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Abstract. The object of this paper is to investigate some classes of infinite matrices, i.e., (Ioo(p, s),v%) and
(lo(p, 8),vZ,), where v7 is the space of all bounded sequences all of whose o- means are equal, vZ, is the
space of o-bounded sequence and the space I (p, s) have been defined and studied by T. Jalal and Z. U.
Ahmad [5].
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Preliminaries, background and Notation: A sequence space is defined to be a linear space of real or
complex sequences. Throughout the paper N; R and C denotes the set of non-negative integers, the set of
real numbers and the set of complex numbers, respectively. Let w denote the space of all sequences (real
or complex); I and ¢ respectively, denotes the space of all bounded sequences, the space of convergent
sequences. Also, by ¢s, I; and I(p) we denote the spaces of all convergent, absolutely and p-absolutely

convergent series, respectively. Also, by f we denote the set of almost convergent sequences.

Let o be a mapping of the set of positive integers into itself. A continuous linear functional ® on [,
is said to be an invariant mean or a o-mean if and only if (¢) ®(x) > 0, when the sequence z = (zy,)
has x,, > 0 for all n; (ii) ®(e) = 1, where e={1,1,1,.....}; and (ii1) ®(2,(,)) = P(x) for all z € .
Through out this paper, we deal only with mappings o as one to one and are such that ¢™(n) # n, for

all positive integers n and m, where ¢ (n) denotes the mth iterate of the mapping o at n. If o is the
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translation mapping n — n+ 1, a ¢ mean is often called a Banach limit (see, [1, 3-5]). If z = (z,,), write

Tx = (Txn) = (Zy(n))- It can be shown (see[12]) that

v? = { 2 Els : lim ¢y, (x) = L uniformly in n, L =0 — lima:} ,
m—0o0

where,

m

1 . .
tmn(x) = m par Tjil'n, zjn = ZL’ag(n), t_lm(:c) =0.

We define vZ, the space of o—bounded sequences (see [9]) in the following wa:

v, ={z € w:sup|Pp, ()| < oo},

m,n

where,
(I)m,n(x) = tm,n(m> - tm—lyn(z)
(1) :#Zj(zj ~ T 2,).
m(m+ 1) 4 " "

j=1

If 0(n) = n+1, then v, is the set of almost bounded sequences fo, (see, [2, 3, 8, 10-14]). The approach
of constructing a new sequence space by means of matrix domain of a particular limitation method has
been studied by several authors viz., (see, [1, 2, 7-9, 13]). In [2], Jalal and Ahmad [5] have defined the
space I (p, 8) and characterized the classes (loo(p, 8),ls0) and (Ioo(p, s), f). The object of this paper is to

characterize the classes of matrices (loo(p,s),v?) and (I (p, s),vZ,), where the space I (p, s) is defined

as follows:

loo(p, ) = {m ssup k%P < o0, s > 0} .
k
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1. SOME MATRIX TRANSFORMATIONS

Let X, Y be two sequence spaces and let A = (a,x) be an infinite matrix of real or complex numbers a,,,
where n, k € N. Then, the matrix A defines the A-transformation from X into Y, if for every sequence
x = (z1) € X the sequence Az = {(Ax),}, the A-transform of z exists and is in Y'; where (Ax), =
> angxy. For simplicity in notation, here and in what follows, the summation without limits runs from
Okto 00. By A € (X :Y) we mean the characterizations of matrices from X toY ie., A: X =Y. A

sequence x is said to be A-summable to [ if Az converges to [ which is called as the A-limit of x.

We note that, if Az is defined, then it follows from (1) that, for all integers n,m > 0

D, 0 (Ax) = Zx(n, k,m)xy
k

where

Xnkm) = e 3ol (n). ) = ol (). )

Theorem 2.1: Let 1 < pi < sup, pr = H < oo for every k, then A € (I (p, s),vZ) if and only if

)’ o0

there exists an integer N > 1 such that

(2) Supz Ix(n, k, m)|q’“kiNﬁ < 0.
myn
Proof: Let A € (Ioo(p,s),v,) and that x € [ (p, s). Put

gn(x) = sup | D, (Ax)].

