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Abstract. In present paper we prove a unique common fixed point theorem for four weakly compatible

self-mappings in Menger-PM spaces without using the notion of continuity.
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1.Introduction

There have been number of generalizations of metric spaces.One such is probabilistic
metric spaces(in brief PM-spaces)introduced by K. Menger [3] in 1942.The study of these
spaces expanded rapidly with pioneering work of Schweizer and Sklar [5,6].Further in
1972,Sehgal [7] initiated study of contraction mappings in PM-Spaces.Since then there
have been great developments in fixed point theorems with different conditions on map-
pings or on spaces itself. The notion of weakly commuting maps was initiated by Sessa [§]
in metric spaces.Jungck [6] gave the concept of compatible maps and showed that weakly
commuting maps are compatible but converse is not true.Jungck [2] further weakened the

notion of compatibility and showed that compatible maps are weakly compatible but the
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converse is not true.Mishra [4] introduced the concept of compatible self-maps in Menger
spaces and obtained a common fixed point theorem for four self mappings using compat-
ibility and continuity of two functions.Singh and Jain [9] obtained a common fixed point
theorem in Menger spaces through weak compatibility and continuity of one function and
thus generalized the results of Mishra [4].In present paper we prove a unique common
fixed point theorem for four self-mappings using weak compatibility and without using
continuity.Doing so we establish a unique common fixed point theorem with less number
of conditions in comparision of Mishra [4].Later we extend oue result to sequence of map-
pings whereas B. Singh [9] extended the result of Mishra[4] upto six mappings.In paper

let R* denotes set of all non-negative real numbers.

2. Preliminaries

Definition 2.1. A mapping F' : R — R" is called a distribution function if it is non-
decreasing and left continuous with inficg F'(t) = 0 and sup;egF'(t) = 1.Let D denotes the
set of all distribution functions whereas H stands for specific distribution function(also

known as Heaviside function) defined as

0, t<0;
H{(t) =
1, t>0.

Definition 2.2. A PM-space is an ordered pair (X, F')consisting of non- empty set Xand
a mapping F' from X x X into D.The value of F' at (z,y) € X is represented by F, ,.The
functions F), ,are assumed to satisfy the following conditions:

(PM1) F,,(t) =1 for all t > 0 if and only if z = y;

(PM2) F,,(0) = 0;
(PM3) Fyy(t) = Fyo(t);
(PM4) if F, ,(t) =1 and F, ,(s) = 1,then F, ,(t +s) = lfor all z,y € X and t,s > 0.

Every metric (X, d) space can always be realized as a PM-space by considering F' from

X x X into D as F,,(s) = H(s — d(u,v)) for all u,v € X.
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Definition 2.3. A mapping A : [0, 1] x [0,1] — [0, 1] is called a triangular norm (briefly
t-norm) if the following conditions are satisfied:

(D)A(a,1) =a for all a € [0,1];

(2) A(a,b) = A(b, a);

(3) A(e,d) > A(a,b) for ¢ > a,d > b;

(4) A(A(a,b),c) = A(a, A(b,¢)) for all a,b,c,d € [0, 1].

Examples of t-norm are A(a,b) = min(a,b), A(a,b) = aband A(a,b) = min(a+b—1,0)
ete.

Definition 2.4. A Menger space is a triplet(X, F, A),where(X, F')is a PM-space,Ais
t-norm and the following condition hold:

(PMB)F, ,(t+s) > A(F,4(t), F, .(s)) holds for all z,y,z € X and t,s > 0.
Definition 2.5. A sequence {p, }in a Menger space (X, F, A) is said to converge to a point
pin X if for every € > 0 and A > 0,there is an integer N (e, A) such that F), ,(e) > 1— A for
all n > N(e,\).The sequence is said to be Cauchy sequence if for every ¢ > 0 and
A > 0,there is an integer N (e, A) such thatF), , (¢) > 1— Xfor all n,m > N(e, \).
Definition 2.6. Self mappings A and S of a Menger space (X, F,A) are said to be
compatible if Fag,, sas,(€) — 1 for all € > 0 when {z,}is a sequence in X such that
Ax,, S, — u for some u € X as n — oo.

Definition 2.7. Self mappings A and S of a Menger space (X, F, A) are said to be weakly
compatible if they commute at their coincidence point that is, Ax = Sx for x € X implies
ASx = SAx.

Lemma 2.1. [9]Let (X, F,A) be a Menger Space.If there exist h € (0,1) such that
F,.(ht) > F,,(t) for all u,v € X then u = v.

