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Abstract. In this paper, we introduce a viscosity iterative scheme for finding a common element of the set of
common fixed points of a one-parameter nonexpansive semigroup, the set of solutions to variational inclusions and
the set of solutions to generalized equilibrium problems in a real Hilbert space. Strong convergence theorems for

the common element are obtained.
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1. Introduction

Let H be a real Hilbert space with the inner product (-,-) and the induced norm || - ||. Let C
be a nonempty closed convex subset of H. Recall the following definitions.

A mapping T : C — H is said to be
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(1) monotone if

(Tx—Ty,x—y)>0, Vx,yeC.

(2) a-strongly monotone if there exists a constant & > 0 such that
(Tx—Ty,x—y) > alx—y|*>, V¥x,yeC.
(3) a-inverse strongly monotone if there exists a constant & > 0 such that
(Tx—Ty,x—y) > o||Tx—Ty|>, Vx,yeC.
(4) k-Lipschitz continuous if there exists a constant k > 0 such that
ITx =Tyl < kllx=yll, vx,yeC.

If T is a-inverse strongly monotone, then T is é—LipschitZ continuous. In the case that k = 1,
T : C — H 1is said to be nonexpansive.
A (one parameter) nonexpansive semigroup is a family I' = {S(¢) : # > 0} of self-mapping of
C if the following conditions are satisfied:
(a) S(0)x = x for all x € C;
(b) S(s+1) = S(s)S(z) for all s, > 0;
(c) foreachr >0, ||S(t)x—S(t)y|| < |[[x—yl,x,y € C;
(d) for each x € C, the mapping S(-)x is continuous.

We use F(T) to denote the common fixed point set of the semigroup T, that is,
F(I')={xeC:S(t)x=x,t >0}.

Let A : H — H be a single-valued nonlinear mapping and let M : H — 2 be a set-valued

mapping. The variational inclusion is to find x € H such that
0 cAx)+Mx), (1.1)

where 0 is a zero vector in H. The set of solutions to variational inclusion (1.1) is denoted by
I(A,M). When A = 0, then (1.1) becomes the inclusion problem introduced by Rockafellar [1].

Let ¢ : C — H be a nonlinear mapping. The variational inequality problem is to find x € C
such that

(px,y—x) >0,Vy eC. (1.2)
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The set of solutions to variational inequality problem (1.2) is denoted by VI(C,¢). Finding a
common element of the set of fixed points of nonexpansive mappings and the set of solutions to
a variational inequality problem has been studied extensively in the literature; see, for example,
[2] and the references therein.

A set-valued mapping M : H — 2! is called monotone if for all x,y € H, f € Mx and g € My
imply (x —y,f —g) > 0. A monotone mapping M : H — 2/ is maximal if the graph G(M)
is not properly contained in the graph of any other monotone mapping. It is known that a
monotone mapping M is maximal if and only if for (x, f) € H x H,(x —y, f — g) > 0 for every
(»,g) € G(M) implies f € Mx. The resolvent operator J;; ; associated with M and A is the

mapping Jy 5 : H — H defined by
Ja(u)=I+AM)"(u), ueHA>O0. (1.3)

It is known that the resolvent operator Jy ; is single-valued, nonexpansive and 1-inverse-
strongly monotone and that a solution of (1.1) is a fixed point of Jy 5 (I — AA),VA > 0, see
[3]. If 0 < A <2a, itis easy to see that Jy; 5 (I — AA) is nonexpansive and (A, M) is closed and
convex.

Let G be a bi-function of C x C into R, the set of reals and ¢ : C — H be a nonlinear mapping.

The generalized equilibrium problem is to find x € C such that
G(x,y)+ {px,y—x) >0, VyeC. (1.4)
The set of solutions to this generalized equilibrium problem (1.4) is denoted by EP. Thus
EP:={xe€C:G(x,y)+ (px,y—x) > 0,Vy € C}.

In the case of ¢ =0, the problem (1.4) reduces to an equilibrium problem, which is to find x € C

such that
G(x,y) >0,Vy eC. (1.5)
and EP is then denoted by EP(G). In the case of G = 0, the problem (1.4) reduces to the

variational inequality problem (1.2) and EP is denoted by VI(C,¢). Numerous problems in

physics, optimization and economics can be reduced to the generalized equilibrium problem
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(1.4). Some methods have been proposed to solve the generalized equilibrium problems and
equilibrium problems.

