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1. Introduction

The existence of fixed points for certain mappings in ordered metric spaces has been studied
by Ran and Reurings [18]. In [13], Nieto and Lopez extended the result of Ran and Reurings
[18] for nondecreasing mappings and applied their results to obtain a unique solution for a first
order differential equation. Afterwards, Huang and Zhang [8] introduced the concept of cone
metric spaces by replacing the set of real numbers by an ordered real Banach space with a cone.
So far, many researchers have established fixed point and common fixed point results for map-

pings under various contractive conditions in normal or non-normal cone metric spaces.Very
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recently, Cho et al. [5] introduced the concept of c-distance in cone metric spaces which is a
cone version of w-distance of Kada et al. [11] and proved some fixed point theorems by us-
ing c-distance in partially ordered cone metric spaces. In this paper we introduce the concept
of generalized c-distance in a partially ordered cone metric space and prove some fixed point
theorems by using this new concept of generalized c-distance. Our results will improve and

supplement some results in the existing literature.

2. Preliminaries

In this section we need to recall some basic notations, definitions, and necessary results from
existing literature. Let E be a real Banach space and 0 denote the zero element in E. A cone P
is a subset of E such that

(i) Pisclosed, nonempty and P # {0};

(ii) a,beR,a,b>0,x,ye P = ax+by€c P;

(iii) PN (—P)={6}.
For any cone P C E, we can define a partial ordering < on E with respect to P by x <y if and
only if y —x € P. We shall write x < y (equivalently, y > x) if x <y and x # y, while x < y will

stand for y — x € int(P), where int(P) denotes the interior of P. The cone P is called normal if

there is a number k& > 0 such that for all x,y € E,
0 < x <X yimplies ||x|| < k||y|-

The least positive number satisfying the above inequality is called the normal constant of P.
Rezapour and Hamlbarani [16] proved that there are no normal cones with normal constant

k<1.

Definition 2.1. [8] Let X be a nonempty set. Suppose the mapping d : X x X — FE satisfies

(i) 8 <d(x,y) forall x,y € X and d(x,y) = 0 if and only if x =y;

(ii) d(x,y) =d(y,x) forall x,y € X;
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(iii) d(x,y) = d(x,z) +d(z,y) forall x,y,z € X.

Then d is called a cone metric on X, and (X,d) is called a cone metric space.

Definition 2.2. [8] Let (X,d) be a cone metric space. Let (x,) be a sequence in X and x € X. If
for every ¢ € E with 6 < c there is a natural number ng such that for all n > ng, d(x,,x) < c,
then (x,) is said to be convergent and (x,) converges to x, and x is the limit of (x,). We denote

this by lim x,, = x or x, — x (n — o).
n—o0

Definition 2.3. [8] Let (X,d) be a cone metric space, (x,) be a sequence in X. If for any ¢ € E
with 6 < ¢, there is a natural number ng such that for all n,m > ng, d(x,,x,) < c, then (x,) is

called a Cauchy sequence in X.

Definition 2.4. [8] Let (X,d) be a cone metric space, if every Cauchy sequence is convergent

in X, then X is called a complete cone metric space.

Lemma 2.5. [19] Every cone metric space (X,d) is a topological space. Forc> 0, c€E, x €
X let B(x,c) ={yeX :d(y,x) <c}and B ={B(x,c):x€X,c> 0} Thent,={U CX:Vx €
U,3B € B,x € BC U} is a topology on X.

Definition 2.6. [19] Let (X,d) be a cone metric space. A map T : (X,d) — (X,d) is called

sequentially continuous if x, € X, x, — x implies T'x, — Tx.

Lemma 2.7. [19] Let (X ,d) be a cone metric space, and T : (X,d) — (X,d) be any map. Then,

T is continuous if and only if T is sequentially continuous.

Lemma 2.8. [17] Let E be a real Banach space with a cone P. Then
(i) Ifa << band b < ¢, then a < c.
(i) Ifa = band b < ¢, then a < c.

Lemma 2.9. [8] Let E be a real Banach space with cone P. Then one has the following.
(i) If 6 < c, then there exists & > 0 such that ||b|| < & implies b < c.

(ii) If an, by are sequences in E such that a, — a, b, — b and a, X b, for alln > 1, then a < b.

