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Abstract. In this paper, we achieve a fixed point theorem for G-metric set-valued quasi-contraction maps in a
G-metric space. The result was obtained using a similar approach to that used by Amini-Harandi [1] and it extends

the set-valued fixed point theory from metric spaces to G-metric spaces.
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1. Introduction

A set-valued mapping T from a set X to another set Y is a rule that associates one or more
elements of ¥ with every element of X. If T is a function and Dr is the domain of T then a
fixed point or an invariant point of the function 7 is an element x € D7 that is mapped to itself.
That is T'(x) = x. A fixed point theorem is a result giving the conditions for which the function

T will have at least one fixed point.
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The D-metric space was introduced in 1992 by Dhage [2] as an attempt to generalize the
existing metric space results. In 2003 Mustafa and Sims [3] exposed some imperfections in the
topological properties of the D-metric space, annulling the validity of the majority of results that
were obtained in those spaces. In 2006, Mustafa and Sims attempted to address the D-metric
space deficiencies by introducing a new structure of generalized metric spaces called G-metric

spaces [4].

2. Preliminaries

The main aim of this section is to state some basic definitions and results that are essential
for general knowledge and serves as a convenient means of reference material for subsequent

use.

Definition 2.1. [2] Let X be a non-empty set and let D : X x X x X — [0,c0) be a function

satisfying the following conditions, for all a,x,y,z € X

(i) D(x,y,z) = 0;

(ii) D(x,y,z) =0if and only if x =y = z;
(iii) D(x,y,z) = D(x,z,y) = D(y,x,2) = D(y,2,x) = D(z,x,y) = D(z,y,x);
(iv) D(x,y,z) < D(x,y,a) + D(x,a,z) + D(a, 7).

Then D is called a D-metric on X and the pair (X, D) is called a D-metric space.

Definition 2.2. [4] Let X be a non-empty set, and let G : X x X x X — [0,00) be a function

satisfying the following axioms,

1) G(x,y,z
(i) G(x,x,y

=0ifandonlyifx=y =z
> 0 for all x,y € X with x # y;
(iv) G(x,5,2) = G(x,2,y) = G(y,x,2) = G(,2,x) = G(z,x,y) = G(z,,%);

(x,,2)
(x,x,y)
(iii) G(x,x,y) < G(x,y,z) for all x,y,z € X with z # y;
(x,y,2) =
(x,v,2) < G(x,a,a)+G(a,y,z) for all x,y,z,a € X.

V) G(x,yz

Then the function G is called a generalized metric, or, more specifically, a G-metric on X,

and the pair (X, G) is called a generalized metric space or a G-metric space.
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Definition 2.3. [4] Let (X, G) be a G-metric space, and let {x,} be a sequence of points of X.

Then {x,} is G-convergent to x if,

lim G(x,x,,x,) =0.
m,n—roo

That is, for any € > 0, there exist N € N such that G(x,x,,x,,) < €, for all n,m > N. We call x

the limit of the sequence and write x,, — x or,

lim x,, = x.
n—oo

The following lemma follows directly from Definition 2.3.
Lemma 2.1. [4] Let (X, G) be a G-metric space. Then the following are equivalent
(i) {xn} is G-convergent to x;
(ii) G(xp,Xxp,x) — 0 asn— oo;
(iii) G(x,x,x,) — 0 asn — oo;

(iv) G(xp,xn,x) — 0 as m,n — oo

We now proceed to define a Cauchy sequence in a G-metric space.

Definition 2.4. [4] Let (X,G) be a G-metric space. A sequence {x,} is called G-Cauchy if
for each € > 0, there exist ny € N such that G(x,x,,x,) < €, for all m,n,p > ny. That is
G (Xm,Xn,xp) — 0 as m,n, p — oo.

The following Lemma is a consequence of Definition 2.4.

Lemma 2.2. [4] Let (X,G) be a G-metric space. Then {x,} is called G-Cauchy if and only if

for every € > 0, there exist N € N such that G(xp,Xp,Xm) < €, for alln,m > N.

Definition 2.5. Let (X,d) be a metric space. The family of all non-empty closed and bounded
subsets of X is denoted by CB(X).

