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Abstract. In this paper, we generalize the results of Verma and Pathak [9], by improving the conditions of the
contraction to establish the existence and the uniqueness of common fixed points for a pair of self mappings on

complex valued b-metric spaces. Some examples are given to illustrate the main results.
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1. Introduction

The fixed point theorem introduced by Banach in [4], was the source of metric fixed point
theory in the field of Nonlinear Analysis. In 1989, Bakhtin [3], introduced the concept of b-
metric space as a generalization of metric spaces. The concept of complex valued b-metric
spaces was introduced in 2013 by Rao et al [6], which was more general than the well known
complex valued metric spaces that was introduced in 2011 by Azam et al [2]. The main purpose
of this paper is to present common fixed point results of a pair of self mappings satisfying some

conditions on complex valued b-metric spaces.
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2. Preliminaries

Let C be the set of complex numbers and z, 2z, € C. Define a partial order X on C as follows:

71 3 zp ifand only if Re(z;) < Re(z;), Im(z;) < Im(zp).

Y

Thus z; =

~Y

7o 1f one of the following holds:

(1) Re(z1) =Re(z2) and Im(z;) =Im(zp),
(2) Re(z1) <Re(zz) and Im(z;)=Im(zp),
(3) Re(z1) =Re(z2) and Im(z;) <Im(zp),

(4) Re(z1) <Re(zp) and Im(z;) <Im(zp).

We will write z; ;j 720 if 71 # 7z and one of (2),(3) and (4) is satisfied, also we will write

71 < zp if only (4) is satisfied.

Remark 2.1. We can easily check that the following statements are hold:
(i) If a,b e Rand a < b, then az = bzforall z € C,

() If0 3 z1 3 z2.then |z1]| < |22,

(i) Ifz; = zpandzp < z3,thenz; < z3.

~

Definition 2.1. [1] Let X be a nonempty set and let s > 1 be a given real number. A function
d:X xX — [0,) is called a b-metric if for all x,y,z € X the following conditions are satisfied:
(i) d(x,y) = 0 if and only if x = y;

(i) d(x,y) = d(y,x);

(iii) d(x,y) < sld(x,2) +d(z,y)].

The pair (X,d) is called a b-metric space. The number s > 1 is called the coefficient of (X,d).

Example 2.1. [7] Let (X,d) be a metric space and p(x,y) = (d(x,y))?, where p > 1 is a real

number. Then (X, p) is a b-metric space with s = 27!

Definition 2.2. [2] Let X be a nonempty set. A function d : X x X — C is called a complex
valued metric on X if for all x,y,z € X the following conditions are satisfied:

(1) 0 2 d(x,y) and d(x,y) = 0 if and only if x = y;
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(i) d(x,y) = d(y,x);
(iii) d(x,y) 2 d(x,2) +d(z,y).

The pair (X,d) is called a complex valued metric space.

Example 2.2. [5] Let X = C. Define the mapping d : X x X — C by
d(x,y) =ilx—y|, forall x,y€X.

Then (X,d) is a complex valued metric space.

Example 2.3. [8] Let X = C. Define the mapping d : X x X — C by
d(x,y) = e*|x—y|, where k €R and forall x,y € X.

Then (X,d) is a complex valued metric space.

Definition 2.3. [6] Let X be a nonempty set and let s > 1 be a given real number. A function
d:X xX — C is called a complex valued b-metric on X if for all x,y,z € X the following
conditions are satisfied:

(i) 0 2 d(x,y) and d(x,y) = 0 if and only if x = y;

(ii) d(x,y) = d(y,x);

(i) d(x,y) 3 s[d(x,z) +d(z,y)].

The pair (X,d) is called a complex valued b-metric space.

Example 2.4. [6] Let X = [0, 1]. Define the mapping d : X x X — C by
d(x,y) = Ix—y!2+i!x—y\2, for all x,y € X.

Then (X,d) is a complex valued b-metric space with s = 2.

Definition 2.4. [6] Let (X,d) be a complex valued b-metric space.

(i) A point x € X is called interior point of a set A C X whenever there exists 0 < r € C such
that B(x,r) :={y € X : d(x,y) <r} CA.

