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Abstract. In this article, the problem of finding a common element of the set of solutions of a variational problem
and the set of fixed points of nonexpansive mappings. Our results improve and extend the recent ones announced

by many others.
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1. Introduction

Optimization theory has emerged as a powerful and effective tool for studying a wide class
of problems which arise in economics, finance, image reconstruction, ecology, transportation,
network, elasticity and optimization; see [1-25] and the references therein. The computation of
solutions of variational inequalities (fixed points of nonexpansive mappings) is important in the

study of many real world problems. The aim of this paper is to investigate a solution problem
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of a family of nonexpansive mappings and relaxed cocoercive mappings. In Section 2, strong

convergence theorems of common solutions are established in a Hilbert space.
2. Preliminaries

Let H be a real Hilbert space, whose inner product and norm are denoted by (-,-) and || - ||,
respectively. Let C be a closed convex subset of H and let A : C — H be a nonlinear map. Let
Pc be the projection of H onto the convex subset C. The classical variational inequality which
denoted by VI(C,A) is to find u € C such that (Au,v —u) > 0, v € C. One can see that the
variational inequality is equivalent to a fixed point problem. The function u € C is a solution
of the variational inequality if and only if u € C satisfies the relation u = Po(u — AAu), where
A > 0 is a constant.

Recall that A is said to be inverse-strongly monotone if there exists a constants u# > 0 such
that

(Ax—Ay,x—y) > ul|Ax—Ay|?>, Vx,yeC.

A mapping S : C — C is said to be nonexpansive if ||Sx — Sy|| < |[x —y|| for all x,y € C. Next,
we denote by F(S) the set of fixed points of S. A mapping f : C — C is said to be a contraction

if there exists a coefficient @ (0 < a < 1) such that

1FGe) =W < exle =y,

for Vx,y € C. A linear bounded operator B is strongly positive if there exists a constant ¥ > 0
with the property (Bx,x) > 7||x||>, x € H. A set-valued mapping T : H — 2¥ is called monotone
ifforallx,y € H, f € Txand g € Ty imply (x—y, f —g) > 0. A monotone mapping T : H — 2 is
maximal if the graph of G(T') of T is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping 7 is maximal if and only if for (x, f) € H X H,
(x—y,f—g) > 0forevery (y,g) € G(T) implies f € Tx. Let A be a monotone map of C into H
and let N¢v be the normal cone to C atv € C,i.e., Nev={w €€ H : (v—u,w) >0, Yu € C} and

define

Av+Ncev, veC
Tv=

0, véC.
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Then 7 is maximal monotone and 0 € T'v if and only if v € VI(C,A); see [1] and the references
therein.

Recently iterative methods for nonexpansive mappings have been applied to solve convex

minimization problems. A typical problem is to minimize a quadratic function over the set of

the fixed points a nonexpansive mapping on a real Hilbert space H:

!
I;élg§<Bx,x> - <x7b>7 (21)

where B is a linear bounded operator, C is the fixed point set of a nonexpansive mapping S and b
is a given point in H. In [11], it is proved that the sequence {x, } defined by the iterative method

below, with the initial guess xo € H chosen arbitrarily,
Xp+1 = (I — 0,B)Sxp, + 0b, n>0,

converges strongly to the unique solution of the minimization problem (2.1) provided the se-
quence {a,} satisfies certain conditions. More recently, Marino and Xu [12] introduced a new

iterative scheme by the viscosity approximation method:
X1 = (I — 0uB)Sxy + 0 Yf(xn), n>0.

They proved the sequence {x,} generated by above iterative scheme converges strongly to the

unique solution of the variational inequality
<(B_’}/f)x*’x_x>k> 207 XEC?

which is the optimality condition for the minimization problem min,cc % (Bx,x) — h(x), where
C is the fixed point set of a nonexpansive mapping S, & is a potential function for df (i.e.,
W(x)=6f(x)forxe H.)

Concerning a family of nonexpansive mappings has been considered by many authors. The
well-known convex feasibility problem reduces to finding a point in the intersection of the fixed
point sets of a family of nonexpansive mappings. The problem of finding an optimal point that
minimizes a given cost function over common set of fixed points of a family of nonexpansive
mappings is of wide interdisciplinary interest and practical importance. A simple algorithmic

solution to the problem of minimizing a quadratic function over common set of fixed points
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of a family of nonexpansive mappings is of extreme value in many applications including set
theoretic signal estimation.