Proposition 2.10. [10] If E is a real Banach space with cone P and if a < Aa where a € P and
0<A<1thena=0.
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Definition 2.11. [5] Let (X,d) be a cone metric space. Then a function g : X x X — E is called

a c-distance on X if the following are satisfied :

(i): 0 < g(x,y) forallx,y € X;

(ii): g(x,z) = q(x,y) +q(yz) forall x,y,z € X;

(iii): for each x € X and n > 1, if g(x,y,) < u for some u = u, € P, then g(x,y) X u
whenever (y,) is a sequence in X converging to a point y € X;

(iv): for all ¢ € E with 8 < ¢, there exists e € E with 8 < e such that g(z,x) < e and

q(z,y) < eimply d(x,y) < c.

Example 2.12. [5] Let (X,d) be a cone metric space and P be a normal cone. Put g(x,y) =

d(x,y) for all x,y € X. Then ¢ is a c-distance.

Example 2.13. [5] Let (X,d) be a cone metric space and P be a normal cone. Put g(x,y) =

d(u,y) for all x,y € X, where u € X is a fixed point. Then g is a c-distance.

Example 2.14. [S]Let E=Rand P = {x € E : x > 0}. Let X = [0, ) and define a mapping
d:X xX — Ebyd(x,y)=|x—y|forall x,y € X. Then (X,d) is a cone metric space. Define a
mapping g : X x X — E by ¢g(x,y) =y for all x,y € X. Then q is a c-distance.

Remark 2.15. [5] (1) g(x,y) = g(y,x) does not necessarily hold for all x,y € X.

(2) g(x,y) = 6 is not necessarily equivalent to x =y for all x,y € X.
3. Main results

In this section we always suppose that E is a real Banach space, P is a cone in E with
int(P) # 0 and = is the partial ordering with respect to P.

We begin with a definition.

Definition 3.1. Let (X, d) be a cone metric space and j € N. A function g : X x X — E is called

a generalized c-distance of order j on X if the following conditions are satisfied:

(q): 6 < g(x,y), forall x,y € X;
J
(q2): g(x,z) < ZQ()CZ',)C,'+1), for all x,z € X and for all distinct points x; € X, i € {1,2,3,--
i=0
-, j} each of them different from x(= x¢) and z(= x;41);
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(q3): for each x € X and n > 1, if ¢(x,y,) < u for some u = u, € P, then g(x,y) < u
whenever (y,) is a sequence in X converging to a point y € X;
(q4): for all ¢ € E with 6 < ¢, there exists e € E with 8 < e such that g(z,x) < e and

q(z,y) < eimply d(x,y) < c.

It is to be noted that every c-distance is a generalized c-distance of order 1. In fact, every c-
distance may also be considered as a generalized c-distance of any order j € N. However the

converse is not true, in general. In this connection we consider the following examples.

Example 3.2. Let E = R?, the Euclidean plane and P = {(x,y) € R? : x,y > 0} a cone in E. Let
X={a,B,7,0} CRand defined : X xX — E by

d(x,y)=(a|x—yl[,b|x—y])

for all x,y € X, where a,b are positive constants. Then (X,d) is a cone metric space. Let

q: X x X — E be defined by
Q(avﬁ) ZCI(:Bva) = (979)7 q(OC,’}’) = q(’}’,OC) = Q<ﬁ7’)/) ZQ(%[S) = (353)7

q(a,8) =q(8,0) = q(B,8) =q(5,8) = q(7,6) = 4(8,7) = (5,5)
and q(x,x) = (0.6,0.6) foreveryx € X.

Then ¢ satisfies condition (¢2) of Definition 3.1 for j = 2. The conditions (¢1) and (¢3) are

immediate. To show (g4), for any ¢ € E with 6 < ¢, put e = (%, %) Then
q(z,x) < eand q(z,y) < eimply d(x,y) < c.

Thus ¢ is a generalized c-distance of order 2 on X but it is not a c-distance on X since it lacks

the triangular property:
Q(avﬁ) = (979) ya q(a7Y)+Q<%B) = (3,3> +(373) = (6,6).

Example 3.3. Let E=Rand P={x€ E:x >0} aconein E. Let X = N and define a mapping
d:X xX — Eby

dx,y) =[x =]
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for all x,y € X. Then (X,d) is a cone metric space. Let g : X x X — E be defined by

( 0if x=y,

q(x,y) =< 3if x,yc{l,2} and x #y,

| Lif (xe{1,2}ory € {1,2}) and x # y.
Then g satisfies condition (¢2) of Definition 3.1 for j > 2. The conditions (g1) and (¢3) are

immediate. To show (g4), for any ¢ € E with 0 < ¢, put e = % Then
q(z,x) < eand q(z,y) < eimply d(x,y) < c.

Thus ¢ is a generalized c-distance of order j on X but it is not a c-distance on X since it lacks

the triangular property:

q(1,2) =3>¢(1,3)+¢(3,2) =1+1=2.