Definition 2.6 [1] Let (X,d) be a metric space. The set-valued map 7 : X — CB(X) is said to

be a g-set-valued quasi-contraction if,,

dy(Tx,Ty) < g.max{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)}
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for any x,y € X where 0 < g < 1 and dy denotes the Hausdorff metric on CB(X) induced by d.
That is for all A,B € CB(X),
dr(A,B) = max< supd(x,B),supd(y,A) ;.
xXEA YEB
The following is a fixed point theorem for the set-valued quasi-contraction maps in metric s-

paces.

Theorem 2.1 [1] Let (X,d) be a complete metric space. Let T : X — CB(X) be a g-set-valued

quasi-contraction with g < % . Then T has a fixed point.
3. Main results

In this section we introduce the concept of G-metric set-valued quasi-contractions in G-metric

spaces and present our main result which extends Theorem 2.1. to G-metric spaces.

Definition 3.1. Let (X, G) be a G-metric space. The family of all non-empty closed and bounded
subsets of X is denoted by CBg(X).

Definition 3.2. Let (X,d) be a metric space, (X,G) be a G-metric space and CBg(X) be the
family of all non-empty closed and bounded subsets of X in a G-metric space.

(a) The distance between any point x € X and any two non-empty subsets A,B € CBg(X) is
denoted by G(x,A, B) and is defined by,

G(x,A,B) =d(x,A)+d(x,B)+d(A,B),

where, d(x,A) = inf{d(x,y) :y € A}, d(x,B) = inf{d(x,y) : y € B} and
d(A,B) =inf{d(a,b):acA,bc B}.

(b) Let A,B,C € CBg(X). The Hausdorff G-metric or Hausdorff G-metric distance is denoted
by Gy (A,B,C) and is defined by,

Gy (A,B,C) = max {sup G(x,B,C),supG(x,C,A),sup G(x,A,B)} .

XEA XEB xeC

Definition 3.3. Let (X, G) be a G-metric space, the set-valued map 7 : X — CB(X) is said to

be a G-metric g-set-valued quasi-contraction if for any x,y,z € X,
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( )

G(x,v,2), G, Tx,Ty), G(x,Ty,Tz),
Gx,Tx,Tz), Gy, Tx,Ty), Gy, Ty, Tz),

Guy(Tx. T3.T2) < ¢.max ( ), Gy y), G(»Ty,Tz) |
G(y,Tx,Tz), G(z,Tx,Ty), G(z,Ty,Tz),

G(z,Tx,Tz)

\ Vs

where 0 < ¢ < 1 and Gy denotes the Hausdorff metric on CBg(X) induced by G. That is, for
all A,B,C € CBg(X),

Gh(A,B,C) = max {sup G(x,B,C),supG(x,C,A),sup G(x,A,B)} :
X€A xeB xeC

The following is our main result in G-metric spaces, it is a fixed point theorem for G-metric

set-valued quasi-contraction mappings.

Theorem 3.1. Let (X,G) be a complete G-metric space. Suppose that T : X — CBg(X) is a
G-metric g-set-valued quasi-contraction with q < % . Then T has a fixed point. That is there

exist u € X such that u = Tu(u € Tu).

Proof. We first observe that for each A,B,C € CBg(X), a € A and oo > 0 with Gy (A,B,C) < a,
there exist b € B and ¢ € C such that G(a,b,c) < . Now let r > 0 be such that g < r < % Then

by Definition 3.3, we find that

( )

G(x7y7 Z)? G(‘x7 Tx? Ty ) G(‘x7 Ty7 TZ)’

)
G(x,Tx,Tz), G(y,Tx,Ty), G(y,Ty,Tz),
Gua(Tx. T3.T2) < r.max &' ), GU.Tx,Ty), G(nTy.T2)
( )

Gy, Tx,Tz), G(z,Tx,Ty), G(z,Ty,Tz),

G(z,Tx,Tz)