Recently Yao et al. [13] considered a general iterative algorithm for an infinite family of non-
expansive mapping in the framework of Hilbert spaces. To be more precisely, they introduced

the following general iterative algorithm.

X1 = AV (xn) + Buxn + (1 = Bu)l — A A)Wox,

where f is a contraction on H, A is a stronglyy positive bounded linear operator, W,, are nonex-
pansive mappings which are generated by an finite family of nonexpansive mapping 77, 7>, . . ..

To be more precisely,

Un,n—i—l 217

Un,n = YnTnUn,n+1 + (1 - Yn)la

Unk = WU g1 + (1 =101,
(2.2)

Un k-1 = Y1 Te—1Un i+ (1 — Y1),

Upr=pTU,3+ (1 —p)l,

Wo=Un1 =nT1Upa+(1—n)I,

where {71},{72},... are real numbers such that 0 < y < 1, T1,7T3,... be an infinite family of
mappings of C into itself. Nonexpansivity of each 7; ensures the nonexpansivity of W,,.

Concerning W,, we have the following lemmas which are important to prove our main results.

Lemma 2.1 [14] Let C be a nonempty closed convex subset of a strictly convex Banach space
E. Let Ty, T>,... be nonexpansive mappings of C into itself such that N’_F(T,) is nonempty,
and let 11,79, ... be real numbers such that 0 <y, <N < 1 foranyn > 1. Then, for every x € C

and k € N, the limit lim;,_,o U, ;x exists.
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Using Lemma 2.1, one can define the mapping W of C into itself as follows. Wx = lim;_,.c W;,x =
lim;, e Uy, 1 x, for every x € C. Such a W is called the W-mapping generated by 77,7, ... and

M, %, . ... Throughout this paper, we will assume that 0 <9, <n <1 foralln > 1.

Lemma 2.2 [14] Let C be a nonempty closed convex subset of a strictly convex Banach space E.
Let T1, T»,... be nonexpansive mappings of C into itself such that N;;_,F(T,) is nonempty, and
lety1,7,... be real numbers such that 0 <y, <n <1 foranyn> 1. Then, F(W) ="_ F(T,).

In this paper, we introduce a composite iterative process as following:

(

x1ecC

Yn = Pe(BaYf () + (I = BuB)WoPc (I — rpA)xy), (2.3)

[ 1= Pc(ocnxn +(1—aty)yn +en), n>1,
where A is an inverse-strongly monotone mapping, B is a strongly positive linear bounded
operator, f is a contraction on C and W, is a mapping generated by (2.2).

We prove the sequence {x,} generated by the above iterative scheme converges strongly to a
common element of the set of common fixed points of an infinite nonexpansive mappings and
the set of solutions of the variational inequalities for an inverse-strongly mapping, which solves
another variation inequality (Yf(¢) —Bgq,q—p) <0, pen? F(T;)NVI(C,A) and is also
the optimality condition for the minimization problem min,ec % (Bx,x) — h(x), where C is the
intersection of the common fixed points set of a nonexpansive mappings and the set of solutions
of the variational inequalities for relaxed (7, r)-cocoercive maps, & is a potential function for
of (i.e., W(x)=6f(x) forxe H.)

In order to prove our main results, we need the following lemmas.

Lemma 2.3 [11] Assume that {0y, } is a sequence of nonnegative real numbers such that
Oyt < (1 - '}/n)an + 5n7

where 7, is a sequence in (0,1) and {8,} is a sequence such that
(1) Z::l Y = 0o
(ii) limsup,_,e 0n/ Y < 0 0r Y71 [On] < oo.

Then lim, .. 0, = 0.
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Lemma 2.4 [12] Assume B is a strongly positive linear bounded operator on a Hilbert space H

with coefficient ¥ > 0 and 0 < p < ||B||~!. Then

[1—pB|| <1-pF.

Lemma 2.5 [15] Let {x,,} and {y,} be bounded sequences in a Banach space X and let B, be a

sequence in [0,1] with

0 < liminf B, < limsup 3, < 1.
n—oo

n—yoo

Suppose x,+1 = (1 — Bn)yn + Bnxn for all integers n > 0 and

limsup(||yns1 = yall = X1 —xal]) <O.
n—yoo

Then lim,,_e ||y, — xp|| = 0.

