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Abstract. Recently, in the paper [J. Harjani, B. Lopez and K. Sadarangani; A fixed point theorem
for mappings satisfying a contractive condition of rational type on a partially ordered metric space,
Abstract and Applied Analysis, Volume (2010), Article ID 190701, 8pages], some fixed point theorems
were established for mappings satisfying a rational type contractive condition in partially ordered metric
space. In this paper, we obtain some corresponding coupled fixed point theorems in partially ordered
metric spaces by employing a rational type contractive condition. Our results generalize and extend some

recently announced results in the literature.
Keywords: Coupled fixed point theorems; partially ordered metric spaces; rational type contractive

condition.

2000 AMS Subject Classification: 47H10; 54H25; 47H09

1. Introduction

*Corresponding author

E-mail addresses: lciric@reub.bg.ac.rs (L. Ciric), molaposi@yahoo.com (M. O. Olatinwo),
gopal.dhananjay@rediffmail.com (D. Gopal), agnebg@yahoo.co.uk (G. Akinbo)

Received January 7, 2012



2 L. CIRIC!, M. O. OLATINWO?, D. GOPAL®** AND G. AKINBO?
The notion of coupled fixed points was introduced by Chang and Ma [3]. Since then,
the concept has been of interest to many researchers in metrical fixed point theory.
Bhaskar and Lakshmikantham [2] established coupled fixed point theorems in a metric
space endowed with partial order by employing the following contractivity condition: For

a mapping T: X x X — X there exists k € (0,1) such that

d(T(z,y), T(u,v)) < —[d(z,u) + d(y,v)],V z, y, u, vE€ X, x> u, y<w. (1)

o |

Harjani et al [5] estabished some fixed point theorem in partially ordered metric space
setting by using a contractive condition of rational type. That is, for a mapping T: X —

X, there exist some «, € [0,1], with o + 8 < 1, such that

d(x,Tz).d(y, Ty)
d(z,y)

d(Tz, Ty) < « + Bd(z,y), (2)

Vr, ye X, x#uy.

The results of Harjani et al [5] are extensions of those of Jaggi [6]. Motivated by the
works of Jaggi [6] and Harjani et al [5], in the present paper, we shall prove corresponding
coupled fixed point theorems in partially ordered metric space by employing some notions
of Bhaskar and Lakshmikantham [2] as well as a rational type contractive condition. The
result of 2] has also been generalized and extended by Lakshmikantham and Ciric [7]. In
the recent times, several papers have been devoted to the study of the concepts of coupled

fixed points in partially ordered metric space. We refer to the reference section for detail.

2. Preliminaries

We consider the following definitions:
Definition 1.1: Let (X, d) be a metric space. An element (x,y) € X x X is said to be
a coupled fized point of the mapping T: X x X — X if T'(z,y) =x and T'(y,z) = y.
For the definitions above, we refer to [2, 4, 7].
Definition 1.2 [2]: Let (X, < be a partially ordered set and T: X x X — X. We say

that T has the mized monotone property if T'(x,y) is monotone nondecreasing in x and
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monotone nonincreasing in y, that is, V z, y € X,
Vo, v2€X, 11 220 = T(v1,y) X T(22,9)

and

Vouy, 12€X, y1 Ryo = T(z,p1) = T(x,y2).

3. Main results

Let (X, < be a partially ordered set and d be a metric on X such that (X, d) is a com-
plete metric space. We also endow the product space X x X with the following partial
order:

for (x,y), (u,v) € X x X, (u,v) <X (z,y) <= =z > u, y <.

Theorem 2.1: Let (X, <) be a partially ordered metric set and suppose that there
exists a metric d on X such that (X, d) is a complete metric space. Let T: X x X — X
be a continuous mapping which has the mixed monotone property such that, for some
a, B€[0,1), VYV, y, u, v € X, x+# u, we have

d(x,T(z,y)).d(u, T (u,v))
d(x,u)

d(T(x,y), T(u,v)) < « + pd(z,u), a+p < 1. (3)

Then, T has a coupled fixed point.