Remark 3.4. Generalized c-distances form a bigger category than that of c-distances.

Lemma 3.5. Let (X,d) be a cone metric space and q be a generalized c-distance of order j
on X. Let (x,) and (y,) be sequences in X. Suppose that (¢,) and (B,) are sequences in P
converging to 0, and let x,y,z € X. Then the following hold :

(i) If q(xn,yn) = 04y and q(xp,z) = By for any n € N, then (y,) converges to z;

(ii) If ¢(xn,y) = 04 and q(x,,2) =< By for any n € N, then'y = z. In particular, if q(x,y) = 6 and
q(x,z) =0, theny =z,

(iii) If q(xn,Xm) = @, for any n,m € N with m > n, then (x,) is a Cauchy sequence.

Proof. (i) Let ¢ € E with 8 < ¢. Then there exists 6 > 0 such that || x ||[< § implies ¢ —x €
int (P). Since (o) and (f,) are converging to 6, there exists ny € N such that || o, ||< 6 and
| B ||< 6 for all n > ng. Thus ¢ — o, € int (P) and ¢ — B3, € int (P) for all n > ng and so oy, < ¢
and B, < c for all n > ng. By hypothesis, g(x,,y,) < &, < ¢ and g(x,,z) < B, < ¢ for all
n > ng. Now from (g4) with e = c it follows that d(y,,z) < c for all n > ng. Therefore (y,)
converges to z.

Clearly, (i1) is immediate from (i).
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(1i1) Let ¢ € E with 8 < ¢. Then by the arguments similar to that used above, there exists a
positive integer ng such that g(x,,x,) = @, < c for all m > n with n > ng. This implies that
q(xnyXpnt1) = @ < c and q(xp, Xp41) = 0 < ¢ for all m > n with n > ng. From (g4) withe = ¢
it follows that d(x,,+1,%n+1) < ¢ for all m > n with n > ng. This shows that (x,) is a Cauchy

sequence in X.

Theorem 3.6. Let (X,C) be a partially ordered set and suppose that (X,d) is a complete cone
metric space. Let q be a generalized c-distance of order jon X and f : X — X be a continuous
and nondecreasing mapping with respect to C. Suppose that the following conditions hold:

(i) there exist ay, az, a3 > 0 with a; +a, + a3 < 1 such that

q(fx, fy) 2 arq(x,y) +axq(x, fx) +azq(y, fy) (3.1)

forall x,y € X with x C y;
(ii) there exists xg € X such that xo C fxo.

Then f has a fixed point in X. Moreover, if u = fu, then q(u,u) = 6.

Proof. Since xo C fxp and f is nondecreasing with respect to C, we have
X EfoC Aol EffxC ol (3.2)

Let x, = fx,—1 = f"xp forn=1,2,3,---. Then (x,) is a nondecreasing sequence in X with
respect to C. We can suppose that x,, # x,, for all distinct n,m € {0, 1,2, ---}. In fact, if x,, = x;,

for some n,m € {0, 1,2, ---}, m # n then assuming m > n, it follows from (3.2) that
Xn = Xp41 = = Xm-

Now x,, = x,41 implies that x,, = fx,. So, x, is a fixed point of f. Thus in the sequel of the
proof we can assume that x,, # x,, for all distinct n,m € {0, 1,2, ---}.

For any natural number n, we have by using condition (3.1) that

Q(xmxn—i-l) = Q(fxn—lvfxn)
= GI(I(xn—hxn)+a2(I(xn—l7fxn—l)+a3CI(xnafxn)

= 4a] Q(xnflaxn) +ap Q(xnflaxn) +as Q(xnaxn+1)~
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So, it must be the case that
Q(xnaxn—i-l) = rCI(xﬂ—laxn) (3‘3)

_ at
where r = 472 €[0,1).

By repeated application of (3.3), we obtain

q(Xn,Xn11) 21" q(x0,x1). (3.4)

Let m,n € N with m > n. Taking m = n+ p where p = 1,2, 3, --- and using (3.1) and (3.4),

we have

q(XnXm) = q(fXn—1,fXm-1)
= 01(I(xn—laxm—l)+aZCI(xn—lafxn—l)+a3CI(xm—1:fxm—l)

= a19(Xp—1,%m—1) + a2q(Xn—1,%n) + a3q(Xp—1,%m)

1

PN

a1q(xXn_1,Xm_1) +asr" " q(xo,x1) +azr™ ' q(x0,x1)

A

a1q(xXn—1,%m—1) + (az +az3)r" " q(xo,x1),

since r"1 < 11,

Continuing in this way, we obtain at the n-th step that

G Xm) = diq(xo,xp) + (a2 +a3) [ a2+ al Yg(xo, 1)

= arllq(x07xp) + ﬁHQ(x()axl)?

where B, = (az +a3) [P + a4 a) ).