Lemma 2.6. In a real Hilbert space H, there holds the the following inequality
e+ 11> < el + 2 (0 +3),

forall x,y € H.
3. Main results

Theorem 3.1. Let H be a real Hilbert space, let C be a nonempty closed convex subset of H and
let A : C — H be an u-inverse-strongly monotone mapping. Let f : C — C be a contraction with
the coefficient @ (0 < o0 < 1) and {T;}7 | be an infinite nonexpansive mappings from C into
itself generated by (2.2) such that F = (\— F(T;) "VI(C,A) # 0. Let B be a strongly positive
linear bounded self-adjoint operator of C into itself with coefficient ¥ > 0 such that ||B|| < 1.

Assume that 0 < y < ¥/ a. Assume that x| € C and {x,} is generated by

(

x1€C

yn=Fc (ﬁan(xn) + (I - BnB)WnPC(I - rnA>xn)7

| o1 :Pc(ocnxn—i-(l —Oc)yn—i-en), n>1,
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where e, is a bounded sequence in H, {o,} and {B,} are sequences in (0,1). If {o,,}, {Bn} and

{rn} are chosen such that

(a) 0 < liminf, e 04, < limsup, ... 04 < 1;
(b) limy—eo B = 0, X7y Bn = oo
(C) hmnﬂoo ‘rn—H - rn| = 07 Z:Lozl HenH < oo

(d) {r.} C [a,b] for some a,b with0 < a < b < 2u.

Then {x,} converges strongly to q € F, where g = Pr(yf + (I — B))(q), which solves the varia-
tion inequality (yYf(q) —Bq,p—q) <0, VpecF.

Proof. From the definition of inverse-strongly monotone mappings, we find that I — r,A is
nonexpansive. Since the condition (a), we may assume, with no loss of generality, that 8, <
|B||~! for all n. From Lemma 2.4, we know that if 0 < p < ||B|| ™!, then || — pB|| < 1 —p¥.

Letting p € F, we have

H)’n _pH < Bullyf (xn) —Bp” + (1 _ﬁn7)||WnPC(I_ nA) X, — p||
< Bu?llf (xn) = £ (P + Bullvf () — Bpll + (1 = Bu?)llxa — Pl

= [1 = Bu(¥ = vo)lllxa — pll + Bull v/ (p) — Bpl|-

On the other hand, we have

st = pll < ol = pll + (1= @) lyn = pll + [lenll
< O = pll + (1 = ) [(1 = Bu (¥ = v0t)) oen —

+Ballvf (p) = Bpll] + llenll-

By simple inductions, we have that the sequence {x,} is bounded. Putting p, = Pc(I — r,A)x,,

we have

100 = Pt | ST = rnA)xn — (I = rng1A) X1 |
= (xn = rnAxn) — (Xnr1 — rAXn11) + (Fag1 — rn)Axng 1| (3.1)

§||xn_xn+1H + |rn+1 _rn|M17
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where M| is an appropriate constant. It follows that

1Yn = Y1l < (= Bav1V)(|lPat1 = Pull + [War 100 — Wapnl) 32
3.2

+ |ﬁn+1 - ﬁn‘MZ + '}/ﬁn—l—lauxn—i-l —an7

where M> is an appropriate constant. Since both 7; and U, ; are nonexpansive, we find from

(2.2) that

Wt 100 — Wapnll < V1 llUnt120 — Un2pul|
= YN11LTUus1,300 — 12U 304

< NP Uut1,3Pn — Un3pPnl|

3.3
S ny:- Yn”Un—H,n—Hpn - Un,n—}—lan
n
< Mj H Y
i=1
where M3 > 0 is an appropriate. Therefore, we have
[1vn = yarill < 1= Bus1 (7= 0p)] 11 —xa
+M4(|rn+1 - rn| + |.8n+l _ﬁn| +H'}’i)a
i=1
where M, is an appropriate appropriate constant. It follows that
limsup{ [|yn+1 = yall = [Xnt1 —xal[} <O. (3.4)
n—soo
Using Lemma 2.6, we obtain that
Jim [y, = =0. (35)
It follows that
Tim [[5,1 x| = 0 (3.6)

and

r}l_l;IE}OHWnpn_)’nH =0. (3'7)
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For p € F, we have

lpn — pl1?