Proof. Choose (zo,y9) € X x X and set x1 = T(x0,y0), v1 = T(yo,x0), and in general,

Tpt+1 = T<xm yn)7 Yn+1 = T(ym xn)
With g < T'(z0,y0) = x1 (say) and yo = T(yo,z0) = 21 (say). By the iterative process
above, xo = T'(x1,y1) and yo = T'(y1, x1). Therefore,

T?(z0,y0) = T(T (20, Y0), T (yo, T0)) = T(1,y1) = o,

and

TQ(?J(J,xO) = T(T(yo, o), T(w0,40)) = T(y1,71) = ¥2.
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Due to the mixed monotone property of T', we obtain

zo = T*(20,y0) = T(x1,91) = T(0,%0) = x1, Y2 = T*(yo, x0) = T(y1, 1) = T(y0, 7o) = 1.

In general, we have that for n € IN,

Tnt1 = Tn—H(‘TOa yO) = T(TTL(xOv y0)7 Tn(y()a $0))7 Yn+1 = Tn+1(y0a ZL‘()) = T(Tn(y07 370), Tn(x()? y0))
It is obvious (as in [2]) that

zo =2 T(20,90) = 21 = T*(20,90) = T2 = -+ 2 T™(w0,90) = Tp = -+,

and
Yo = T(yo, w0) =31 = T (yo. w0) = 2 = -+ = T (Yo, T0) = Y = - -~
Therefore, we have by condition (3) that

d(Tpi1,2n) = d(T(2n, Yn), T(Tp-1,Yn-1))

j ad(xan(l‘nvyn)d)(';liaj:;i;?(xnil7yn71)) + /Bd(ajn7 '1:77,—1)

d(zn,Tnt1).d(Tn—1,Tn
= ( d(;i),zifl) L.70) + Bd(l‘n, xn—l)

= ad(Tp, Tpi1) + Bd(Tn, Tpo1),

from which it follows that

d(zp, Tpi1) < ( ) d(zp, Tp_1). (4)

11—«

Similarly, we have by (3) again that

d<yn+1a yn) = d(T(ym IL“n), T(yn—la xn—l))

d(Yn, T (Yn,xn))-d(Yn—1,T (Yn—1,Tn—
<a (yn,T(y )(i)(yi?{ynjl)(y 1 1))+Bd(yn,yn_1)

- ad(yn7yn+l) + ﬂd(ynayn—l)a

which yields

o es) = (T2 ) s )

We have from (4) and (5) that

d(-ﬁlﬁn, 513n+1) + d(ym yn+l) j ( ) [d(%’n, xn—l) + d(ynv yn—l)] : (6)

11—«



COUPLED FIXED POINT THEOREMS FOR MAPPINGS 5

Let 9, = d(xp, Tpns1) + d(Yn, Yns1) and A = % Then, we have from (6) that

5n j >\5n—1 j >\25n—2 j T j )\n(SO (7)

If 5o = 0, then (xq, o) is a coupled fixed point of 7.
Suppose that g > 0. Then, for each r € IN, we obtain by (7) and the repeated application

of triangle inequality that

AT, Tpar) + Ao Yntr) 2 [A( @0, Tpgr) + d(@ng1, Tns2) + o0+ d(@nsr—1, Tngr)]
A, Ynt1) + A(Ynt1, Ynt2) T+ d(Yntr—1, Yntr)]
= [d(@n, Tnt1) + A(Yns Yni1)] + [d(@ni1; Toiz) + d(Ynst, Ynr2)]
+ o+ [ d(@Tnr—15 Togr) + AYngr—1, Ynpr)]

j 5n+5n+1 + - +5n+r—1

A (1—X")do

=T

— 0 asn — oo. (8)

Therefore, {z,}, {y,} are Cauchy sequences in (X, d).

