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Abstract. In this paper, we proved common fixed points for class of mappings using control functions and satisfy-
ing contractive conditions in G-metric spaces. We get some improved and extended versions of several fixed point

theorems in complete G-metric spaces.
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1. Introduction

Dhage introduced the concept of D-metric spaces as generalization of ordinary metric func-
tions and went on to present several fixed point results for single and multivalued mappings;
see [1-4] and the references therein. Mustafa and Sims [11] generalized the concept of a met-

ric space. Based on the notion of generalized metric spaces, Mustafa et al. obtained some
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fixed point theorems for mappings which satisfy different contractive conditions; see [10-14]
for more details. Abbas and Rhoades [6] initiated the study of a common fixed point theory in
generalized metric spaces. While, Abbas ef al. [7] and Chugh et al. [8] obtained some fixed
point results for mappings satisfying property P in G-metric spaces. Recently, Shatanawi [9]
further proved some fixed point results for self mappings in a complete G-metric space under
some contractive conditions related to a nondecreasing map ¢ : Rt — R with lim,, .. " (1) =0

for all ¢+ > 0; see [9] for more details.

2. Preliminaries

Now we give basic definitions and some basic results which are helpful for proving our main
result.

In 2006, Mustafa and Sims [11] introduced the concept of G-metric spaces as follows.

Definition 2.1. Let X be a nonempty set, and let G : X x X x X — R be a function satisfying
the following properties:

(G-1) G(x,y,z) =0ifx=y=z

(G-2) 0 < G(x,x,y), for all x,y € X with x # y;

(G-3) G(x,x,y) < G(x,y,7) for all x,y,z € X with y # z;

(G-4) G(x,y,z) = G(x,z,y) = G(y,2,x) = ...... , symmetry in all three variables;

(G-5) G(x,y,z) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X. The function G is called a gener-

alized or a G-metric on X and the pair (X, G) is called a G-metric space.
Definition 2.2. A G - metric space (X, G) is said to be G-complete if every G-Cauchy sequence
in (X,G) is G-convergent in X.

Definition 2.3. Let (X,G) be a G-metric space and let {x,} be a sequence of points of X. A
point x € X is said to be the limit of the sequence {x,}, if lim,, 0. G(X,X,,%,) = 0 and we say

that the sequence {x, } is G-convergent to x or {x,} G-converges to x.

Thus, x, — x in a G-metric space (X,G) if for any € > 0, there exists k € N such that

G(x,xy,xy) < € for all m,n > k.
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Proposition 2.1. Let (X, G) be a G-metric space. Then the following are equivalent:
(1) {x,} is G-convergent to x;
(2) G(xp,xp,x) — 0 as n — oo
(3) G(xp,x,x) — 0 as n — oo}

(4) G(xp,xm,x) — 0 as n,m — oo.

Definition 2.4. Let (X,G) be a G-metric space, a sequence {x,} is called G-Cauchy if for
every € > 0, there is k € N such that G(x,,x,,x;) < € for all n,m,l > k; that is G(xp, Xy, x;) — 0

as n,m,l — oo,

Proposition 2.2. Let (X,G) be a G-metric space. Then the following are equivalent:

(1) {x,} is G-cauchy;

(2) for every € > 0, there is k € N, G(x,, X5, Xp) < € for all n,m > k.

Definition 2.5. Let A and B be two mappings from a G-metric space (X,G). Then the pair
(A,B) is said to be weakly compatible pair if they commute at their coincidence point, that is
Ax = Bx implies that ABx = BAx for all x € X.

Define @ = {¢ : R" — R™}, where RT = [0,0) and for each ¢ € ® satisfies the following
conditions:

(¢-1) ¢ is strict increasing;

(¢-2) ¢ is upper semi continuous from the right;

(9-3) Y o 9(t) <eoforallz>0;

(¢-4) 9(0) =0.

3. Main results

Theorem 3.1. Let A,B,C,S,R and T be self mappings of a complete G-metric space (X,G) and

(1) AX)CT(X),B(X)CS(X),C(X) CR(X)and A(X) or B(X) or C(X) is a closed subset
of X.
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(ii)

G(Ax, By, C2) < ¢ {max{ a[G(Rx, Ty,52) + G(Rx, By, C2)], B[G(Rx, Ax, By) + G(Ty, By,C2)
+ G(Sz,Cz,Ax) + G(Ax,Rx, Ty) + G(By, Ty, Sz) + G(Cz,Rx, Sz)],
YIG(Rx, By, Ty) + G(Ty,Cz,Sz)

+ G(Sz,Ax, Rx) + G(Sz,Cz,Ax) + G(Ty, Ax, By)] } }

where a,,Y>0and 30+ 7B + 6y < 1.

(iii) ¢ : RT — R is increasing function such that ¢(t) <t forallt >0 and ¥ ¢(t) < o as

T — oo,

(iv) The pairs (A,R), (B,T) and (C,S) are weakly compatible pairs.

Then the mappings A,B,C,S,T and R have a unique common fixed point in X.