We now show that

dtooz) < (g )

l—a{ l—r

where M = g(xo,x1) +q(x0,x2) + - - - + g(x0,x;) € P.
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If p < j, then

CI(XO’XP)

A

=
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(14 B;) g(x0,xp)

[(1 +r+r2+---)—|—ﬁj] q(x0,xp)
1

(1 _r+ﬁj) q(x0,xp)
(1 +a{+(a{)2+---> (%F‘Fﬁj) q(x0,xp)

1 1
. )M
1—a{ (1_”+ﬁ])

If p > j, then there exists s € N such that p = sj+¢, where 0 <t < j.

If t = 0, then by using conditions (3.4) and (3.5)

Q(x()vxp)

q(x0,x1) +rq(x0,x1) +- -+ 1/~

q(x0,x1) +q(x1,x2) 4 - - +q(x;—1,x;) +q(x;j,xp)

IQ(x(bxl)

+aiq(xo,xp—j) + Bjq(x0,x1)

j-1 |
<Z rY +ﬁj> q(x0,x1) +ajq(xo,xp—;)-
v=0

(3.6)

By repeated application of (3.6), we obtain at (s — 1)-th step that

Q(x()vxp)

=

A

PN

PN

[1+a]+ @)+ +(a

[1+a]+ @)+ +(a

—l—(aj)(sf

)2 (Zr +ﬁ,) (x0,1)

+(a]) Vg (x0,x))

} (Zr +B,> (x0,x1)
-1

b <Z r +ﬁj> q(x0,x;)
v=0

j—1

v=0

[1+a{+(a{)z+---+(a{)5‘1} (Z rV+ﬁj> M

1
l—a{ l—r

+[3,~) M.
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If t # 0, then
q(x07-xp) j q(XO7x1)+q(x1’x2)+.”+CI(xj*17xj>+q(x]'7xp)
Jj—1 '
= <Z rv+ﬁ]> Q(anxl)—l-a{q(xo,xp,j)_
v=0

(3.7)

By repeated application of (3.7), we obtain at s-th step that
: : . Jj-1
q(x0,xp) = [1 +a{ + (a{)2 4ot (a{)s_l} (Z rY +[3j) q(xo,x1)
v=0

+(a])*q(x0.x)

i1
= [1+a{+(a{)2+---+(a{>s_l} (JZOMﬁJ-) q(x0,x1)
j—1
+(af)’ (Zorv +ﬁj) q(x0, %)
< [1+a]+ @)+ +ﬁ@ﬂ(2”+&>M
v=0

DRI (S R B
B l—a{ I—r )7

Thus, for the case p > j, we have

1 1
q(x0,xp) = ~ ( +ﬁj> M.
1—a{ 1—r

It now follows from (3.5) that for all m,n € N with m > n,

a’y 1
) = 2 (L) b+ Buaton)
1_a1 1—r
< b,

where b, = % (%_r +Bj) + By — 0 as n — . By using Lemma 3.5(iii), we conclude that
—d]

(xn) is a Cauchy sequence in X. Since X is complete, there exists an element u € X such that

Xp —> U as n — oo,

Since f is continuous,

fu= f(limx,) = lim fx, = limx, | = u.
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Thus u is a fixed point of f.
Again,
q(u,u) = q(fu, fu) =2 arq(u,u)+arq(u, fu) +asq(u, fu)

= (a1 +ay+az)q(u,u).

Since a; 4+ a; +az < 1, by Proposition 2.10, it follows that g(u,u) = 6.

Theorem 3.7. Let (X,C) be a partially ordered set and suppose that (X,d) is a complete
cone metric space. Let q be a generalized c-distance of order j on X and f:X — X be a
nondecreasing mapping with respect to C. Suppose that the following conditions hold:

(i) there exist ay, ap, a3 > 0 with a; + ap + a3 < 1 such that

q(fx,fy) 2 airq(x,y)+axq(x, fx)+a3q(y, fy) (3.8)

forall x,y € X with x C y;
(ii) there exists xo € X such that xo C fxo,
(iii) inf {q(x,y) +q(fx,y) +q(x, fx) :x €X} = 0 for all y € X withy # fy. Then f has a fixed

point in X. Moreover, if u = fu, then q(u,u) = 6.

