] is an ample semigroup.
We denote by S[C(S)] this ample semigroup constructed from the inductive category C(S).
Having constructed an ample semigroup from an inductive category, doing the same for an
inverse semigroup is straightforward and that is what we wish to do next.
Theorem 3.3.7. [C(S1),®] is an inverse semigroup, where C(S;) is the inductive category
above
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Proof. We put aa™ = d(a) and a~*a = r(a). For each a € C(S,).
aa'®@aat=aa! and ala®ata=ata. So, aa”! and a~la are idempotents in
[C(51),®]. As shown in type A case, idempotents in [C(S1),®] commute. What remains is to
simply show that [C(5,),®] is regular. For a,b € C(§,),if3a- b, r(a) = d(b).
So that,a ® b = [a|r(a)] - [d(b)|b] = a-b by (2.7.4). Thus, if a - b is defined in C(S1)," - "
and ® coincide.
Let x~1 be the inverse of x in €(S;) (note that the underlying set in €(S,) is the inverse
semigroup S;)

xQRx1TQRx=((x"xHR®x=dx) @x=d(x) x = x.
Similarly, x ! ®@ x ® x~* = x~1. Thus, [€(S,),R] is regular and the idempotents commute.

We denote by S[C(S,)] this inverse semigroup constructed from the inductive category C(S,).

Lemma 3.3.8 [15] Let ¢: C — D be an ordered functor between ordered categories € and D. If
f € C, is such that f < r(a) for some a € C, then (a|f)¢ = ap|f¢. Similarly, if f < d(a),

then (fla)p = fplag
Theorem 3.3.9. y : S[C(S)] = $1[C(S)] is a functor

S[C(s)] —2— s[c(sy)]

G
s

1

!

A[S[c(S)]] £ AsIC(S]

Proof. This implies showing that n: [C(S),®] — [C(S1),®]is a functor with respect to @ which
amounts to showing that ¢ is a functor under &.

Since €(S) and €(S,) are both inductive categories, Va,b € C(S),a @ b will always exist
in C(S) while  a¢p @ bg and (a ® b)¢ will always exist in €C(S,). This is evident from the
fact that in an inductive category, the meet of every pair of elements must exist, and
consequently, the corestriction and restriction in the product @ must exist.

Now, we simply need to show that a¢p ® b = (a Q b)¢.
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ap @ bp = [ap|r(ap) nd(bp)] - [r(ap) A d(bd)|be]
= [ag|r(a)¢p A d(D)P] - [r(a)p A d(b)¢p|bd]
= [ap|(r(a)a d(b))P] - [(r(a)s d(b))p|bg] since ¢ is a morphism
= [alr(a)a d(D)]¢ - [r(a)n d(b)|b]
= [[alr(a)/\ d(b)] - [r(a)a d(b)lb]]qb since ¢ is a functor under "’ -
(a®@b)¢p

Theorem 3.3.10

¢
S > 5 sic)] —E— s[c(sy)]
n ¢ , _equals G rs,
P X'
A(S) > A(SY) A[S[c(s)] —E— arsiecsol]

Proof. We simply need to show that S[C(S)] = S and S[C(S1)] = S, and since y : S[C(S)] =
S[C(S51)] as a functor amounts to ¢ being a functor under &, every fact will follow, through the
coincidence of @ and the product in S.
C(S) is an inductive category under - in which (Va,b € C(S))(Ve, f € C(S),),e|la =
ea,ale=ae and e~ f =ef. The underlying set in S[C(S)] is § and a® b =
[alr(a)a d(b)] - [r(a)a d(D)|D].
Since en f =efVe,f € C(S),,thena ® b = [a|r(a)d(b)] - [r(a)d(b)|b]
and since e|a = ea, ale = ae, we have

a ® b = [alr(a)d(b)] - [r(a)d(b)|b] = (aa*b") - (a*bTh) = (ab")- (a’b)
and since (ab)* = (a*b)* = a*bt = (a*b)T, thena @ b = (abh) - (a*b) = abta*h = ab
Thus, the operations of S[C(S)]and S coincide, and since they have the same underlying set,
S[C(S)] =S.
Similarly, the operations of S[C(S4)] and S, coincide, and S[C(S1)] = $;.
CONFLICT OF INTEREST

The authors declare that there is no conflict of interest.