For solving the equilibrium problem for a bifunction G : C x C — R, let us assume that F'
satisfies the following conditions:

(A1) G(x,x) =0 forall x € C;

(A2) G is monotone, i.e., G(x,y) + G(y,x) <0 for all x,y € C;

(A3) For each x,y,z € C, limsup,_,, G(tz+ (1 —1)x,y) < G(x,y);

(A4) For each x € C, y — G(x,y) is convex and lower semicontinuous.

For finding an element of F(T'), where T is a nonexpansive mapping. Moudafi [4] introduced
the viscosity approximation method for nonexpansive mappings. Let f be a contraction on H,

starting with an arbitrary initial xy € H, define a sequence {x, } recursively by
Xnt1 = O f(xn) + (1 —0)Tx,, n>0,

where {a,} is a sequence in (0, 1) satisfies certain conditions, the sequence {x,} converges
strongly to the unique solution ¢ in F(T).

Tian [5] consider the following general iterative method
Xn1 = O Yf (%) + (I — ot F)Tx,, n>0.

where F is a k-Lipschitzian and 1n-strongly monotone operator withk > 0,11 > 0,0 < u < i—’;' If
the sequence {o,} satisfies appropriate conditions, then the sequence {x,} converges strongly

to the unique solution ¢ € F(T') of the variational inequality

((Yf—uF)g,p—q) <0, VYpeF(T).

For finding a common element in F(S) N EP, Takahashi and Takahashi [6] introduced the

following iterative scheme:

1
G(ul’hy)+<q)-xn7y_un>+r_<y_un7un_xn> 207 \V/}’EC;

n (1.6)
X1 = Buxn + (1= Bu)S[0tau + (1 — 04 utyy].

Under the suitable conditions, some strong theorems are proved.



AN ITERATIVE METHOD 329

For finding a common element in F(S) NEPNI(A,M), Shehu [7] introduced the following

iterative scheme:

1
G(up,y) + (@xn,y — un) + r—<y— Up,up —X,) >0, VyeC,

" (1.7)
X1 = Buxn + (1= Bn)S[06f (xn) + (1 - O‘n)JMJL (un — AAuy)].
Under the suitable conditions, some strong theorems are proved which extend the results of
Takahashi and Takahashi [6].
For finding a common element in F(I') NEPNI(A,M), Shehu [8] introduced the following
iterative scheme:
1
G(”n»)’)+<§Dxnay_”n>+r_<y_”nvun—xn> 207 vy€C7
| " (1.8)
X1 = Buxn + (1 — ﬁn)(t—/o S(u) [0 f (xn) + (1 — 06 ) Iy 5 (0 — AAuy)]du).

n
Under the suitable conditions, some strong theorems are proved which extend the results of
Shehu [7].
A nonexpansive semigroup is said to be uniformly asymptotically regular if for any # > 0 and
for any bounded subset D of C,
lim sup ||S(z + 5)x — S(s)x|| = 0.
§=°xeD
Let C be a nonempty closed convex sunset of a real Hilbert space H, and I' = {S(¢) : t > 0}
a nonexpansive semigroup on C such that F(I) is nonempty. Let o(t)x = 1 [§S(u)xdu is an
uniformly asymptotically regular nonexpansive semigroup; see [9].
In this paper, motivated and inspired by the above results, we introduce an iterative scheme
for finding a common element of the set of common fixed points of nonexpansive semigroups,
the set of solutions to variational inclusions and the set of solutions to generalized equilibrium

problems. Our results improved and extend many recent results in the literature.
2. Preliminaries

Let H be a real Hilbert space with the inner product (-, -) and the norm || - ||. Let C be a closed

convex subset of H. We write x,, — x to indicate that the sequence {x,} converges weakly
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to x. x, — x implies that {x,} converges strongly to x. In a real Hilbert space, the following

inequality holds:
e 311> < [lell* +2(nx+y),  Vxy€H. (2.1)