For n > 0, g, is continuous semi-norm on [ (p, s) and (g, ) is pointwise bounded on I (p, s). Suppose

that (2.1) is not true. Then there exists x € loo(p, s) with

sup g (x) = 0.
By the principle of condensation of singularities (see[15]), the set
{:z: € lo(p; s) : supgn(x) = OO}

is of second category in lo(p, s) and hence nonempty i.e.,there is x € I (p, s) with sup,, ¢,(z) = co. But

this contradicts the fact that g, is pointwise bounded on I (p, s). Now, by Uniform bounded principle,
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there is constant M such that

(3) qn(z) < Mg(x)

Applying (3) to the sequence x = (xj) defined as in [5] by replacing anr (i) by a(n,k,m), we then

obtain the necessity of (2).

Sufficiency. Let (2) holds and = € [ (p, s). Using the following inequality

|ab] < C(la"C™% + [b[")

for C > 0 and a, b two complex numbers (p > 1 and p~* + ¢~ = 1) (see [7, 15]),we have

‘q)m,n(Awﬂ =

Z X(na k7 m>$k:
k

IN

3 x(n, k, m)zy|
k

IA

> Nl b m)| %5 N7x + [Pk )
k

Taking the supremum over m,n and using (2.2) we get Az € v, for © € I (p, 5). i.e, A € (Ioo(p, 5),vT,).

This completes the proof of the theorem.

Theorem 2.2: Let 1 < p < supy, pr = H < oo for every k, then A € (I (p, s),v7) if and only if there

exists an integer N > 1 such that

s 1
(7) supz [t(n, k, m)|?*kPr NPx < oo,
m,n 7

(#4) limt(n,k, m) = aj uniformly in n, for every k.
m
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Necessity: Let A € (loo(p, s),v7) and that z € loo(p, s). Write ¢, () = sup,, |tmn(Ax)|. It is easy to
see that for n > 0, g, is continuous semi-norm on I (p, s) and g, is pointwise bounded on I (p, s). Sup-
pose that (7) is not true. Then there exists x € lo(p,s) with sup,, g,(z) = oo. By the principle of

condensation of singularities [15], the set
{ﬂf € l(p,s) :sup gn(z) = OO}

is of second category in [ (p, s) and hence non empty i.e, there is « € I (p, s) with sup,, g, (z) = co. But
this contradicts the fact that (g, ) is pointwise bounded on I, (p, s). Now by Banach-Steinhauss theorem,

there is constant M such that

(4) an(x) < Mg(z)

Now define a sequence x = () by

(sgn t(n, k,m)k? N7t, 1<k < ko
T =
0 , k> ko

Then it is easy to see that = € I(p,s). Applying this sequence to (4) we get the condition (7). Since

er € loo(p, 8), condition (4i) follows immediately by taking z = e.

Sufficiency. Let (i) and (i¢) hold and x € I (p, s). For j > 1

J
Z [t(n, k,m)\q’“kaNP%c < supz [t(n, k,m)|q"‘k7kNi < oo for every n.
k=1 ™ok

Therefore,

g J s
3 lanl® kP Now = limlim > [¢(n, k,m)|% kP Nox
k iom k=1

IN

sup E \t(n,k,m)\qkk;k]\fplk < 00.
m
k

Consequently the series ), t(n, k,m)x), and ), ayx) converges for every n, m and for every € I (p, s).
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Now for € > 0 and x € lo(p, s). Choose kg € N such that

ST Jalk <1

E>ko+1

By condition (i7), there exits mg such that

for every m > myg. By condition (7), it follows that

Z [t(n, k,m) — ag]

k>ko+1

is arbitrarily small. Therefore
limz t(n,k,m)x, = Z ayzy uniformly in n.
m
k k

Hence A € (loo(pa S)a UU)
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