(ii) A point x € X is called a limit point of a set A whenever for every 0 < r € C, B(x,r) N (A —

X) #0.

(ii1) A subset A C X is called open whenever each element of A is an interior point of A.
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(iv) A subset A C X is called closed whenever each element of A belongs to A.

(V) A sub-basis for a Hausdorff topology 7 on X is a family F = {B(x,r) : x € X and 0 < r}.

Definition 2.5. [6] Let (X,d) be a complex valued b-metric space, {x,} be a sequence in X and
xeX.

(i) If for every ¢ € C, with 0 < r there is N € N such that for all n > N,d(x,,x) < ¢, then {x, }
is said to be convergent, {x,} converges to x and x is the limit point of {x, }. We denote this by
lim,,_yeoxy, = x or {X,} = xasn — oo.

(ii) If for every ¢ € C, with 0 < r there is N € N such that for all n > N, d(x,,x,4+m) < ¢, where
m € N, then {x,} is said to be Cauchy sequence.

(iii) If every Cauchy sequence in X is convergent, then (X, d) is said to be a complete complex

valued b-metric space.

Lemma 2.1. [6] Let (X,d) be a complex valued b-metric space and let {x,} be a sequence in

X. Then {x,} converges to x if and only if |d(x,,x)| = 0 asn — co.

Lemma 2.2. [6] Let (X,d) be a complex valued b-metric space and let {x,} be a sequence in

X. Then {x,} is a Cauchy sequence if and only if |d(xn,Xp+m)| = 0 as n — co, where m € N.
3. Main results

Theorem 3.1. Let (X, d) be a complete complex valued b-metric space with the coefficient s > 1

and let A be nonnegative real number such that 0 < A < ﬁ Suppose that S,T : X — X are a

pair of self mappings satisfying:

d(Sx,Ty) = Amax{d(x,y),d(x,Sx),d(y,Ty),d(x,Ty),d(y,Sx)}, (3.1)

forall x,y € X. Then S,T have a unique common fixed point in X.

Proof. For any arbitrary point xo € X, define sequence {x,} in X such that

Xon4+1 = Sx2n7x2n+2 - Tx2n+17 for n= 07 172737
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Let x = x, and y = x2,,4-1 in (3.1). It follows that
d(xon+1,X2n+2) = d(Sx2n, Tx2n11)
3 Amax{d(x, X2n+1),d(x2n, SX2n ), d (X201, TX2n+1),
d(x2n, Txony1),d(X2n11,8%24) }
= A max{d(x2,X2n+1),d(Xon,X2n+1),d (X201 1,%2012);
(3.2)
d(Xon,X2n+2),d(Xon+1,%2n41) }
= A max{d(xan,X2n+1),d(Xon+1,%2n+2),d (%20, %2n+2),0}
< Amax{d(xn,X2n+1),d(X2n+1,%2n+2);
sld (x2p,%0n41) +d (X2n11,%2012)] }-

If x0,4-1 = x5, for some n then by using (3.2) we get

d(xon+1,X%m42) 3 SAd(xapt1,%m42),

which implies that
|d(Xont1,%0042)| < SA|d (X2041,X2042)]- (3.3)

By using the fact that 0 < A < ﬁ, it is easy to see that 0 < sA < % The inequality (3.3) is true
only if |d(x2,+1,%m+2)| = 0, which implies that d(xp,1,%2,+2) = 0. Hence, x2,11 = X2542-
Continuing this process one easily can show that x, = x3,11 = X242 = X2,4+3 = .... Hence,

{x,} is a Cauchy sequence. Assume that x, 1| # xp,, for all n in (3.2) and if

max{d(x2,,X2n+1),d(X2n+1,%2042), 5[d (Xon, X2n11) +d (X2n41,%2042)]} = d(X2n+1,%2042)

then
d(Xont1,%m42) S Ad(xon41,X2042),
which implies that
|d (xon+15X0n42)| < Ald (xX2n41,%2042) |- (3.4)

Since 0 < A < % The inequality (3.4) is true only if |d(x2,+1,%2,42)| = 0, which implies that

d(x2n+1,%n+2) = 0. Hence, xp,41 = X2,,+2. Which is a contradiction with x;,, | # x2,, for all n.
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Therefore, (3.2) becomes

d(xon+1,%m42) X Amax{d(x2,,%2+1),8[d(X2n, X2n41) +d(X2n+1,%2n+2)] }-

Thus,

sA
d(x2n+l 7x2n+2) 2 max{?t ) m }d(x2n7x2n+l ) .