For every point x € H, there exists a unique nearest point in C, denoted by Fcx, such that
lx — Fexl| < [lx =y, VyeC.
P is called the metric projection of H onto C. Pc is characterized by the following properties:
(x—Pex,Pcx—y) >0, VyeC. (2.2)
In the context of the variational inequality problem, this implies
peVIC,p) < p=P(p—Aop), VA >DO. (2.3)

It is well known that H satisfies the Opial’s condition [3], i.e., for any sequence {x,} with

X, — x, the inequality

limsup ||x, —x|| < limsup ||x, —y||,Vy € H,y # x.

n—yoo n—yoo
In order to prove our main results, w shall make use of the following lemmas.

Lemma 2.1. [10] Let {x,}, {yn} be bounded sequences in a Banach space E and let {B,} be
a sequence in [0,1] with 0 < liminf,, e B, < limsup,_... B, < 1. Suppose x,+1 = Bnx,+ (1 —

Bi)yn,¥ n >0 andlimsup, .. (||yusr1 —Yull = [|[Xns1 — Xull) < 0. Then limy,—,e ||yn — x4 || = 0.

Lemma 2.2. [11] Let {s,,} be a sequence of nonnegative real numbers such that:
Sn+1 < (l_ln)sn_{—ﬁnv I’lZO,

where {A,},{Bn} satisfy the conditions:
(i) {A} C (0,1) and Y7 Ay = oo,
(ii) limsupn_m% <0orY,; ;|Bul <oo.

Then lim,_,. s, = 0.
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Lemma 2.3. [2] Let C be a nonempty closed subset of H and let G be a bifunction of C x C into
R satisfying (Al)-(A4). Let r > 0 and x € H. Then, there exists z € C such that

1

G(z,y)+;<y—z7z—X> >0, VyeC.

Lemma 2.4. [12] Assume that G : C x C — R satisfies (Al )-(A4). For r > 0 and x € H, define a

mapping T, : H — C as follows:
1
Tx = {ZEC:G(z,y)+;<y—z,z—x> >0,VyeC}

for all x € H. Then the following hold:
(1) T, is single-valued;

(2) T, is firmly nonexpansive, i.e., for any x,y € H,
”Trx_ Trsz < <Trx_ Ty, x—y);

(3) F(T;) = EP(G);
(4) EP(G) is closed and convex.

Lemma 2.5. [13] Let M : H — 2! be a maximal monotone mapping and let A : H — H be
a Lipschitz continuous mapping. Then the mapping M +A : H — 2" is a maximal monotone
mapping.

Lemma 2.6. [14] Let H be a real Hilbert space and let F : H — H be a k-Lipschitz and n-
strongly monotone operator with k >0, 1 > 0. Let 0 < u <2n/k* B=1—tuF and u(n —

2 . . . .
%) = 1. Then fort € (0,min{1, % ), B is a contraction with a constant 1 —t7.

3. Main results

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let G :
C X C — R be a bifunction satisfying conditions (Al)-(A4). Let ¢ : H — H be an 0-inverse-
strongly monotone mapping, A : C — H be an o-inverse-strongly monotone mapping and M :
H — 21 be a maximal monotone mapping. Let T' = {S(t) : t > 0} be uniform asymptotically

regular nonexpansive semigroup on C such that Q = F(T)NEPNI(A,M) # 0. Let f: H — H
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is Lipschitz mapping with the coefficient L, and F : H — H be a k-Lipschitz and n-strongly

monotone operator. Suppose that the sequences {x,}, {u,}, {zn} are generated by x; € H