\

If we replace x,y and z by x¢,x; and x; respectively, then we get

( 3\

G(X(),X],xz), G(X(),TX(),TXI), G(x()aTxlaTxZ)v
G(x0,Txp,Tx2), G(x1,Tx0,Tx1), G(x1,Tx1,Tx2),
G(x1,Txp,Tx2), G(x2,Tx0,Tx1), G(x2,Tx1,Tx),

Gy (Txo,Tx1,Txy) < r.max <

G(x2,Txp,Tx3)
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But by observation Gy (A,B,C) < a, a € A and o > 0. This implies that there exist b € B and

¢ € Csuch that G(a,b,c) < a. Setting x; € Txp , xp € Tx; and x3 € Txp, we get

p

\
G(X(),X],Xz), G(X(),TX(),T)CI), G(X(),T)CI,T)CZ),

G(x0,Txp,Tx2), G(x1,Tx0,Tx1), G(x1,Tx1,Tx2),

G(x1,Txp,Tx), G(x2,Tx0,Tx1), G(x2,Tx1,Tx2),

G(x1,x2,x3) < r.max

G(x2,Txp,Tx3)

Continuing in this manner, by induction, we obtain a sequence {x, } in X such that x, | € Tx,,

which implies,

( 3\
G(xnflaxnvxn+l)7 G(xnflyTxnflyTxn)a

G(xnfla T-xi’lvTxn+1)7 G(-xn717Txn717Txn+l)7
G(Xn, Xn41,Xn42) <r-maxq  G(x,,Tx,_1,Tx,), G(xp, Txp, Txps1),

G(mexnfl»Tanrl)y G(xn+17Txn71aTxn)a

. G(anrl , Txp, Txn+1)7 G(xn+1 s Txp—1, Txn+1) )

We have several cases.

Case I: If x;, = x;,41 for some n € N then x,, = x,+1 € Tx,. Thatis x, is a fixed point of 7" and
the proof is completed.

Case II: If x,,+-1 = x42 for some n € N, then x,,+1 = x,,42 € Tx,41. Thatis x,,1 is a fixed point
of T and the proof is completed.

Case III: x;, # x4 # Xxp12 for each n € N. Now x;, € Tx,_1, X441 € Tx, and x,,49 € Txp1q.
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Therefore,
G<xn—17xnaxn+l); G(-xn—17T-xn—1;T-xn>7
G(xn—1,Txp, TXpy1), G(Xn—1,Txp—1,TXpy1),
G(Xn,Xnt1,%n42) < rmax sy G(xy, Tx,_1,Tx,), G(xp, Txp, Txpy1),

G(xp, Txp—1,Txp11),  G(xps1,Txp—1,Txy),

. G (X1, Txn, Txnt1);,  G(Xng1, Txn—1, T Xn11) )

( 3
G(xn—laxnaxn+l)a G(Xn—1,%n,Xn+1),

G(xn—lyxn+laxn+2)a G Xn—1yXnXn+2),

Q

( )
( )
< r.max G(-xrnxnaxl’l-f—l)? (xn?xn+17xn+2)’
( )

Q

G(xnaxmxl’H—Z)? Xn+15%Xn,Xn+1),

\ G<xn+1 yXn+1 7xn+2)7 G(xl’H-l 7xnaxn+2) )

"
G(xnflaxnaanrl)a

= r.max G(Xn—ly-xn;xn+2)7

L G(xnfl s Xn+1 7xn+2)
Thus, we have

G(xn—l 7-xn7xn+1>7
G(xmxn+17xn+2) < r.max G(xn_l,xn,x,,+2), . (31)
G(xn—lyxn+17xn—|—2)

Note that we can modify Equation (3.1) by replacing n by n — 2 to get that

G(-xn—3,xn—27xn—1)7
G(xp, Xp—1,Xy—2) < r.max G(Xy_3,Xn_2,%), ¢ - (3.2)

G(xn—3axn—l ;xn)
From Equation (3.2), we have three choices
G<xn;xn—l ;xn—2) < rG(xn—3>xn—27xn—1)7

G(xn;xn—laxn—Z) < rG(xn—37xn—27xn)a

G(xnaxnfl axan) < rG(xnf:’nxnfl 7xn)~



498 MATTHEW BRIJESH SOOKOO, SREEDHARA RAO GUNAKALA

Now we show by induction that for each n > 3 there exist 1 <i < j <n, where j € {i+1,i+2}

such that, (note that r < ﬁ)

r

n—2
G(Xn,Xp—1,%p—2) < ( ) G(xo0,Xi,x;). (3.3)

1—r

For n = 3, the three choices become

G(xlax27-x3) S I’G(X(),.X'],xz),
G(Xl,Xz,x:;) < rG(XO,Xl,)C3),

G(x1,x2,x3) < rG(xg,x2,X3).