Proof. If we take x, = f"xo = fx,_1, then as in the proof of Theorem 3.6 we have
XNEXIExC - Cx Cxp 1 C--el

Moreover,
q(Xn, Xn1) 2 7" q(x0,x1) (3.9)
where r = % €10,1).
By an argument similar to that used in Theorem 3.6, for m,n € N with m > n we have
q(xn,Xm) = buM (3.10)

n
4

o (75 Bi) +Bus Bu = (a2 +a3) [ a2 o af | and M = q(xo,x1) +
1

q(xo,x2) +- - +q(x0,x;) € P.

where b,, =

By using Lemma 3.5(iii), we conclude that (x,) is a Cauchy sequence in X. Since X is complete,
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there exists an element # € X such that x,, — u as n — .

By (3.10) and (¢3), we have

q(xn,u) <b,M, foralln. (3.11)

If u # fu, then by hypothesis (iii), (3.9) and (3.11), we have

0 < inf{q(x,u)+q(fx,u)+q(x,fx):xeX}
= inf{q(xn,u) +q(fxn,u) +q(xn, fxa) :n € N}
= inf{q(xn,u) + q(xnt1,u) + q(xXn,%n11) : n € N}
< inf{byM+bp1 M+ 1" q(x0,x1) : n € N}

= 0.

This is a contradiction. Therefore, u is a fixed point of f. We can prove ¢g(u,u) = 6 by the final

part of the proof of Theorem 3.6.

In the following theorem we omit the continuity assumption of f.
Theorem 3.8. Ler (X,C) be a partially ordered set and suppose that (X,d) is a complete
cone metric space. Let q be a generalized c-distance of order j on X and f: X — X be a
nondecreasing mapping with respect to C. Suppose that the following conditions hold:

(i) there exist ay, ay > 0 with ay +ay < 1 such that

q(fx,fy) 2 arq(x,y) +axq(x, fx) (3.12)

forall x,y € X withx C y;
(ii) there exists xo € X such that xo C fxo,
(iii) if (x,) is a nondecreasing sequence in X such that x, — x, then x,, C x for all n.

Then f has a fixed point in X. Moreover, if u = fu, then q(u,u) = 6.

Proof. As in the proof of Theorem 3.6 we construct a nondecreasing sequence (x,) where
Xn = f"x0 = fxn-1.

Moreover,

Q<xn»xn+1) = rnQ(x07x1) (3.13)
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where r = a; +a; € [0,1).

By an argument similar to that used in Theorem 3.6, for m,n € N with m > n we have

q(xn,xm) < byM (3.14)

n
a

where b, = 1 (%_r*Fﬁj) +Bu Bi =" a4+ a7 and M = g(xo,x1) +

_a{
q(x0,x2) + - - - +q(x0,x;) € P.
By Lemma 3.5(iii), (x,) is a Cauchy sequence in X. Since X is complete, there exists an element

u € X such that x,, — u as n — oo,

By (3.14) and (¢3), we have

q(xn,u) Xb,M, foralln. (3.15)

Since (x,) is nondecreasing and converges to u, by the given condition (iii), we have x, C u for
all n.

Thus for all n € N, we have by using (3.13) and (3.15)

Q(xnafu) = Q(fxnflafu) = alQ(xnfhu) +aZQ(xn71afxn71)
= a1q(xp—1,u) +a2q(xy—1,%n)
= albn—lM‘i‘aZrnil(I(anxl)

= oM,

(3.16)

where o, = ajb,_; + a1 — 0 as n — oo. By using Lemma 3.5(i1), it follows from (3.15)
and (3.16) that fu = u. Hence u is a fixed point of f. We can prove g(u,u) = 6 by the argument

similar to that used in Theorem 3.6.

Theorem 3.9. In addition to hypothesis of Theorem 3.6 or Theorem 3.7 or Theorem 3.8, suppose

that any two elements of X are comparable. Then there exists a unique fixed point of f.

Proof. We first note that the set of fixed points of f is nonempty. We will show that if u and v

are fixed points of f, then u = v. Since the elements of X are comparable, we may assume that
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u T v. In case of either Theorem 3.6 or Theorem 3.7, we have

q(u,v) =q(fu,fv) = aiq(u,v)+axq(u, fu) +azq(v, fv)
= alq(u,v)—I—agq(u,u)+a3q(v,v)
= aiq(u,v),

since g(u,u) = 6 and ¢g(v,v) = 6.
This gives that, g(u,v) = 6. By Lemma 3.5(ii), g(u,u) = 6 and g(u,v) = 6 imply that u = v.

In case of Theorem 3.8, we can obtain the same conclusion by taking az = 0 in above.
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