Proof. Let xo € X be an arbitrary point. By (i) there exist x;,x,,x3 € X such that Axo = Tx; = yo,
Bx; = Sxp = y; and Cx; = Rxz = y;. Inductively construct a sequence {y,} in X such that

Axzp = Tx3p41 = Y30, Bx3p 1 = Sx3042 = y3p+1 and Cx3,,42 = Rx3,43 = y3,42 forn=0,1,2,3....
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We prove the sequence is a Cauchy sequence. Let d,, = G(yim, Ym+1,Ym+2)- Then we have

d3n = G(Y3n,Y3n+1,Y3n+2)
= G(Ax3p,Bx3511,CX3042)
<¢ {max { 0 [G(Rx3, TX334-1,5%3n42) + G(Rx3,, Bx3,11,CX3542)],
BIG(Rx3,Ax31,Bx3,41) + G(TX3p41,BX3p4-1,CXx3p42) + G(Sx3442,CX3,42,Ax3,,)
+ G(Ax30, Rx30, Tx3n11) + G(BX3n41, T X341, S%3012) + G(CX3p41, RX3p, SX3042) ],
YIG(Rx3p, Bx3ny1, Tx3n11) + G(TX3011,CX3012,SX3042) + G(SX312,AX35, RX31)

+ G(Sx3p42,Cx3542,Ax3,) + G(Tx3541,AX30, BX341)] } }

<¢ {max{a[G(%nq s Y3ns Y3n+1) + G(V3n—15Y3n+1,Y3n42) ] BIG(Y3n—1, Y30, Y3n+1)
+G(Yan, Yan+1,Y3n+2) + G(V3nt15,Y30+25Y3n) + G(V3n,Y3n-1,¥30) + G(V3nt1, Y30, Yan+1)
+G(V3n12,Y3n-1,Y30+1)], IG(V3n—1,Y304+1,Y30) + G(V3n: Y3n+2,Y3n+1)
+G(V3n+1,Y305Y3n-1) + GV3nt1,Y30+25Y3n) + G(V3u5 Y35 Y3n+1)] } }

<¢ {maX{ a2d3,-1 +d3y), Bld3n—1 +dap +dzn+d3n—1 +d3n + (d3n—1 +d3n)],

’}/[d?m—l + d3n + d3n—l + d3n + d3n] } }

In above inequality, there arises 3 case:

Case L If max = o[2d3,—1 + d3,), i.e. ds, = ¢(a[2d3,—1 +d3y)), we prove that d3, < d3,—;
for every n € N. If d3, > d3,— for some n € N by above inequality, we have d3,, < ¢ (3ads,);
ds, < 3ads, as ¢(t) < t; d3, < ds, as 3a+ 7P + 6y < 1, which is contradiction. So we have
dz, < dzp—1.

Case IL. If max = Bld3n—1 +dan + dsn + dzn—1 + dan + (d3n—1 +d3n)|, €. d3y = ¢(Bldzn—1+
dsp + d3y + day—1 + dsy + (d3n—1 + day)]), we prove that ds, < d3,,—1 for every n € N. If d3,, >
d3,—1 for some n € N by above inequality, we have d3, < ¢(7Bds,); d3, < 1Bd3, as ¢(t) < t;
dsy, < ds, as 3o+ 7B + 677 < 1, which is contradiction. So we have ds, < d3,,_.

Case IIL: If max = Y[d3,—1 + d3n + d3n—1 + dsn + d3y). ie. d3y = @(V[d3p—1 +d3n+d3n—1+

dz, + d3y)), we prove that ds,, < d3,,—1 for every n € N. If d3,, > d3,,_1 for some n € N by above
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inequality, we have ds, < @(5ydsy); d3, < Syds, as ¢(t) <t; d3, < ds, as 3a+7B +6y < 1,
which is contradiction. So we have d3, < d3;,_1.

If m=3n+1, then

B3ni1 = G(Y3n+1,Y3n+2,Y3n+3)

= G(Ax3n+3,Bx3n41,Cx3n42)

<¢ {max { a[G(Rx3043, Tx3041,8%3n+42) + G(RX3043, BX3011,CXx3p42)]
BIG(Rx31+3,A%30+43,Bx3n+1) + G(T X311, Bx3011,Cx3012) + G(Sx3012,Cx3012,AX31.3)
+ G(Ax343, Rx3013, Tx3p11) + G(Bx3nt1, TX3n+1,5%30+2) + G(Cx3n12, RX3443, %3042
YIG(Rx3043, BX3n 1, TX3n41) + G(TX3041,Cx3012,SX3042) + G(SX3042,AX3043, RX3043)
+ G(Sx3n12,Cxn12,A%3013) + G(Txn11,A%3013, Bran1)] | |