That is, G(x3,x2,x1) < 7=G(x0,%;,xj) = (£ )372

< s

G(x0,x;,x;j) for some 1 <i < j<3,
j € {i+1,i+2}. Thus Equation (3.3) holds for n = 3. (Note that for n = 4 we can modify
Equation (3.1) by replacing n by n— 3 and for n = 5 we can modify Equation (3.1) by replacing
n by n—4 and so on).

Next, we assume that Equation (3.3) holds for all values less than n, we will show that it holds
for n. Now Equation (3.3) trivially holds if G(x,,x,—1,%,—2) < rG(x,—3,%,—2,%,—1). Therefore

we consider the choices when
G(xnaxn—laxn—Z) < rG<xn—3axn—27xn) and G(xnaxn—lvxn—2) < rG(xn—37xn—17xn)-
First, we suppose that
G(xnaxn—laxn—Z) < rG(xn—3axn—27xn)- (34>
Then by Definition 2.2 and our assumption, we have
G(xnf3:xn72axn) = G(Xn7xn727xnf3)
< G(xmxn—l 7xn—1) + G(Xn—lvxn—%xn—?))

< G(xmxn—l 7xn—2) + G(xn—l 7xn—27xn—3)

’
1—r

n—3
< rG(Xp—3,Xn—2,%) + ( ) G(x0,xi,X;).

Therefore, we have

r

n—3
(1 - r)G(xnf?)?xanaxn) S < ) G(.XO,Xi,.Xj>

1—r
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This implies that

r

1 n—3
G(xp—3,Xn-2,Xy) < ( > G(x0,xi,x;)

“1—r\1l1-r

Substituting in Equation (3.4), we find that

,
1—r

n—2
G(Xn,Xn—1,%p—2) < ( ) G(xo0,Xi,x;).

This implies that Equation (3.3) holds. Second, we suppose
G<xnaxn—l ;xn—Z) < rG(xn—.’nxn—l 7xn)~
Then by Definition 2.2 and our assumption, we have

G(xn—3axn—1 7xn) — G(xmxn—l 7xn—3)
< G(xn7xn—27xn—2) + G(xn—Zaxn—laxn—3)

< G(xnaxnfl ,anz) + G<xn717xn727xn73)

;
1—r

n—3
< rG(xn737xn717xn)+ < ) G(XOaxi:xj>-

Therefore, we have

,
1—r

n—3
(1 - I’)G(xn,3,xn,1,xn) < ( ) G()C(),)Ci,x]').

r

e -3
This implies that G(x,—3,X,—1,X,) < ﬁ (E)" G(xo0,xi,x). Hence, we have

,
1—r

n—2
G(xn7xn—17xn—2) < ( ) G(xo,x,-,xj).

This implies that Equation (3.3) holds. We proceed to show that T has a fixed point. Firstly we
show that the sequence {x,} is bounded, then we show {x,} is Cauchy. To show that {x,} is
bounded, put 6; = G(xg,x1,7x;). Now from Equation (3.1), we have three choices. Either
G(x1,%2,%3) < rG(x0,%1,%2),
G(x1,x2,x3) < rG(x0,x1,x3) or,

G(x1,x2,x3) < rG(xp,x2,X3).
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Suppose that G(x1,x2,x3) < rG(xg,x1,x2). Note that
G(x0,x2,x3) = G(x3,X2,X0),
< G(x3,x0,%0) + G(x0,%x2,%0),
S G(X3,X] ;xZ) + G(X(),.X] 7x2);

<rG(xo,x1,%2) 4+ G(x0,X1,%2).