Let @ be the class of all real-valued continuous functions ¢ : (R™)* — R, non-decreasing
in first argument and satisfying the following conditions:

for all z,y > 0,¢(x,y,x,y) > 0 or ¢(x,y,y,x) > 0 implies x >y (2.1)

¢(r,z,1,1) >0forall z > 1 (2.2)
Example 2.1. Define ¢ : (R")* — R as ¢(x1, 2o, 13, 74) = 221 —maz{2xq, 13/2,24/2} Let
x,y > 0 such that ¢(x,y,z,y) > 0 implies 22 — max{2y,x/2,y/2} > 0 implies 2z —
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max{2y,x/2} > 0.If max{2y,x/2} = 2y, then 2x—2y > 0 implies z > y. lf maz{2y, z/2} =
x/2 then 2x — x/2 > 0 implies 2 > z/2 > 2y implies x > y.Similarly 2 > y can
be proved when x,y > 0 such that ¢(x,y,y,z) > 0.Let x > 1, then ¢(z,z,1,1) =

2x — max{2x,1/2,1/2} = 2x — 22 = 0. Hence ¢ € ®.
3. Main results

Theorem 3.1 Let A,B,S and T be self mappings on a complete Menger Space (X, F, A)where
A = min and satisfying

(3.1) A(X) CT(X),B(X) C S(X).

(3.2) Pairs (A, S) and (B, T) are weakly compatible.

(3.3) O(Faupu(ht), Fsuru(t), Fausu(t), Fpors(ht)) > 0.

for all u,v € X,t > 0,h € (0,1).Then A,B,S and T have a unique common fixed point
in X.

Proof: Define sequences < x,, > and < y, > in X such that ys,11 = Axo, = Twoni1
and Yop 19 = Bro,1 = Sxopye for n=20,1,2...

Putting v = x9,,v = Zg,41in (3.3) we get

A(F'Azan Boonsr (M), Fszoy, Taon iy (8)s Fazen,Swon (1) FBaop iy Twonss (RE)) > 0.

O F v wonsa (M)s Fyayonin )5 Fyorrir o (1) Fya oo ia (1)) 2 0.

Using (2.1) we get

Epnityonsa(A) 2 Fip i ()
(t) = F,

We can write Fy, ,. .,

oty (1) form =23, ... (3.4)
Let €, A be positive reals.Then for m > n by (PM?5) we have
Eyyn(€) = A(F, (€ = he), Fy, 11y, (he))

(25)s Fypir i (he)) by (3.4)

> A(F,
(k) A(F, (he — h?%¢), F, (h?€)))

Y1,Y2

2 A(Fyl,yQ hn—1 Yn+1,Yn+2 )T Yn42,Ym
> A(Fy s (5725), A(Fy, s (B5559), F, (h?€)))
— Y1,Y2\ pn—1 /> Y1,Y2 hn )" Yn42,Ym

2 A(A(Fyl,m(}i;_ﬁi)a Fyl,yz(%))a Fyn+27ym(h2€))
> A(Fyhyz(;;_ﬁi)’ Fyn+2,ym(h2€))

Repeated use of these arguments gives
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> A(Fy, 4 (529), Fy sy (R 7177))
> A(Fy, 40 (525), Fyp o (M)

> A(Fy, y, (5725)s Fyy g (G725))

> Fyy o (5725)

if N be chosen that Fy, ,, (&%) > 1 — X it follows that F, , (¢) > 1 — X for all
n > N.Hence {y,} is a Cauchy sequence in X which is complete so let {y,} converges
to point z in X.Its subsequences {Axay, } {Tvon41},{Bront1},{STani2} also converges to
z.Since B(X) C S(X) there exist a point p € X such that z = Sp. Using (3.3) we have

O(Fap,Branss (M), Fsprws, 1 (8) Fapsp(t), Faoy i1 Tws, 0 (W) 2 0.

Taking n — 00,¢(Fap . (ht), Fsp . (t), Fapsp(t), Fs.(ht)) > 0.

O(Fapz(ht), F. (), Fap:(t), Fr 2 (ht)) = 0.

O(Fap,-(ht), 1, Fa,.(t),1) > 0.

¢ is non-decreasing in first argument gives ¢(Fap, (1), 1, Fap.(t), 1) > 0.

By (2.1), Fa4p.(t) > 1 which gives Ap=z.Therefore Ap = Sp = z. Since A and S weakly
compatible mappings we have SAp = ASp implies Az = Sz.From (3.3) we get

A(Faz,Brop iy (PE), Fszman, i (8), Fazs:(t), FBagy iy Twani. () > 0.