<¢ {max{ A[G(Y3n42, Y30, Y3n+1) + G(V3n42, Y3041, Y3042
BIG(Y3n+2:Y3n,Y3n+1) + G(V3n, Y3nt1,Y3n+2) + G(V3nt 1, Y3042, Y3n+3)
+G(V3n+3:Y30+2,Y3n) + G(V3nt+1, Y30, Y3n+1) + G(V3n42, Y3042, Y3n+1)]5
VG (V3n+2,Y3n+1,Y3n) + G(V3n, Y3012, Y3n+1) + G(V3n+15 Y3043 Yan+2)
+G(V3n+1,Y3n+2,Y3n+3) + G(V30, Y3043, Y3n+1)] } }

<¢ {maX{Ot[ahn +dzni1], Bldsnt1 +dan + dani1 + (dan1 +dsn) +dzn + dznt],

Yldsn + dsn + dans1 + dzp1 + (dzn +d3nt1)] } }

In the above inequality, there arises 3 case:

Case L. If max = a[ds, + d3,+1], we now prove that d3,, | < ds, foreveryn € N. If d3,,1 >
d3, for some n € N by above inequality, we have d3, < ¢ (2ads,); d3, < 2ads, as §(t) < t;
dsy, < dz, as 3o+ 7B + 67 < 1, which is contradiction. So we have ds, 11 < day,.

Case I1. If max = B[d3,41+d3n +d3ns1 + (d3pg1 +d3,) +d3,+d3, 1], We prove that ds, 1 <
d3, forevery n € N. If d3,, 11 > d3,, for some n € N by above inequality, we have d3, < ¢(7Bd3,);

ds, < 1Bd3, as §(t) < t; ds, < d3, as 3o+ 7B + 6y < 1, which is contradiction. So we have

d3n+1 < d3n-
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Case IIL. If max = Y[d3, + d3p + d3ny1 + d3pr1 + (d3n + d3ny1)], we prove that ds,y 1 < d,
for every n € N. If d3,1 > d3, for some n € N by above inequality, we have d3, < ¢(67d3,);

ds, < 6Yds, as ¢(t) < t; ds, < dz, as 3o+ 7B + 6y < 1, which is contradiction. So we have
d3n+1 < dsp.

Further if m = 3n+ 2, then
d3n+2 = G(Y3n+2,Y3n+3, Y3n+4)

= G(Ax30+3, Bx3p14,Cx3p12)

<¢ {max { 0 [G(Rx3143, TX3p44,5%3n42) + G(RX3543, BX3544,CX3,42)]
BIG(Rx3,43,A%343, Bx3p44) + G(T X344, BX3p44,Cx3442) + G(SX3042,CX3p42,AX343)
+ G(Ax3013,Rx3113, TX3n44) + G(Bx3p14, TX30 44, SX3042) + G(CX3n42, RX3013,SX3012)],
YIG(Rx3443, BX3n 14, TX3n14) + G(T X344, CX3042,8%3042) + G(SX3442,AX3043, RX3013)
+ G(Sx3n+2, Cx3n4+2,Ax30+3) + G(TX3n44,AX3043, BX3p14)] } }

<¢ {max{ A[G(Y3n+2: Y30, Y3n+1) + G(V3n42,Y3n+45Y3n12)]5
BIG(Y3n+2, Y3043 Y3n+4) + G(Y3n+3,Y3n+4,Y3n+2) + G(V3n+1, Y3042, Y3n+3)

+G (V31135 Y3042, Y30+3) + G(V3n+45 Y3043, Y3n+1) + G(V30425 Y3042, Y3 +1)),
VNG (V3n+25Y3n+4,Y3n+3) + G(V3nt3, Y3042, Y3n+1) + G(V3n+1, V30435 Y3n+2)
+G(Y3n+1,Y3n+2,Y3n+3) T G(V3n43, Y3043, Y3n+1)] } }

<¢ {max { adsni1 +danial, Bldsnia + danio + danr1 + dapi2 + (dsng1 +dansa) +dzny ],

Ydsn+2 +dan+1 +dzni1 +dznt1 +dsnia] } }
In the above inequality, there arises 3 case:

Case L. If max = a|d3,+1 + dsn12|, we now prove that ds,» < d3,4 for every n € N. If
dzp12 > ds,4 1 for some n € N by above inequality, we have d3,12 < ¢(2ad3,12); dipin <
20d3,10 as @(t) < t; dapyo < d3pio as 3o+ 7B + 6 < 1, which is contradiction. So we have
d3ni2 < dapy1.

Case IL If max = B|d3y42 + d3ni2 + dspi1 + d3ns2 + (d3nr1 + d3ny2) +d3nr1], we prove that

d3yi2 < d3pq forevery n € N. If dsj, 2 > d3,41 for some n € N by above inequality, we have
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dsni2 < O(T1Bdsnt2); danv2 <TPBdspi2 as (1) <t; dzpi2 < dspi2 as 3a+7B +6y < 1, which
is contradiction. So we have d3,,12 < d3,,41.