Let B = max{A, % , then

d(xon+1,%042) S Bd(x2n,X2041)- (3.5)
So, we have two cases
Case 1: If B = A then
s 1 1
= = <-<1
s s24+s 14572
. __sA
Case 2: If B = ;% then
A{ S
sﬁ:sls 1 <57 SZHS =1.
- B s24s

From the two cases, we conclude that sf8 < 1. Taking the modulus of (3.5), we get

|d(x2n+1,X%2n42)| < Bld (%20, %20+1)]- (3.6)

Similarly, we obtain
|d(x2n+2,X2n+3)| < Bld(x2n+1,%2n+2)|-

Therefore, for all n > 0 and consequently, we have

| (201 1,%2042)| < Bld (¥2n,x2011)] < B2l (x20-1,%20)| < oo < B d(x0,21)]. (3.7)
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Thus for any m > n, m,n € N, we get

| (xn, X )| < sl (6, Xn41) |+ 51d (X1, X0m) |
< s1d (s 1) 57 d (1, X04.2) |+ 571 (62, 0m )|
< s1d (s X 1) 57 d (1,202 45 Qn2,00m) | 5% (s2,m )|
< 51d (n, X 1) 5 (1,20 42) | 5 (42,5 )|
o "2 d (X3, X)) | 5 d (s X 1) | 5T A (X1, X))
< 51d (s 1) 57 d (1, X042) | 457 (62, 0m )|

o2 |d (xXm—3,%m—2)| + sl |d(xXm—2,%m—1)| +5" " |d (Xm—1,%m)]|-
Using (3.7), we get

[ (xnxm)| < sB" [l (x0,x1)| +5>B" ! [d (xo.1) | +5° B[ (x0,x1 )|

ST d (g, )| 8T B2 d (g, )| -8B d g, ) -

m—n—1

=sp"ld(xo,x1)| ) (sB)

i=0

< sB"ld(xo,x1) i}@ﬁ)" -

sB"

1—spB

|d(x0,x1)|.

Since sB,B < 1, we deduce

sp"
1—spB

|d (o, Xm)| <

|d(x0,x1)] — 0 as m,n — oo.

Thus, {x,} is a Cauchy sequence in X. Since X is complete, there exists some u € X such that

X, — u as n — oo. Assume not, then there exist z € X such that

|d(u,Su)| = |z] > 0. (3.8)
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Using the triangular inequality and (3.1), we get
z=d(u,Su)
= sd(u,x0p42) + sd(xX2n42,Su)
= sd(u,x2p+2) + 5d(Tx2n41,Su)
2 sd(u,x0042) + sA max{d(u,x2,+1),d(u,Su),d(x2n+1, Txon+1), (3.9)
d(u, Txpp+1),d(x2n41,5u)}
= sd(u,xon12) +sA max{d(u,x2,+1),d(u,Su),d(x2n+1,%m42),
d(u,x2n42),d(x2n+1,5u)}.
Taking the modulus of (3.9) and using |a+b| < |a|+ |b| for all a,b € C we get
|| = |d(u, Su)|
< sld(u,xop12)| 4+ sA max{|d(u,x20+1)|, |d(u,Su)|, |d(x2n+1,%2m+2)/, (3.10)
|d(u,x2n42)], |d (X201, Su) |}
Letting n — oo for (3.10), we have

ol = ld(u,Su)| < sAmax{0,[z],0,0,[[},

we obtain that |z| = |d(u,Su)| < sA|z| < |z|, which is a contradiction with (3.8). So |z| = 0.
Hence Su = u. Similarly, we obtain that Tu = u. Now, we show that S and T have unique
common fixed point of S and 7. To show this, we assume that #* is another common fixed point

of Sand 7. Then
d(u,u*) =d(Su,Tu")
S Amax{d(u,u”),d(u,Su),d(u*,Tu*),d(u, Tu*),d(u",Su)}
= Amax{d(u,u”),0,0,d(u,u™),d(u*,u)}
= Ad(u,u").