= ||PC(I_rnA)xn_PC(I_’”nA)P||2

< [|(xn — p) — ra(Ax, — Ap) >

= |0 = PII* = 27 {xa — p,Axn — Ap) + 12| Ax, — Ap|?

< = plI* = 2ra[=VI|Ax, — Ap|I* + rllxa — plI*] + ral|Ax, — Ap||?

< |lxn = pII* +2ra¥l|Axy — Ap|® = 2rarlbn — p|I* + 2 | Axs — Apl|?

<l = pIP + 2+ 72 = ) s = AplP-
Since
lyn = pII* = 1Ba(¥S () = Bp) + (I = BuB) (Wapn — p)|I*
< (Ballvf (n) = Bpll + (1 = BuP)llpn — P11)°
< Bull v (xa) = Bpl* + [|pa — > +2Bull 7/ (xa) = Bpll | — plI,
we see that

i1 = pII* < 2010 (X0 — p) + (1= 06) v — P) I + 2l enl >
<204 |[x, — pII* +2(1 — &) ||yn — pII* + 2] en]?
<204 |[x, — pI* +2(1 — &) [Bul| v (xa) — Bp||* +2[|pa — pI*
+ 4Bl vf (xn) — Bpll[lpn — plI] +2llenl|*-

Substituting (3.8) into (3.10), we have

a1 — P>
2 2 2 2rar 2
< [Jxx = plI* + Bullvf (x) — Bp|| +(2rn7+rn—7>llen—Ap||
+ 2Bl v (xn) = BpIl[lon — Il + llen]l*.

This obtains that

lim ||Ax, —Ap|| = 0.
n—o0

133
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On the other hand, we have
I = P11 =[1Pe(I = raA)xy — Pl — raA) p|®
<(UI = raA)xn— (I = raA)p,pp—p)
1 2 2
= (=AY = (1= raA)p P + llow = p
— |1t = raA)n — (I = raA)p — (P — p)|I*}
<3l Pl 10w = pIP — 5 — o) — A — Ap) )
Z%{len—pllzﬂlpn—sz— [bin — pull? = 13l Axs — Ap|®
+2rp(Xn — P, Axn —Ap) },
which yields that
o = P11 <lbn = pII* = lPa =201 + 27l P — x| [ Axn — Ap]|. (3.13)
Therefore, we have
(1= at)llpn — x|
< ben = P11 = w1 =PI + Bull v/ (%) = Bpl|* + 27| o — x| A — Ap||
+2Bullvf (xn) = Bpllllpn — Pl
< (Ixn = Pl 4 1xn1 =PI n = Xn11l + Bull v (xa) — Bp|?
+2rul|Pn = xal[Axn — Ap| + 2Bl vf (xa) = Bp |l pn = P|-
From the conditions (i), (ii), (3.6) and (3.12), we have
lim [[py —x| = 0. (3.14)

On the other hand, we have ||p, — W, pn|| < ||xn — Pn|| + [|[Xn — Yu|| + ||yn — Wapn||. Therefore, we
have lim, . ||Wp,, — W,pn|| = 0. Since

W pn— pull < [[Wapn — Pull + [[Wapn —Wpall,

we have

lim [Wp, — p || = 0. (3.15)
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Since Pr(yf + (I — B)) is a contraction, we find that Pr(yf + (I — B)) has a unique fixed point,
say g € H. Thatis, g = Pr(yf+ (I — B))(g). To show it, we choose a subsequence {x,, } of {x, }
such that limsup,_,..(vf(q) — Bg,x, — q) = lim; e (Yf(q) — Bg,xn, — q). As {x,,} is bounded,
we have that there is a subsequence {x,lij} of {x,} converges weakly to p. We may assume
that without loss of generality that x,, — p. Hence we have p € F. Indeed, let us first show that
p€eVI(C,A). Put

Awi+Ncwy, w1 eC
Twy =

@, wi %C.