Case IIL If max = Y[d3p42 + d3ps1 + d3ny1 + d3ps1 +d3nyo], we prove that ds, o < d3,41 for
every n € N. If d3, 12 > d3,41 for some n € N by above inequality, we have dz,1» < ¢ (5v7d3,+2);
dspi2 < S5Ydapin as @(t) < t; dspio < dipsn as 300+ 7B + 6y < 1, which is contradiction.
So we have d3,4+2 < d3,+1. Hence for every n € N we have d, < d,,_1. Thus by above in-
equality we have d, < gd,_1m, where ¢ =3a+7B+6y < 1, i.e. dy =G, Ynt+1,Yn+2) <
4G (Yn—1,Yn;Yn+1) < ¢"G(y0,y1,y2). Now we have G(x,x,y) < G(x,y,z). Therefore we have

GnyYnsYn+1) < ¢"G(yo,y1,¥2)

and

G(n,YnsYm) < G(VnsYnsYnt1) + GVt 1, Ynr15,Yn42) + oo+ G(Vim—1,Ym—1,Ym)-
Hence, we have

Gy Vs ym) < G0, ¥1,52) + 4" G(v0,y1,2) + o + 4" G(v0,y1,72)
qn_qm
< G
~ 1_q (y07YIaYZ)

n

q_qG()’Oa)’I ,y2) = 0.

<
1

So the sequence {y, } is Cauchy in X and {y,} converges to yin X, i.e., 1i_r>n Yn =Y
n—oo

lim Yn = lim A)C3n: lim BX3n+1 = lim CX3n+2
n,m—»o0 n,m—»o0 n,m—»o n,m—»00

= n}rilfgw Txspy1 = n}qlglw Sx3p42 = ,ZBIEWRX%H =y
Let C(X) be a closed subset of R(X). Then there exist u € X such that Ru =y . Notice that
G(Au,Bx3,11,Cx342) < ¢ {max{ o[G(Ru, Tx3p+1,5%3142) + G(Ru, Bx3,,+1,Cx3,42)],
BIG(Ru,Au,Bx3,41) + G(TX3541,Bx3,11,Cx3,12) + G(Sx3542,Cx3442,At)
+ G(Au,Ru, Tx3,+1) + G(Bxzns1, Tx3n+1,5%3n42) + G(Cx3p42, Rt, Sx3n12)],

YIG(Ru,Bx3,41,Tx3041) + G(TX3541,Cx3442,5X3,12) + G(SX3,12, Au, Ru)

+ G(Sx3n12,Cx3p42,Au) + G(Tx354-1,Au, Bx3, 1 1)] } }
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Letting n — oo, we get

G(Auva?)n—i-l 9 Cx3n+2) = G(Au,y, y)
< ¢{max{ @[G(Ru,y.y) + G(Ruy.y)}, BIG(Ru, Au,y) + G(3..)
+G(y,y,Au) + G(Au,Ru,y) + G(y,y,y) + G(y,Ru,y)],

YIG(Ru,»,) +G(3,3,5) + G(y. Au, Ru) + G(y,y,Au) + Gy, Au, )] } }

This implies that

G(Au,y,y) < ¢(max{20G(y,y,y),3BG(y,Au,y),3YG(y,Au,y)}).

In the above inequality, following case arise:

Case I. If max = 3BG(y,Au,y), G(Au,y,y) < ¢(3BG(y,Au,y)), G(Au,y,y) < 3BG(y,Au,y),
G(Au,y,y) < G(y,Au,y) as 3a+ 7B + 67 < 1. This leads to contradiction. Thus G(Au,y,y) =0
=Au=y.

Case IL. If max = 3yG(y,Au,y), G(Au,y,y) < ¢ (3yG(y,Au,y)), G(Au,y,y) < 3YG(y,Au,y),
G(Au,y,y) < G(y,Au,y) as 3a.+ 7 + 67 < 1. This leads to contradiction. Thus G(Au,y,y) =0
= Au = y. Therefore Au = Ru = y. By weak compatibility of the pair (R,A), we have ARu =
RAu, hence Ay = Ry.

We prove that Ay = y. If Ay # y, then

G(Ay,Bx3,+1,Cx3p42) < @ {max{ o[G(Ry, Tx3p+1,5%3542) + G(RY, Bx3,4-1,Cx3042)],
BIG(Ry,Ay, Bx3n+1) + G(Tx3n+1, BX3n+1,Cx3n12) + G(Sx3042, Cx3p42,AY)
+ G(Ay, Ry, Tx3n+1) + G(Bx3n+1, T X3n+1,SX3n+2) + G(Cx3n42, Ry, Sx342)
YIG(Ry, Bx3n11, Tx3n11) + G(Tx3011,CX3042,Sx3012) + G(Sx3042,Ay, RY)

+ G(S¥3042,Cx312:4Y) + G(T3041,A%, Brznn) } ).
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Letting n — oo, we get

G(AyaB-x3n+17C-x3n+2) = G(Ayayay)
<¢ {maX{OC[G(Ry, y,¥) +G(Ry,y,y)], B[G(Ry,Ay,y) + G(y,,y)
+ G(y,y,Ay) + G(Ay,Ry,y) + G(y,5,y) + G(y,Ry,y)],

YIG(Ry,y,y) +G(1,y,y) + G(y,Ay,Ry) + G(y,y,Ay) + G(y,Ay, )] } } :

This implies that

G(Ay,y,y) < ¢(max{20G(Ay,y,y),4BG(y,Ay,y),4YG(y,Ay,y)})-

Now there arises 3 case:

Case L. If max = 2aG(Ay,y,y), G(Ay,y,y) < 9(2aG(Ay,y,y)), G(Ay,y,y) < 2aG(Ay,,y),
G(Ay,y,y) < G(Ay,y,y) as 3a+ 7B + 6y < 1. This leads to contradiction. Thus G(Ay,y,y) =0
= Ay =y.