That is,

G(x0,x2,x3) < (147)G(x0,x1,x2) < (1 +1 !

—r

)G(Xo,xl,xz)-

Considering the second choice G(xy,x2,x3) < rG(xg,x;,x3) Note that

G(xp,x2,x3) = G(x3,x2,X0),
< G(x3,x0,X0) + G(x0,X2,X0),
< G(x3,x1,x2) + G(x0,x1,X2),
< rG(xg,x1,x3) + G(x0,x1,x2),
< rG(xo,x3,x3) + rG(x3,x1,x3) + G(x0,x1,X2),

S I"G(.X(),X] JXZ) +I"G(X(),X] JXZ) —|—G(X(),X] 7-x2)~

That is,

G(x0,x2,x3) < (142r)G(x0,x1,x2) < (1 + 2(%) ) G(x0,x1,X2).
Finally the third choice G(x1,x2,x3) < rG(xp,x2,x3) Now,
G(x0,x2,x3) = G(x3,x2,X0)
< G(x3,x0,%0) + G(x0,X2,%0)
S G(X3,X1,X2) + G()CO,)C],Xz)

< }"G(.X(),XZ,X3) + G(Xo,xl,)Q)

r
S (1 o r)G(X(),Xz,X3) + G(XO,X] ,X2)
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This implies that (1 — ﬁ) G(x0,x2,x3) < G(x0,x1,x2). Therefore, we have

1
G(x07x27x3) S < 7 >G(X(),X1,X2).

0 = (ﬁ) G(x0,x1,X2).

Note that for the three cases 0; < & and G(xp,x2,x3) < &. Let us define the nondecreasing

Put

sequence {8, } such that

max { G(xo,x;,x;) } < &,
for1 <i< j<n,whereje{i+1,i+2}. Now
G(X(),anl,xn) == G(xnrxnfhx())a
< G(xnvxn—2axn—2) + G(xn—27xn—l ,Xo),

< G(xnaxn—l 7xn—2) + G(x07xn—27xn—l)a

r n—2
{1 G(x0,%i,x;) +G(x0,Xp—2,Xp—1).

That is,
,
1—r

Also since j € {i+1,i+2}, we have G(xo,x;,x;) < G(x0,X;,Xi+1) + G(x0,Xi,xi12), fori < j <

n—2
G()C(),anl,xn) < ( ) G(XO,)C,',X]‘) +6,_1. (3.5)

n,

r n—2 r n—2 r n—2
( ) G(Xo,xz',xj)ﬁ( ) G(x07xi,xi+l)+( > G(x0,%xi,Xi42)

1—r 1—r

1-r
r n—2

2 Op_1-

(1 — r) n—1
Therefore Equation (3.5) becomes

r n—2
1—r

For i < j = n, we have

r n—2 r n—2 r n—2
( ) G(.XO,Xi,Xj) S ( ) G(X(),anl,xn)—k ( ) G(XO,X,/,,Z,X”).

I—=r L—r 1—r

IN

G(x0,%p—1,%n) <
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Therefore Equation (3.5) becomes

-G5)"

G(X(),xn_l 7xn) S

IA

+

()
A/~

That is,

Let

Note that 8,_; < 8, and G(xo,x,—1,X,) < O,. The sequence {x,} is bounded if and only if

M [12(5)"]
M 1 (5)"]

< oo,

0= 1im ¢, =

n—oo

Now the series,

o5}

)

n=1

1+2(1ir)”2] and ; [1— <1ir)"2]

' _ < 1. Therefore,

are convergent since -
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Hence, 6 < oo.
Case IV: If x,, = x,,4» for each n € N, we proceed as we did in case III.

