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1. Introduction and Preliminaries

In 2007 Huang and Zhang [8] have generalized the concept of a metric space, replacing the set of
real numbers by an ordered Banach space and obtained some fixed point theorems for mapping
satisfying different contractive conditions. Subsequently, many authors have established and
extended different types of contractive mappings in cone metric spaces, see for instance
[3].[4],6],[7].[11] and [12]. The author [3] proved fixed point theorems for mappings satisfying

generalized contractive condition in cone metric spaces.
The purpose of this paper is to extend and improve the fixed point theorems of [3,8,12].

We recall some definitions of cone metric spaces and some of their properties.
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569 CONE METRIC SPACES AND FIXED POINT RESULTS

Definition 1.1 :Let (E, t) be a topological vector space and P c E. Then P is called a cone

whenever

@ P is closed, non-empty and P # {0};
(b) ax + by € P forall x, y € P and non-negative real numbers a, b;

(c) x€EPand—x€P=>x=0sPn(—P)={0}.

Given a cone P c E, a partial ordering is defined as < with respect to P, by x < y if and only

ify —x € P. We write x < yto indicate that x < ybut x # y.

For x,y € P,x < ystand for y — x € int P, where int Pis the interior of P.

Definition 1.2 (See[8]): Let X be a non-empty set, a mapping d:X X X — E is called cone

metric on X if the following conditions are satisfied:

(d1) 0 < d(x,y)forall x,y € X,and d(x,y) = 0 ifand only if x = y;
(d2) d(x,y) = d(y,x)forall x,y € X;
d3)d(x,y) <d(x,z) +d(z,y)forall x,y,z € X.

From now on, we assume that E'is a normed space, P is a cone in Ewith int (P) # @and <is a

partial ordering with respect to P, and (X, d) is called cone metric space.

Definition 1.3 (See[8]): Let (X, d) be a cone metric space and {x,, }be a sequence of points of X.
Then

0] {x,} converges to x € X and denoted by lim,,_,, x,, = x or x,, = x,if for any

c € int (P), there exists N such that foralln > N,d(x,,x) < c.
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(i)  {x,}is called Cauchy if for every ¢ € int (P), there exists N such that for all
n,m > N,d(x,, xy) <c.

(iii) (X, d)iscomplete if every Cauchy sequence in X is convergent.

Definition 1.4 (See[3]): A functionF: P — P is called «- increasing if, foreach x,y € P;x < y
ifand only if f(x) < f(y).

Let F: P — P be a function such that

(F1) F(t) =0 ifandonlyift = 0;

(F2) F is « — increasing;

(F3) F issurjective.

We denote by Y(P, P) the family of functions satisfying (F1), (F2) and (F3).

Lemma 1.1(See[4]): Let E be a topological vector space. If ¢, € E and c¢,, = 0, then for each

c € int (P) there exists N such that c,, < c for all n>N.
2.Fixed Point Theorems

Theorem 2.1:Let (X,d) be a complete cone metric space. Suppose that a mappingT: X — X

satisfies
F(d(Tx,Ty)) < k{F(d(Tx,x) + d(x,y) + d(TY,¥))} cvvvvveeeeannn. (2.1)
Forall x,y € X; where k € [O, %) and F € Y(P, P) such that

() Fis sub-additive;
(2) If, for {c,} < P,lim,_,.F(c,) = 0 then lim,_, ¢, = 0.

Then T has a unique fixed common point in X. For eachx € X, the iterativesequence{T"x}is

convergent to the fixed point.

Proof: Let each x, € Xbefixed. Let x; = Tx,and’ letx,,,,; = Tx, = T""1x, forall n e N.
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From (2.1) with x = x,, and y = x,,_;, we have

F(d(py1,%n)) = F(d(Txp, Txp_1))
< k{F(d(Txp, xn) + d(xp, Xp—1) + d(Txp-1,Xn-1))}
= k{F(d(xp+1, Xn) + d(xn, Xn_1) + d(xn, Xp-1))},
Which implies
F(d(xn41, %)) < 7F(d(xp, xp_1))foralln € N
Where r = %

Hence

F(d(tpy1, X)) < 7F(d (X, Xp-1)) < rzF(d(xn—lrxn—z))

<------ < TnF(d(xp xo))'

We now show that {x,,} is a Cauchy sequence in X.
For m > n, we have
F(d(xn, xm)) < F(d(p Xn11) + d(Xniq, Xna2) + —— — =
— == t d(Xm-1,%m))
< F(dC ,xn41) + F(dQtnan, Xna2)) + = — — =
——— —+F{d(Xm-1,%m))
< r"F(d(xy, %)) + 7™ F(d (g, %0)) + — — — — —
—— — — ™IF(d (%, X))

< ITmTF(d(xl,xO)) - 0.
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Hence lim,, 00 d (X, X;y) = 0 by (ii). Applying Lemma 1.1, {x,,} is a Cauchy sequence in X.

Since X is complete, there exists z € X such that lim,,_,,, x, = z.

Let ¢ € int (P) be given. We can choose N € N such that

d(xp41,%,) K F71 (C(i—;k))and

d(x, z) < F7H (£=2)forall n > N.