Case II. If max = 48G(Ay,y,y), G(Ay,y,y) < 0(4BG(Ay,y,y)). G(Ay,y,y) < 4BG(Ay,y,y),
G(Ay,y,y) < G(Ay,y,y) as 3a+ 7B + 6y < 1. This leads to contradiction. Thus G(Ay,y,y) =0
= Ay =y.

Case IIL If max = 4YG(Ay,y,y), G(Ay,y,y) < ¢(4YG(Ay,y,y)), G(Ay,y,y) < 4YG(Ay,y,y),
G(Ay,y,y) < G(Ay,y,y) as 3a+ 7B 4+ 6y < 1. This leads to contradiction. Thus G(Ay,y,y) =0
= Ay =y. Hence Ay =y and Ry = Ay = Ay = Ry = y. Hencey is common fixed point of R and
A. Since y = Ay € A(X) C T(X), there exists v € X such that Tv =y. We prove that Bv = y.

G(y,Bv,Cx3,12) = G(Ay, Bv,Cx3,12)
<¢ {max{ o[G(Ry, Tv,Sx3,42) + G(Ry,Bv,Cx3,12)], B[G(Ry, Ay, Bv)
+ G(Tv,Bv,Cx3,12) + G(Sx3,42,Cx342,Ay) + G(Ay, Ry, Tv) + G(Bv, Tv,Sx3,42)
+ G(Cx3p42,Ry, Sx3,42)], YIG(Ry, Bv, Tv) + G(Tv,Cx31+2,SX3142)

+ G(Sx3012,4%,RY) + G(Sx3012, Cizn 2, 4y) + G(Tv, Ay, Bv)] } |
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Letting n — oo, we get
G(y,Bv,y) = G(y,Bv,y)
<¢ {mGX{ a|G(y,5,y) +G(y,Bv,y)], B[G(y,y,Bv) + G(y,Bv,y)
+G(3,5) +G(,y,y) +G(Bv,y,y) + G(y, %),

YG(y,Bv,y) + G(y,,y) +G(1,5,y) +G(y,5,y) + G(y,y,Bv)] } }

This implies that

G(y,Bv,y) < ¢ (max{aG(y,Bv,y),3BG(y,y,Bv),2YG(y,y,Bv)}).

In above inequality, there arises 3 case:

Case L. If max = aG(y, Bv,y), G(y,Bv,y) < ¢ (aG(y,Bv,y)),
G(y,Bv,y) < aG(y,Bv,y)), G(y,Bv,y) < G(y,Bv,y)) as 3a+ 7 + 67 < 1. This leads to contra-
diction. Thus G(y,Bv,y) =0 = Bv=1y.

Case IL If max = 38G(y,y,Bv), G(y,Bv,y) < ¢(3BG(y,y,Bv)), G(y,Bv,y) < 3BG(y,y,Bv),
G(y,Bv,y) < G(y,y,Bv) as 3ot + 7P + 67y < 1. This leads to contadiction. Thus G(y,Bv,y) =0
= Bv =Y.

Case IIL If max = 2YG(y,y, Bv), G(y,Bv,y) < ¢(2YGG(y,y,Bv)), G(y,Bv,y) < 2YG(y,y,Bv),
G(y,Bv,y) < G(y,y,Bv) as 3a+ 7 + 6y < 1. This leads to contradiction. Thus G(y, Bv,y) =0
= Bv =y. Therefore Bv = Ty = y. By weak compatibility of (B,T) we have BTv = TBv.
Hence By = Ty. We prove By = y. If By # y, then

G(Ay,By,Cx3p42) < ¢ {max{ o|G(Ry, Ty, Sx3n+2) + G(Ry, By,Cx3n+2)], B[G(Ry, Ay, By)

+ G(Ty, By,Cx3p+2) + G(Sx3n+2, Cx3n12,Ay) + G(Ay, Ry, Ty) + G(By, Ty, Sx3,+2)

+ G(Cx3,42,Ry, Sx3042)], YI[G(Ry, By, Ty) + G(Ty,Cx3p+2,Sx3,42)

+ G(SX3012,A,RY) + G(SXan 12, Cans2,4Y) + G(Ty. Ay, By)] } }.