"
G(xnflaxnaanrl)a G(xn,l,Txn,l,Txn),

G(-xn717Txn7Txn+1)7 G(xnflaTxnflaTxn+1>7
G(Xn, Xn11,%042) < rmax s G(xy, Txy_1,TXy,), G(xp, Txp, Txpy1),

G(xna TxnflaTanrl)v G(anrl»TxnflaTxn%

L G(xn—H s Txp, Txn+1)7 G(xn—i-l y Txp—1, Txn—l—l) )

[ Gt Tnxnst)s GOty 2n %),
G(Xn—1,Xn+1,Xn+2)s G(Xn—1,Xn, Xn+2),
<rmax{  G(xp,Xn,Xnt1)s G, Xnt1,%n42),
G(Xns XnsXnt2);  GXnt1, %0, Xng1),
\G(xn+laxn+17xn+2): G(Xn+1,%n, Xn+2) )

4 )
Gxn—lrxn—O—Z)xn—b—l 3 Gxn—];-xn-i-z;xn—i-] y

Q

Xn—1,Xn+1,Xn+2), G Xn—1,Xn4+2,Xn+2),

Xn+25Xn+1,Xn+2),

Q

( )
( )
( )
( )

Xn429Xn+2,Xn+2 )5 G Xn+1,Xn42,Xn+1),

( )
( )
=rmax ¢ G(x,42,Xp42,%n+1), G
( )
( )

G Xn+1,Xn+1,Xn+2), G(X,H_] axn+2;xn+2)

\ Ve

= r~G(xn—1>xn+27xn+1)~

Thus, we have
G(xnaxn—l—l;xn-l—Z) < rG(xn—laxn+27xn+l)~ (36>

Note that we can modify Equation (3.6) by replacing n by n — 2 to get
G(xnvxn—lvxn—Z) < rG(xn—37xn7xn—l) (37>

Now we show by induction that for each n > 3 there exist 1 <i < j <n, where j € {i+1,i+2}

such that, (note that r < ;)

r

1—r

n—2
G(Xp,Xn—1,%p-2) < ( ) G(x0,xi,X;). (3.8)
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For n = 3, we have

r

“1-r 1—r

3-2
,
G(x1,x2,x3) < rG(x0,x3,x) < ——G(x0,X2,X3) = ( ) G(x0,xi,X}).

for i =2,j = 3. Therefore Equation (3.8) holds for n = 3. Next, we assume that Equation (3.8)
holds for all values less than n. We show that it holds for n. By our assumption
G(xn—3axn;xn—1> = G(xn7xn—17xn—3)
< G(xnaxn727xn72) + G(-xanaxnflaxn73)

< G(xnsXn—1,Xn—2) + G(Xp—1,%p—2,X_3)

r
1—r

n—3
< rG(Xp—3,%n, Xn—1) + ( ) G(x0,%i,Xj).

Therefore, we have

r

n—3
(1_r)G(xn—37xn7xn—l) < ( ) G(.X(),Xi,.x]’)-

1—r

This implies that G(x,—3, %, X4—1) < 70 (ﬁ)ni3 G(xo,x;,x;). Substitute in Equation (3.7) to
get,
,

1—r

n—2
) G(xo0,xi,x;).

This implies that Equation (3.8) holds. To show that {x,} is bounded, put 8; = G(xg,x1,Tx1).

G(xnaxn—l 7xn—2) < <

From Equation (3.6), we have
G(x1,x2,x3) < rG(xq,x2,X3).
Now

G(x0,x2,x3) = G(x3,x2,X0),
< G(x3,x0,%0) + G(x0,X2,X0),
< G(x3,x1,%2) + G(x0,X1,X2),

< rG(xg,x2,x3) + G(x0,x1,X2),

r
< (1 _ l") G(x07x27x3) + G(X(),X] ,XZ),
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This implies that (1 — ﬁ) G(x0,x2,x3) < G(x0,x1,x2). Therefore, we have G(xp,x2,x3) <

<#) G(xp,x1,x2). Put

E
I-1=

82 = (W> G(X(),Xl,XZ).