Taking n — 00,¢(Fa. .(ht), Fs..(t), Fa.s.(t), F..(ht)) > 0.

O(Faz.(ht), Fa,.(t),1,1) > 0.

¢ is non-decreasing in first argument gives ¢(Fa. .(t), Fa,.(t),1,1) > 0.

By (2.2)F4,.(t) > 1 implies Az = z.Therefore Az = Sz = 2. As A(X) C T'(X) there
exist a point ¢ € X such that z = T'¢.By (3.3) we get

O(Fazy,Bq(Mt); Fswa, 74(t), FAzan, S22, (1), Fgrq(ht)) > 0.

Taking n — 00,¢(F, gy(ht), F, (1), F, .(t), Fp,.(ht)) > 0.

O(F,pe(ht), 1,1, F, .(ht)) > 0.

By (2.1), F, py(ht) > 1 implies z = Bg.Therefore 2 = Bq = T'¢.Similarly as B and T
are weakly compatible mappings so BT'q = T'Bq implies Bz = T'z.Using (3.3)we get

O(Fazy,,Bz(ht), Fswy, 7=(t); Fawy, S0, (t), Fpzr2(ht)) > 0.

Taking n — 00,¢(F, g, (ht), Fyr.(t), F, .(t), Fp.1:(ht)) > 0.

O(F B2 (ht), F. s (t), F. 2 (t), Fs,p2(ht)) > 0.
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¢(F B2 (ht), F, p2(t),1,1) > 0.

¢ is non-decreasing in first argument gives ¢(F, .(t), F. 5.(t),1,1) > 0.

By (2.2),z = Bz.Therefore z = Bz = Tz.Hence z = Bz = Tz = Az = Bz.Therefore
mappings A,B,S and T have a common fixed point in X .Let z; be another common fixed
point of mappings A,B,S and T.Then z; = Bz; = Tz = Az; = Bz;.From (3.3) we get

O(Faz Bz (1), Fszmz (1), Faz s:(t), Fzy 12 (ht)) > 0.

O(For (ht), Fomy(8), For(t), Fir (1)) > 0.

O(Fz (ht), Fr oy (t),1,1) > 0.

¢ is non-decreasing in first argument gives ¢(F ., (t), F. ., (t),1,1) > 0.

By (2.2),F, ., > 1 implies z = z;.Hence z is a unique fixed point of mappings A,B,S
and T

Remark 3.1. In Theorem 3.1 we have used less number of conditions in comparison
of Mishra [4] in the sense that continuity of functions has not been used.Also one more

notable point is that we have used weak compatibility in comparison of compatibility in

Mishra [4].

Corollary 3.1. Let A,S and T be self mappings on a complete Menger Space (X, F, A)where
A = min and satisfying

(3.5) A(X) CT(X)NS(X).

(3.6) Pairs (A, S) and (A, T) are weakly compatible.

(3.7) ¢(Fau.a0(ht), Fsuro(t), Fausu(t), Favro(ht)) > 0.

for all u,v € X,t > 0,h € (0,1). Then A,S and T have a unique common fixed point in
X.

Corollary 3.2. Let A and S be self mappings on a complete Menger Space (X, F, A)where
A = min and satisfying

(3.8 A(X) C S(X).

(3.9) Pairs (A, 5) is weakly compatible.

(3.10) ¢(Fau,a0(ht), Fsu,50(t), Fausu(t), Favse(ht)) > 0.
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for all u,v € X,t > 0,h € (0,1).Then A and S have a unique common fixed point in
X.

Corollary 3.3. If in hypotheses of Theorem 3.1, condition (3.3) is replaced by the
following condition

Fuuo(ht) > min{Fsy1v(t), Fausu(t), Fpore(t)}. Then mappings A,B,S and T" have a
unique common fixed point in X.

Proof:By following the proof of Theorem 3.1 and using Lemma 2.1.
Example 3.1. Let X = R with the metric d(u,v) = |u — v| and define F,,(s) =
H(s—d(u,v)) for all u,v € X.clearly (X, F, min) is a Menger space.Let A, B, S and T be
self- mappings from X into itself defined as T'(z) = 22 + 1 for all x € X,S(z) = z for all
r € X,A(x) = B(x)=-1for all x € X.

Then we see that

(1) A(X) CT(X) and B(X) C S(X).

(2) pairs (A, S) and (B, T) are weakly compatible.