Letting n — oo, we find

G(y,By,y) <¢ {maX{ a[G(y,y,y) +G(y,By,y)], BIG(y,y,By) +G(y,By,y) + G(y,y,y)
+G(,y,y) +G(By,y,y) +G(y,5,5)], YIG(y, By,y) + G(y,5,y) + G(1,y,y)

+G(3,,) +G(,y,BY)] } }
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This implies that

G(y,By,y) < ¢{maX{OCG(y, By,y),3BG(y,By,y),2YG(y, By,y) } }

In above inequality, there arises 3 case:

Case L. If max = aG(y, By,y), G(,By,y) < ¢(aG(y,By,y)),
G(y,By,y) < aG(y,By,y)), G(y,By,y) < G(y,By,y)) as 3+ 7 + 67y < 1. This leads to conta-
diction. Thus G(y,By,y) =0 = By =y.

Case II. If max = 38G(y,By,y), G(v,By,y) < ¢(3BG(y,By,y)), G(v,By,y) < 3BG(y,By,y),
G(y,By,y) < G(y,By,y) as 3a+ 7 + 6y < 1. This leads to contradiction. Thus G(y,Bv,y) =0
= Bv=y.

Case IIL: If max = 2yG(y,By,y). G(y,By,y) < ¢(2YG(y,By,y), G(y,By,y) < 2YG(y,By,y),
G(y,By,y) < G(y,By,y) as 3o+ 7 + 6y < 1. This leads to contadiction. Thus G(y,By,y) =0
= By=1y. Also Ty=y = By =Ty =y, 1.e. yis a common fixed point of B and 7. similarly
since y = By € B(X) C S(X) there exist w € X such that Sw = y. We prove that Cw = y. If
Cw # y, we have

G(y,y.Cw) = G(Ay,By,Cw)

<¢ {max{ o[G(Ry,Ty,Sw) + G(Ry,By,Cw)], B|G(Ry,Ay, By) + G(Ty, By,Cw)
+G(Sw,Cw,Ay) + G(Ay,Ry, Ty) + G(By, Ty,Sw) + G(Cw, Ry, Sw)], YIG(Ry, By, Ty)

+ G(Ty,Cw,Sw) + G(Sw,Ay,Ry) + G(Sw,Cw,Ay) + G(Ty, Ay, By)] } }

G(y,y,Cw) < ¢ {maX{Ot[G(w,y) +G(y,5,Cw)], BIG(y,y,y) + G(y,y,Cw) + G(y,Cw,y)
+G(3y,y) +G1,y,y) + G(Cw,y,Y)], V[G(,,y) + G(y,Cw,y) + G(y,,y)

+G(,Cw,y) + G(y,y,y)] }}

This implies that

G(y,y,Cw) < ¢ (max{aG(y,y,Cw),3BG(y,y,Cw),2YG(y,y,Cw)}).

In the above inequality, there arises 3 case:
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Case L. If max = aG(y,y,Cw), G(y,y,Cw) < ¢(aG(y,y,Cw)), G(y,y,Cw) < aG(y,y,Cw)),
G(y,y,Cw) < G(y,y,Cw) as 3.+ 7B + 6y < 1. This leads to contradiction. Thus G(y,y,Cw) =0
= cw=y.

Case II. If max =3BG(y,y,Cw), G(y,y,Cw) < ¢ (3BG(y,y,Cw)), G(y,y,Cw) < 3BG(y,y,Cw),
G(y,y,Cw) < G(y,y,Cw) as 3a+ 7 + 6y < 1. This leads to contadiction. Thus G(y,y,Cw) =0
= Cw =Y.

Case III. If max = 2yG(y,y,Cw), G(y,y,Cw) < ¢ (2YG(y,y,Cw), G(y,y,Cw) < 2vG(y,y,Cw),
G(y,y,Cw) < G(y,y,Cw) as 3a+7B + 67 < 1. This leads to contradiction. Thus G(y,y,Cw) =0
= Cw =y = Sy. Therefore Cw = Sw = y. By weak compatibility of (C,S) we have CSw = SCw.
Hence Cy = Sy. We prove that Cy = y. If Cy # y, then

G(y,.Cy) = G(Ay, By,Cy)
< ¢{max{ @[G(Ry. Ty, Sy) + G(Ry. By.Cy)], BIG(Ry.Ay. By) + G(Ty, By,Cy)
+G(Sy,Cy,Ay) + G(Ay, Ry, Ty) + G(By, Ty, Sy) + G(Cy, Ry, Sy)], Y[G(Ry, By, Ty)
+G(Ty,Cy,Sy) + G(Sy,Ay,Ry) + G(Sy,Cy,Ay) + G(Ty, Ay, By)] } } :

This implies that

G(y,y,Cy) < ¢ {maX{ aG(y,y,Cy),3BG(y,y,Cy),2YG(y,y,Cy) } }

In the above inequality, there arises 3 case:

Case I. If max = aG(y,y,Cy), G(y,5,Cy) < ¢(aG(y,y,Cy)),

G(y,y,Cy) < aG(y,y,Cy)), G(y,y,Cy) < G(y,y,Cy) as 3o+ 73 + 6y < 1. This leads to conta-
diction. Thus G(y,y,Cy) =0 = cy =y.