Since (X, d) is a complete metric space, there exist z*, y* € X such that nh_}lgo Tp =
and nh_}lgo yn = y*. We now show that (z*,y*) is a coupled fixed point of T :

Let € > 0. Continuity of 7" at (z*,y*) implies that, for a given § > 0, there exists a § > 0,
such that d(2*,u) + d(y*,v) < ¢ implies d(T'(z*,y*), T(u,v)) < §5.

Since {z,} — x and {y,} — v, for ¢ = min(s, g) > 0, there exist ng, my, such that, for

n > ng, m > mg, we have d(z,,z*) < ¢, and d(z,,,2*) < (.
Therefore, for n € IN, n > max{ng, mg},
d(T(z*,y*), z*) < d(T(x*,y*), Tni1) + d(Tpi1, T¥)
=d(T(z",y"), T(xn, yn)) + d(Tn41,2%) < 5+ e,
from which it follows that T'(z*,y*) = z*. In a similar manner, we can show that
Ty, ") =y".
Hence, (z*,y*) is a coupled fixed point of 7.
This complete the proof.

We state the next result without proof.
Theorem 2.2: Let the hypotheses of Theorem 2.1 hold. In addition, suppose that there

exists z € X which is comparable to z and y, V x, y € X. Then, T" has a unique coupled
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fixed point.

Suppose that there exist (z*,y*), (z/,y') € X x X are coupled fixed points of T.

Case(I): If z*, 2’ are comparable and y*,y" are also comparable, and z* # 2/, y* # ¢/, then

by the contractive condition, we have

d(a*,2") = d(T (", y"), T(«',y'))

= QAR - Bd(a, )

= odETEAE) | e, )

= pd(z*, 2'),

which gives d(z*,2") <0, f <1 (a contradiction). Thus, z* = 2.
* * * ad *,T *,m* d I,T I,CL’I *
Also, d(y*,y) = d(T(y*,2*), T(y,2)) < SULEG D TW)) 4 ga(y*, ),

from which it follows(as above) that d(y*,y’) < 0 (a contradiction).

Hence, y* = /. Therefore, (z*,y*) is a unique coupled fixed point of 7.

Case II: If 2* is not comparable to 2’ and y* is not comparable to ¢/, then by the contractive
condition, there exists w comparable to x* and ', and there exists v comparable to y*
and ¥/’

Monotonicity implies that w, is comparable to z} = T(z%_,,y% ;) = z*, and w, is
comparable to w;. Also, monotonicity implies that y is comparable to v and ¥ is also
comparable to ws.

On the other hand, if ! # wy, x!, # wy, then by the contractive condition, we get

d(wb .T*) = d(T<w17 w2)7 T(x:;fla y;;71>)

n

Case III: If (2*,y*) is not comparable to (2',y’), then there exists (w,v) comparable to

(x*,y*) and (2/,y’). Monotonicity implies that (T"(w,v), T" (v, w))
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T (x*, y*) T"(w,v) d T"(w,v) T (2, )
T"(y*, x* ’ T" (v, w) T" (v, w 7 T"(y', x")

PN
W

=d(T(z,y*), T (w,v)) + d(T"(y*, %), T" (v, w)) + d(T"(w, v), T (2", y'))
+d(T"(v,w), T"(y', x"))
< et T AT W) | g (g ) T AT ) | gn g )

d(z* w) d(y*,w)
+om.d(a: ,T"(xdﬁi?i;?(w,T”(w,v)) + ﬂn . d(U}, ZC/) + a”.d(v,Tn(vgl(;z){;fgy T (y x')) + Bn . d(U, y/)

= B [d(z*, w) + d(y*,v) + d(2',w) + d(y',v)] = 0 asn — oo.

Hence, T has a unique coupled fixed point.

Remark 2.1: Our results extend the corresponding results of Harjani et al [5] from

fixed point setting to coupled fixed point sense and also a generalization of Theorem 2.1

of [2].
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