(3) Let ¢ : (R")* — R be defined as ¢(zy,x9,73,24) = o1 — 22.Then ¢ € ® and
condition (3.3) of Theorem 3.1 is satisfied for h € (0,1) and ¢ > 0.Thus all conditions of
Theorem 3.1 is satisfied and —1 is a unique common fixed point of mappings A, B, S and

T.

4. An application

Theorem 4.1 Let (X, F, min) be complete Menger space.Let A,B,S and T' be mappings
from X x X into X such that

(3.11) A(X x {v}) CT(X x {v}), B(X x {v}) C S(X x {v} for all v € X.

(3.12) A(S(u,v),v) = S(A(u,v),v) for all (u,v) € C[A,S] where C[A, S| denotes col-
lection of coincidence points of A and S.

B(T(u1,v1),v1) = T(B(ug,v1),v1) for all (uy,v1) € C[B,T]| where C[B,T] denotes
collection of coincidence points of B and T

(313) ¢(FA(U,U),B(U1,’L)1)<ht>7 FS(U,U),T(UL’Ul)(t)7 FA(u,v),S(u,v) (t), FB(Ul,Ul),T(U1,’U1)<ht)) > 0.
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for all u,v,uy,v; € X,t > 0,h € (0,1).Then there exist exactly one point p in X such
that A(p,v) = B(p,v) = S(p,v) =T (p,v) =p for all v € X.

Proof:For a fixed v € X and v = v,(3.11),(3.12),(3.13)corresponds to (3.1),(3.2),(3.3)
of Theorem 3.1 so by Theorem 3.1 for each v € X there exist unique point u(v) in X such
that

A(u(v),v) = S(u(v),v) = B(u(v),v) = T(u(v), v) = u(v)

Now for every v, v; in X from (3.13) we get

A(Fa@w).).Buwn.on) (), Fsu().o) 1)) (),

Fa@)0),50)0) (1) FB:),vn).ruwn) o) (1)) 2 0.

P(Fu(w)u(won) 1) Futw)u(won) (0), Fu)u) (), Fuqn) u(wn) (b)) = 0.

O(Fuw) uen) (ht), Fugw) u(wn) (1), 1,1) = 0.

¢ is non-decreasing in first argument gives

O(Fu()u(on) (), Fu@)u(n(t),1,1) 2 0.

By (2.2) Fuw)u@)(t) > 1 implies u(v) = u(vy).Hence u(.)is some point p € X and so
A(p,v) = B(p,v) = S(p,v) =T(p,v) =p for all v € X.

Theorem 4.2 LetS,Tand{ A; } ;c ybe self mappings on a complete Menger Space (X, F, A)where
A = min and satisfying

(3.14) A;(X) CT(X), A1 (X) C S(X).

(3.15) Pairs (A;,S) and (A;41,T) are weakly compatible.

(3.16) O(Fazu,a;10(ht), Fsuro(t), Fausu(t), Fa,yore(ht)) > 0.

for all u,v € X,t > 0,h € (0,1).Then S, T and {A;};cn have a unique common fixed
point in X.

Proof:Let ¢« = 1, we get hypothesis of Theorem 3.1 for maps A;,4,,T and S.By using
Theorem 3.1 we get z is a unique common fixed point of maps A;,4,, T and S.Now z is a
unique common fixed point of 7',5,A4; and T',5,A,.Otherwise, if z;is a second fixed point
of T',S and A; then by (3.3) we have

O(Fay2y,A52(At), Fsy 12 (t), Fayzy 820 (), Fayr:(ht)) > 0.

O(F, 2(ht), s, o(t), sy 2 (8), F. . (Rt)) > 0.

O(Fs, 2(ht, Fy, .(t),1,1) > 0.
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By (2.2) we get F,, . > 1 implies z; = 2.

Similarly we can show z is a unique common fixed point of mappings 7,5, A,.

Now by putting ¢ = 2,we get hypothesis of same theorem for maps 7T,5S,4; and

As.consequently there exist a unique common fixed point for maps 7T',S, A, and As.Let this

point be z.Similarly z5 is a unique common fixed point of T7',5,A5 and T',S,A3.Thus z =

z9.Hence we get z is a unique common fixed point for maps 7',5,41,A5 and A3.Continuing

in this way we see that z is a unique common fixed point for S, T and {A;}ien-

Remark 4.1. B. Singh [9] generalized the result of Mishra [4] to six mappings by using

weak compatibility and continuity of one function and we have extended our result to

sequence of mappings without using continuity of any function.
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