Case IL If max = 3BG(y,y,Cy), G(y,y,Cy) < ¢(3BG(y,y,Cy)),

G(y,y,Cy) <3BG(y,y,Cy), G(y,y,Cy) < G(y,y,Cy) as 3ot + 7 + 6y < 1. This leads to contra-
diction. Thus G(y,y,Cy) =0 = Cy =y.

Case IIL If max = 2yG(y,y,Cy), G(y,y,Cy) < ¢(2YG(y,y,Cy), G(y,y,Cy) < 2YG(y,y,Cy),
G(y,y,Cy) < G(y,y,Cy) as 300+ 7B + 6y < 1. This leads to contradiction. Thus G(y,y,Cy) =0
= Cy=y. Also Sy=y = Sy=Cy=yieyis acommon fixed point of § and C. Thus y
is Common fixed point of A,B,C,S,T and R. i.e. Ay=Sy=By=Ty=Cy =Ry =1y. Next
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uniqueness is established. Let v be another fixed point of A, B,C,S,T and R. If G(y,y,v) > 0,
G(y,y,Cv) < ¢ {max{ a[G(Ry,Ty,Sv) + G(Ry, By,Cv)], B[G(Ry,Ay, By) + G(Ty, By,Cv)
+ G(Sv,Cv,Ay) + G(Ay,Ry, Ty) + G(By, Ty, Sv) + G(Cv,Ry, Sv)], Y|G(Ry, By, Ty)
+ G(Ty,Cv,Sv) + G(Sv,Ay,Ry) + G(Sv,Cv,Ay) + G(Ty, Ay, By)] } } .

This implies that G(y,y,Cv) < ¢{max{2ocG(y,y, Cv),4BG(y,y,Cv),3yG(y,y, Cv)}}. In above
inequality, there arises 3 case:

Case L. If max = 20G(y,y,Cv), G(3,y,Cv) < ¢ 2aG(y,y,Cv)), G(y,y,Cv) < 2aG(y,y,Cv)),
G(y,y,Cv) < G(y,y,Cv) as 300+ 7B + 6y < 1. This leads to contradiction. Thus G(y,y,Cv) =0
= Cv=y.

Case I If max = 4BG(y,y,Cv), G(y,y,Cv) < ¢(4BG(y,y,Cv)), G(y,y,Cv) < 4BG(y,y,Cv),
G(y,y,Cv) < G(y,y,Cv) as 3a+ 7B + 6y < 1. This leads to contadiction. Thus G(y,y,Cv) =0
= Cv=y.

Case III: If max = 3yG(y,y,Cv), G(,y,Cv) < ¢(3yG(y,y,Cv), G(y,y,Cv) < 3yG(y,y,Cv),
G(y,y,Cv) < G(y,y,Cv) as 3a+ 7B + 6y < 1. This leads to contadiction. Thus G(y,y,Cv) =0
= Cv =Y. Hence y = v is unique common fixed point of A, B,C,S,T and R. This completes the

proof.
If we put R =S and C = B in Theorem (3.1), then we obtain the following corollary.

Corollary 3.2. Let A,B,S and T be self mappings of a complete G-metric space (X,G) and
(i) A(X)CT(X), B(X) CS(X)and A(X) or B(X) is a closed subset of X.
(i1)
G(Ax,By,Bz) < ¢ {max{ o[G(Sx,Ty,Sz) + G(Sx,By,Bz)|, B|G(Sx,Ax,By) + G(Ty, By, Bz)
+ G(Sz,Bz,Ax) + G(Ax, Sx, Ty) + G(By, Ty, Sz) + G(Bz, Sx,57)],
Y|G(Sx,By, Ty) + G(Ty, Bz, Sz) + G(Sz,Ax,Sx) + G(Sz, Bz, Ax)
+G(Ty,Ax,By)] } |,
where o, B,7> 0 and3a+7B + 6y < 1.

(iii) ¢ : RT — R is increasing function such that ¢(t) <t forallt >0 and ¥ ¢(t) < o as

T — oo,
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(iv) The pairs (A,S), (B,T) are weakly commuting pairs.
Then the mapping A,B,S and T have a unique common fixed point in X.

If we put § =T and B = A in Corollary 3.2, then we obtain the following corollary.

Corollary 3.3. Let A and T be self mappings of a complete G-metric space (X,G) and
(1) A(X) CT(X) and A(X) is a closed subset of X.
(i1)
G(Ax,Ay,Az) < ¢ {max{ [G(Tx, Ty, Tz) + G(Tx,Ay,Az)], B[G(Tx, Ax, Ay) + G(Ty, Ay, Az)
+G(Tz,Az,Ax) + G(Ax,Tx,Ty) + G(Ay, Ty, Tz) + G(Az,Tx,Tz)],
YIG(Tx,Ay, Ty) + G(Ty,Az, Tz) + G(Tz,Ax,Tx) + G(Tz,Az,Ax)
+G(Ty, Ax,AV)]} }.
where o, B,7> 0 and3a+7B + 6y < 1.
(iii) ¢ : R™ — R™ is increasing function such that ¢ (t) <t for allt >0 and ¥, ¢(1) < o as