By (F2) and (F3),

c(1-k)
3k

and

F(d(xp41,%0)) K
F(d(xy, 7)) « “forall n > N.
Then we have
F(d(Tz,2)) < F(d(Tz,Txp_1) + d(Tx,_4,2))
< k{F(d(Txp-1,%n-1) + d(xn_1,2) + d(Tz,2))}
+F(d(xp, 2))
— k{F(d(xn,xn_l) +d(xp-1,2) + d(Tz, Z))}
+F(d(xp, 2))
Hence wehave
F(d(T722)) < 15 F(d(no1,%0)) + 15 F (A G, D))+ F (A, 2))
K-+-+o=c

Thus, F(d(Tz,2)) < ~foralln € N, and so = — F(d(Tz2)) € P. Since~ - Oand P is

closed,—F(d(Tzz)) € P. Hence F(d(Tz, z)) = 0.
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By (F1),d(Tz,z) =0andsoz = Tz.
Assume that u is another fixed point of T.
Then from (2.1) ,we have
F(d(z,w)) = F(d(Tz Tw))
< k{F(d(Tzz)+d(z,u) + d(Tu,u))}
= k{F(d(z, z) +d(z,u) + d(u, u))}
F(d(z,u)) < kF(d(z,u))
Which impliesz = u.
Therefore, T has a unique fixed point in X.

Theorem 2.2: Let (X,d) be a complete cone metric space. Suppose that a mappingT: X — X

satisfies

F(d(Tx,Ty)) < k{F(d(Tx,y) + d(x,y) + d(x, TY))} cvvveeernirns (2.2)
Forall x,y € X; where k € [O, %) and F € Y(P, P) such that

(1) Fis sub-additive;
(2) If, for {c,} c P,lim,_F(c,) = 0thenlim,_. ¢, = 0.

Then T has a unique fixed point in X. For each x € X, the iterative sequence{T"x}is convergent
to the fixed point.

Proof: Let each x, € X be fixed. Let x; = Txpand let x,,,; = Tx,, = T"*1x, for alln € N.
From (2.2) with x = x,and y = x,,_4, we have

F(d(xn+1,xn)) = F(d(Txn’Txn—l))
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< k{F(d(Txn ix‘n—l) + d(x‘n 'x‘n—l) + d(xn 'Txn—l))}
= k{F(d(Xps1 ,Xn-1) + d(xy , Xn_1) + d(xn , %))}

< I{F (d(Xns1 , Xn-1))} + {F (A, %n-1))}

Which implies

F(d(xp41, %)) < 1F(d(xy, xp—q))forall n € N,

2k
1-k

Where =

Hence,
F(d(xpt1,%n)) < 17F(d (%, Xp-1)) < 72F(d(Xp_1, Xn—2))
<------ < r"F(d(xq1,%,)).
We now show that {x,,} is a Cauchy sequence in X.
For m > n, we have
F(d(xp, Xm)) < F(d(xXp, Xni1) + d(Fpsr, Xngz) + = — =

-- -+ dOogn_1, Xm))-

= F(d(xn, xn+1)) + F(d(xn+1,xn+2)) +—-—-

_____ +F(d(Xm-1,%m))-

< r"F(d(xy, x0)) + T F(d(xq,%0)) + — — —
""" +r™ 1 (d(x, %0))

< T F(d(x, %0)) = 0.
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Hence lim,, 00 d (X5, X)) = 0 by (ii). Applying Lemma 1.1, {x,} is a Cauchy sequence in X.

Since X is complete, there exists z € X such that lim,,_,,, x, = z.

Let ¢ € int (P) be given. We can choose N € N such that

d(x,,z) < F! (C(lT_k))for all n>N

By (F2) and (F3),
F(d(xy, 2)) « “forall n > N.
Then we have
F(d(Tz 2)) < F(d(Tz Txp_1) + d(Txy_1,2))
< k{F(d(Txp_1,2) + d(xn_1,2) + d(x,_1,T2))}
+F(d(xy, 2))
= k{F(d(xn, 2) + d(Xn_1,2) + d(Xn_1,T2))}
+F (d(xy, 2))
< k{F(d(xp, 2) + d(xn_1,2) + d(xp_1,2) + d(Tz,2))}
+F(d(xp, 2))
Hence we have,
(1 — k)F(d(Tz 2)) < 2kF(d(xn_1,2)) + kF(d(xy, 2))
+F(d(xp, 2))

F(d(Tz,2)) < 2 F(d@n-1,2)) + 7= F(d(xn, 2))+—F (d(xn, 2))
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«Ey iy,
4 4 4

Thus, F(d(Tz,2)) < - forall n € N, and so- — F(d(Tz,z)) € P. Since - — 0 and P is closed,
—F(d(Tz,z)) € P.Hence F(d(Tz, z)) = 0.
By (F1),d(Tz,z) =0andsoz = Tz.
Assume thatu is another fixed point of T.
Then from (2.2) ,we have
F(d(z,w) = F(d(Tz Tw))
< k{F(d(Tz,u) +d(z,u) + d(z,Tu))}
< k{F(d(z,u) +d(z,u) +d(z,u))}
< 3kF(d(z,w))
Hence d(z,u) = 0and soz = u.

Therefore,the fixed pointof T is unique.
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