Since A is inverse-strongly monotone, we have 7' is maximal monotone. Let (wy,wz) € G(T).
Since wy —Aw| € Newy and p, € C, we have (w; — p,,wo —Awyp) > 0. On the other hand, from
Pn = Pc(I — rpA)x,, we have (wi — py, pp — (I — r4A)x,) > 0 and hence (Wi — pp,, w2) > (Wi —
P APn; — AXy,) — (W1 — P, %), which implies that (w; — p,w,) > 0. We have p € T~10
and hence p € VI(C,A). Next, llet us show p € N2 F(T;). Since Hilbert spaces are Opial’s

spaces, from (3.15), we have

timinf o, — pl| <Timinf oy, — W]
1—o0 |—o0
= 1il.lgg1fHPni — WP, +Wapn, —Wpl|
<liminf||Wp,, —Wp|
[—o0

<liminf||p,, — pl,
[—>oo

which derives a contradiction. Thus, we have p € F(W) = (\;Z, F(T;). On the other hand, we

have

limsup(yf(q) — Bg,x» — q) = lim (yf(q) — Bq,xn, — )

=(vf(q) —Bg,p—q) <0.



136 C. WU

It follows from Lemma 2.5 that

72
_ 2<(1_ﬁn7) +Buyer, 2, 2P, B B
o gl < T a4 (1)~ Baya—a)
(=2 7+ By), o BT o2
2B,
g 1@ By —a)
2Pa(7—y) 2
<[1—=Em e —
<=l
2Bu(7—ay) 1 0, 7
+ - (@) =Bq,yn — q) + 5 ————Ms5],
1~ Bore 7—ay @ a2 an™
where Ms is an appropriate constant. On the other hand, we have
[Pn1 =PI < Nt — p) + (1= 6) (v — P)I* + llen|?
Szan”xn_P||2+2(1_O‘n)||yn_l7”2+2||en”2-
Hence, we have
zﬁn('}?_ O”/)
—pl2<1—(1— “Pn\7 — Y7) 2
Jnsr =PI < (1= (1= @) T gl
2Bu(y—ay), 1 B.7
+ (-0 = —Aq,yn—q)+

Using Lemma 2.3, we find that x,, — g as n — oo. This completes the proof.

Ms).

Corollary 3.2. Let H be a real Hilbert space, let C be a nonempty closed convex subset of H

and let A : C — H be an u-inverse-strongly monotone mapping. Let f : C — C be a contraction

with the coefficient & (0 < ot < 1) and {T;}7_| be an infinite nonexpansive mappings from C into

itself generated by (2.2) such that F = (- F(T;) "VI(C,A) # 0. Let B be a strongly positive

linear bounded self-adjoint operator of C into itself with coefficient ¥ > 0 such that ||B|| < 1.

Assume that 0 < y < ¥/ a. Assume that x| € C and {x,} is generated by

.
x1eC

Yn :PC(ﬁan<xn) (I — BuB)WyPc (1 _rnA)xn)a

\xn—ﬁ—l :anxn+(1_a)Yna n> 17

where , {o,} and {PB,} are sequences in (0,1). If {a,}, {Bn} and {r,} are chosen such that

(a) 0 < liminf,_. o, <limsup,_,., 0, < 1;
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(b) limy—yeo B =0, X5 Bn = oo

() 1My oo i1 — 1] = O

(d) {rn} Cla,b] for some a,bwith0 < a < b < 2u.
Then {x,} converges strongly to q € F, where ¢ = Pr(yf + (I — B))(q), which solves the varia-
tion inequality (Yf(q) —Bq,p—q) <0, Vp€cF.
Corollary 3.3. Let H be a real Hilbert space, let C be a nonempty closed convex subset of H
and let A : C — H be an u-inverse-strongly monotone mapping. Let f : C — C be a contraction
with the coefficient a@ (0 < o0 < 1) and {T;}? | be an infinite nonexpansive mappings from C
into itself generated by (2.2) such that F =\~ F(T;) "VI(C,A) # 0. Assume that x| € C and

{xn} is generated by

p
x1€C

Yn = Buf (xn) + (1 = Bn) WP (I — ”nA)xn)a

[ X1 :Pc(anxn+(1 —a)yn+en), n>1,

where ey, is a bounded sequence in H, {0, } and { B, } are sequences in (0,1). If {a,}, {Bn} and

{rn} are chosen such that

(a) 0 < liminf, . o, <limsup,_,., 0, < 1;
(b) lim;, 0 ﬁn =0, 2721 ﬁn = oo;
(¢) lim;_e0 |rn+1 - rn| =0, Z;ozl HenH < oo;

d) {r.} C|a,b] for some a,bwith0 < a < b < 2u.

Then {x,} converges strongly to q € F, where q = Pr f(q), which solves the variation inequality

(fla)—q,p—q) <0, VpeF.
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