n — oo,

(iv) The pairs (A, T) is weakly commuting pair.
Then the mapping A and T have a unique common fixed point in X.
If we put T = I (identity map) in Corollary 3.3, then we obtain the following corollary.
Corollary 3.4. Let A and T be self mappings of a complete G-metric space (X,G) and
(i) A(X) CI(X) and A(X) is a closed subset of X.
(i1)
G(Ax,Ay,Az) < ¢ {max{oc[G(x,y,Z) + G(x,Ay,A2)], B[G(x,Ax,Ay) + G(y,Ay,Az)
+ G(z,Az,Ax) + G(Ax,x,y) + G(Ay,y,z) + G(Az,x,2)],
YIG(x,Ay,y) + G(1,42,2) + G(z,Ax,x) + G(z,Az,Ax)

+G(Axa)] }

where a,,Yy>0and3a+7 + 67 < 1.
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(iii) ¢ : RT — R is increasing function such that ¢(t) <t forallt >0 and ¥ ¢(t) < o as
n —» oo,

(iv) The pairs (A,I) is weakly commuting pair.
Then the mapping A and I have a unique common fixed point in X.
Theorem 3.4. Let S,R, T, {A;}ic1, {B,}jes and {Cy}kek be the set of self mappings of a com-

plete G-metric space (X,G) and

(i) There existsig €1, jo € J and ko € K such that Aj,(X) C T (X), Bj,(X) CS(X), Cy,(X) C
R(X) and Aj;(X) or B,(X) or C,(X) is a closed subset of X.
(i)

G(Aix,Bjy,Cz) < ¢ {max{ a[G(Rx,Ty,Sz) + G(Rx,Bjy,Cyz)], B[G(Rx,Aix,Bjy) + G(Ty, B y,Cyz)
+ G(Sz,Crz,Aix) + G(Aix,Rx,Ty) + G(By, Ty, Sz) + G(Cyz, Rx, Sz)],
YIG(Rx, By, Ty) + G(Ty,Cyz,5z) + G(Sz,Aix, Rx) + G(Sz,Cyz, Aix)

+G(Ty, A Byl } |

where o, B,y > 0 and 3o+ 7B 4+ 6y < 1. For every x,y,z € X and for everyi €1, j € J,
ke K.

(iii) ¢ : RT — R is increasing function such that ¢(t) <t forallt >0 and ¥ ¢(t) < o as
t —> oo,

(iv) The pairs (A;,,R), (Bj,,T) and (Cy,,S) are weakly commuting pairs.

Then the mapping A;,B;,Cy,S,T and R have a unique common fixed point in X.

Proof. By Theorem 3.1, we can say that S,R,T, A;), Bj, and C, for some ip €1, jo €J, ko € K

have a unique fixed point in X. That is there exist a unique a € X such that
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. Let there exist A € J such that A # jp and G(a,Bja,a) > 0. Then we have

G(a,Bja,a) = G(Aj,a,B)a,Cya)
< ¢ {max{oc[G(Ra, Ta,Sa) + G(Ra,Bja,Ca)l, B|G(Ra,A;a,Bja)+ G(Ta,Bja,Cia)

+G(Sa,Cra,Aja) + G(Aia,Ra,Ta) + G(Bja,Ta,Sa) + G(Cra,Ra,Sa),

YIG(Ra,Bja,Ta) + G(Ta,Cra,Sa) + G(Sa,A;a,Ra) + G(Sa,Cra,A;a)

+G(Ty,Aa,Bja)] } }
This is a contradiction. Hence for every A € J we have B (a) = a. Similarily for every 6 € I

and N € K we get As(a) = Cpy(a) = a. Therefore for every 6 € I, 1 € K and A € J, we get
As(a) = By (a) = Cy(a) = S(a) = T(a) = R(a) =a.

Next we give an example to validate our Theorem 3.1.

Example 3.6. Let (X,G) be a G-metric space, where X = [0,0] and

G(x,y,2) =[x —y|+ |y —z|+ |z —x].

Define self maps A,B,C,S,R and T as follows

o =
(9]
R

X
Ax == Bx =
x=g X

Tx=2. &:2, Rx=x,
c

N =

and ¢(r) = . Then A(X) C T(X), B(X) C S(X), C(X) C R(X) and the pairs (A,R), (B,T) and

(C,S) are weakly compatible. Also for x,y,z
G(Ax,By,Cz) < ¢ {max{oc[G(Rx, Ty,Sz) + G(Rx,By,Cz)|, B|G(Rx,Ax,By) + G(Ty, By,Cz)
+ G(Sz,Cz,Ax) + G(Ax,Rx,Ty) + G(By, Ty, Sz) + G(Cz,Rx, Sz)],
Y|G(Rx,By,Ty) + G(Ty,Cz,Sz) + G(Sz,Ax,Rx) + G(Sz,Cz,Ax)
+G(Ty,Ax,By)] } }

That is, all condition of Theorem (3.1) hold and 0 is the unique common fixed point of A, B,C, S, R

and 7.
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