19
TRANSLATIONAL HULL OF AMPLE SEMIGROUPS

REFERENCES

[1] J.E. Ault, The Translational Hull of an Inverse Semigroup, Glasgow Math. J. 14 (1973), 56-64.

[2] U. Asibong-Ibe, Representation of Type A Monoids, Bull. Aust. Math. Soc. 44 (1991), 131-138.

[3] U. Asibong-lbe, Basic Principles of Category Theory, A Foundation Post Graduate Course in Algebra for
National Mathematical Centre, Abuja, (1993).

[4] P.Bodo, Categories and Functors, Academic Press, (2018).

[5] C.Li, L. Wang, On the Translational Hull of a Type B Semigroup, Semigroup Forum 82 (2011), 516-529.

[6] L. Chunhua, Some Notes on Abundant Quasi-ldeals of Ample Semigroups, in: International Conference on
Abances in Energy, Environment and Chemical Engineering, 376-379, (2015).

[71 A. El-Qallali, J.B. Fountain, Quasi-Adequate Semigroups, Proc. R. Soc. Edinb., Sect. A Math. 91 (1981), 91—
99.

[8] T. Daniele, Category Theory Lecture Notes, Laboratory for Foundations of Computer Science, University of
Edinburgh, 2001.

[91 J. Fountain, Adequate Semigroups, Proc. Edinburgh Math. Soc. 22 (1979), 113-125.

[10] J. Fountain, G.M.S. Gomes, Finite Abundant Semigroups in Which the Idempotents Form a Subsemigroup, J.
Algebra 295 (2006), 303-313.

[11] J.B. Fountain, M.V. Lawson, The Translational Hull of an Adequate Semigroup, Semigroup Forum, 32
(1985),79-86.

[12] X. Guo, Y. Guo, The Translational Hull of a Strongly Right Type-A Semigroup, Sci. China Ser. A Math. 43
(2000), 6-12.

[13] X. Guo, K.P. Shum, On Translational Hulls of Type-A Semigroups, J. Algebra 269 (2003), 240-249.

[14] V. Gould, Restriction Semigroups, NBSAN Conference, Manchester, (2011).

[15] C. Hollings, The Ehresmann — Schein — Nambooripad Theorem and Its Successors, Eur. J. Pure Appl. Math. 5
(2012), 414-450.

[16] J.M. Howie, Fundamentals of Semigroup Theory, Oxford University Press, (1995).

[17] M.V. Lawson, The Natural Partial Order on an Abundant Semigroup, Proc. Edinburgh Math. Soc. 30 (1987),
169-186.

[18] M.V. Lawson, The Structure of Type A Semigroups, Q. J. Math. 37 (1986), 279-298.

[19] M.V. Lawson, Semigroups and Ordered Categories. |. The Reduced Case, J. Algebra 141 (1991), 422-462.

[20] M.V. Lawson, Constructing Inverse Semigroup from Category Actions, J. Pure Appl. Algebra. 137 (1999), 57-
101.

[21] R.U. Ndubuisi, O.G. Udoaka, The Translational Hull of a Left Restriction Semigroup, Aligarh Bull. Math. 36
(2017), 151-160.

[22] U.O. Paschal, U. Asibong-lbe, 1.U. Udoakpan, Faithful Representation of Translational Hull of Type A
Semigroup, Int. J. Math. Trends Technol. 62 (2018), 134-142.

[23] M. Petrich, The Translational Hull in Semigroups and Rings, Semigroup Forum 1 (1970), 283-360.

[24] N.R. Reilly, The Translational Hull of an Inverse Semigroup, Can. J. Math. XXVI (1974), 1050-1068.



20
PASCHAL U. OFFOR, U. R. NDUBUISI, CHINEDU OBASI
[25] N.R. Reilly, Extension of Congruences and Homomorphisms to Translational Hulls, Pac. J. Math. 54 (1974),
209-228
[26] H. Zhibin, The Translational Hulls of WPP Semigroups, Int. Math. Forum, 4 (2009), 1397-1404.