Note that 0; < &, and G(xp,x2,x3) < &. Let us define the nondecreasing sequence {5,} such

that max { G(xg,x;,x;) } < &, for 1 <i< j<n, where j € {i+1,i+2}. Now

G(X07xn—1;xn> - G(xnvxn—bXO);
< G(xnaxn—Zaxn—Z) + G(xn—27xn—1 7X()),

S G(xnrxn*l 7xn72) + G(x07xn727xn71)7

r n—2
<1 G(x0,xi,xj) + G(x0,X1—2,Xn—1)-

That is,

,
1—r

n—2
G(x0,Xn—1,%n) < Oy—1+ < ) G(x0,xi,x;). (3.9)

Also since j € {i+1,i+2}, we have G(xq,x;,xj) < G(x0,X,%i41) + G(x0,Xi,Xi42), fori < j <

n, we have

r n—2 r n—2 - n—2
( ) G(x07xi7xj) < ( ) G()Q),Xi,XH-]) + ( > G(x07xi7-xi+2)

1—r

|
~

Therefore Equation (3.9) becomes

G(x0,Xn—1,%) <

r n—2
1—r

For i < j =n, we have

r n—2 r n—2 r n—2
( ) G(.XO,Xi,Xj) S ( ) G(X(),anl,xn)—k ( ) G(XO,X,/,,Z,X”).

I—=r L—r 1—r
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Therefore Equation (3.9) becomes

()

n—2
G()C(),anl,xn)< 1+( d ) ]6nl

AN
[
+
[\
N
(SN
||
~
~_
7
(3]
| P
S
|

That is,
-2
14+2(2)"
G(x0,Xn—1,%n) < (lr o ] On—1
1= (%)
142(15)"°
Let 6, = {W} 0n—1. Note that §,_1 < &, and G(xq,x,,—1,X,) < 8,. The sequence {x,}
(1=

is bounded if and only if

5 — lim &, — IT= [1 +2 (ﬁ)n_z}
1= ()

< oo,

Now the series

>
n=1

142 (1;)”_2] and ’; [1— (1;)”_2]

are convergent since ;- < 1. Therefore,

1+2<1ir)n2] <°°’£Il [1— (1;)”2] <<><>amdn]j1 [1— <1ir)n2] > 0.

Hence, 6 < oo.

oo

[1

n=1

We now show that {x,} is a Cauchy sequence for both Case III and Case IV.

For Case III. Suppose M = sup { G(xm,Xn,Xp) : m,n, p € N}. From Equation (3.3), we have

r n—2 r n—2
G(Xn,Xn—1,%7—2) < ( ) G(x0,xi,xj) < <1 ) M.
—r

1—r
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Now for m, n sufficiently large with m < n, we have

G(xn;xmxm) = G(xmaxnvxn)
< G(xmaxm+17xm+l) + G(xm+17xnaxn)

< G(Xm, Xmt1,%m+2) + G(Xmt 1, Xm+2, Xm43)

2
G (g, Xkp 15 Xk42)

k
r
()
1—r
m

AN
> 3
Il |
3

|
)

n

IA

~
I
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In a similar manner, we obtain G(x,,x,,X,;) < € for Case IV. This implies that for both Case III

and Case IV, {x,} is a Cauchy sequence. Now since {x,} is a Cauchy sequence and (X, G) is

complete, for both Case III and Case IV there exist u € X such that lim,,_,.. x,, = u. Now

G(u,u,Tu) = ’}iﬁngo(xnﬂ Xnt1,Tu)

< lim Gy (Tx,,Tx,,Tu)

n—oo

G(xp,xp,u),  G(xp,Txp, Txn), G(
G(xp, Txp,Tu), G(xp,Txn,Tx,), G(

< lim g.max
n—yoo

G(u,Txp, Tu)

< lim g.max
n—oo

\ G(u,xp41,Tu)

=q.G(u,u,Tu).

Therefore, we have

G(u,u,Tu) < q.G(u,u,Tu).

Xny Txn, Tu),
Xny Txn, Tu),
G(xp, Txp,Tu), G(u,Txn,Txn), G(u,Tx,,Tu),

\
G(xnaxmu)7 G(xnaxn—i-laxn-i-l)? G(xn,an,Tu),
G(xnaxn—l—laTu)a G(xnaxn-i-l 7xn+1)7 G(xmxn-H ) TM),

G(-xnaxn—l—laTu)a G(l’t?xn—i-laxn-l-l)? G(u,an,Tu),

)

/

(3.10)
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Since g < % the only way Equation (3.10) will hold is if G(u,u, Tu) = 0, which implies u = Tu

(thatis u € Tu). Hence u is a fixed point of 7 in X.
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