This implies that |d(u,u*)| < A|d(u,u*)|, which leads us to a contradiction. Hence, |d(u,u*)| =
0, and that is u = u* which proves the uniqueness of common fixed point in X as required. This

completes the proof.
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Corollary 3.1. Let (X,d) be a complete complex valued b-metric space with the coefficient
s > 1 and let A be nonnegative real number such that 0 < A < szlﬁ Suppose that S,T : X — X

are a pair of self mappings satisfying:
d(Sx,Ty) 3 Amax{d(x,y),d(x,5x),d(y, Ty)}, (3.11)

forall x,y € X. Then S,T have a unique common fixed point in X.

Proof. For any arbitrary point xo € X, define sequence {x,} in X such that
X2n+1 = Sin,X2n+2 =Txopy1, for n= 0,1,2,3,....

Now, we show that the sequence {x,} is Cauchy. Letting x = x;,, and y = xp,4 in (3.11), we

have

d(x2nt1,X2n+2) = d(Sx20, TXon11)
< Amax{d(xan, X2n+1),d(X2n,Sx2n), d (X2n+1, Tx2n+1) }
= A max{d(xan,X2n+1),d(Xon,X2n+1),d(X2n+1,%20+2) }
= Amax{d(x2n, X2n+1),d (X2n+1,X2n+2) }

Z Ad(xan,Xan+1)-
We can prove this corollary by following the same procedure in Theorem 3.1. This completes

the proof.

Corollary 3.2. Let (X,d) be a complete complex valued b-metric space with the coefficient

s > 1 and let A be nonnegative real number such that 0 < A < ﬁ Suppose that T : X — X is
a self mapping satisfying:

d(Tx,Ty) 3 Ad(x,y),
forall x,y € X. Then T has a unique fixed point in X.
Proof. Putting S = T in Corollary 3.1, we can include the desired conclusion easily.

Remark 3.1. Corollary 3.2. is the generalization of the Banach contraction principle in [4], on
the complex valued b-metric spaces.

Remark 3.2. By taking s = 1 in Theorem 3.1. we can get Verma and Pathak Theorem in [9]
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Example 3.1. Let X = [0, 1] . Define a function d : X x X — C such that

d(z1,22) = |21 — 22|* +ilz1 — 2%

To verify that (X,d) is a complete complex valued b-metric space with s = 2, it’s enough to

verify the triangular inequality condition. Let z1,2> and z3 € X, then
d(z1,22) = |21 — 22> +iz1 — 22|
_ 2 . 2
= |21 — 23 +23 — 22| +ilz1 — 23 + 23 — 22|
<1z —za|* — 7242z — _
Dz — 2|+ |z — 2]+ 2|21 — 23|23 — 22|
—l—iHZl—Z3’2—|—|Z3—22’2+2’Zl—23H23—22H
Sla-slP+tla-nlf+la-slf+la-f
+i[|Z1—Z3|2+|Z3—22!2+|Z1—Z3|2+|Z3—Zz|2]
:2{|Z1—Z3|2+|Z3—Z2|2+i[|zl—Z3|2+|Z3—22|2]}
=2[d(z1,z3) +d(z3,22)].

Therefore, s = 2. Now, define a self mapping 7 : X — X such that:

X
Tx= 3
Note that,
d(Tz1,Tz) =d(+,2)
3°3
:|Z_1_Z_2‘2 ,-‘Z_l_z_2|2
3 3 3 3

1 )
= §(|Zl — 2P +ilza —2)?)

1
= 60’(21,22)

2 Ad(z1,22)

1
=< gd(Zl,Zz),

forallz;,zp € Xand0 < A < 321? So all conditions in Corollary 3.2 are satisfied to get a unique

fixed point 0 of 7.
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