( 1
G(umy) + <(Pxnay_ un> + r_<y_ Up,Un _xn> >0, VyedC,

n

in = [))nun + (1 - Bn)S(tn)una

Xn1 = 0¥ S (xn) + 6uxn + [(1 = 8p)I — Qi F |y 3 (20 — AAZy),
where the sequences {a,},{Bn},{6,} C (0,1) and {r,} C (0,e0), {t,} C [0,0) satisfying the
following restrictions:
ChHO0<a<r,<b<20;
(C2) limy_yeo |1y — rpt1| =0
(C3) limy oo 0, = 0,Y" 1 04 = o0;
(C4) A €(0,2¢x);
(C5) 0 < liminfy, e 6, < limsup,,_,., 6, < 1;
(C6) limyeo B = 0;
(C7) {t,} C [0,00) be a real increasing sequence such that lim,_,ct, = oo;
(C8) 0<u<%’}, 0<y<t/L, u(n—”TkZ):r.
Then the sequence {x,} converges strongly to q € Q, which is the unique solution in the Q to

the following variational inequality

(vfa) —uFq,p—q) <0, VpeQ. (3.1)
Equivalently, we have g = Po (I + yf — UF)q.

Proof. We divide the proof into five steps.
Step 1. Show that {x,} is bounded.

For all x,y € C and A > 0, we obtain
1(1 = 2A)x— (1 = 2A)y|>
= [I(x—y) = A(Ax - Ay)||?
= [lx—y[> =24 (x - y,Ax — Ay) + A*|| Ax — Ay||?

< =y + A (4 —200) | Ax — Ay,
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So, I — AA is a nonexpansive mapping. Using (C1), we see that I — r,,@ is also nonexpansive.
Let v, = Jy 3 (20 — AAz,) and let p € Q. It follows that
v = PII? = [ag.2.(zn — AAzn) = Iy 2. (p — AAD)|?
< ||(zn — AAzy) — (p— AAp)|?
<z =Pl +A(A —20) || Azy — Ap]|?
< llza—pl’

and ||z, — p|| < (1= Bu)[1S(tn)tn = pl| 4 Ballttn = p|| < [t — pl|. From Lemma 2.4, u, = Ty, (x —

rm®x,) and T,, is nonexpansive. Hence, we have

= pII* = 1T, (0 = 2 9%) = Ty, (p = raop) |I*
< |(n = ra@xa) = (P = ra9p)|I?
(3.2)
< [pen = P11+ ralra —26) || ox, — @p®
< [ = plI*
From (C3), (C8) and Lemma 2.6, we have ||(1 — ,)] — a,uF|| < 1 — 6, — o, 7. Further
X1 =Pl
= ||t (¥ (xn) = WF p) 4 85 (xn — p) 4+ [(1 = )] — 0t F] (v — p) ||
< O[| 7 (xn) — WF pl| + 8ullxn — pl| + (1 = 6 — ) |[va — p|
< oY (xn) = F(P) I+ 0l ¥f () — HF Pl 4 8ullxn — pll + (1 = 8 — 0 T) [0 — p|
< 0 YL||xn = pll + 0|V (p) = WF pl| + nllxn — pll 4 (1 = 64 — 04, T) || — p|
= [1—au(t = yL)]|l%n — pl| + ol vf (P) — HF pI|.

By induction, we have

1

Ien = pll < max{lx1 = pll, 7= 7

17f(p) — wFpl|}.

Therefore {x,} is bounded, we have {v,},{un}, {S(tn)un}, {Axn}, {Fva}, {f(x,)} are also
bounded.

Step 2. Show that lim,,_,c || X1 — x| = 0.
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Put I, = 259 g is, x| = (1 — &)1, + 8,%,. Observing that

Ot 1 (o

1— 5n+1

[ A
+ Va1 = vall-
Since I — AA is a nonexpansive, we have
Vat1 = vall = [ a (Zns1 — AAzus1) — g o (20 — AAz,) |
< |[(znt1 = AAzZp11) — (20 — LAz ||
< |lzn+1—2all
< (L= Bur DS g1 )utnr1 = S(tn)un || + Bt 1 — un|
+ 1Bt = BalllS (1) un — un]|
< IS 1)1 = S(tng1)unll 4+ [1S[(ng 1 = 1) 4 tnJutn — S (80 )un|
+ Butl[tn1 = | 4 [Bas-1 = BulllS (1)t — |

< lupsr —unll+ sup  |[[S(+10)x = S(tn)x]
x€{up},r>0

+ But1 H”n+1 - ”nH + |Bn+1 —ﬁn’HS(tn)”n - ”nH

(If Cone )|+ NE vt ll) + 1= 5, (7sf Gan)ll + [l Eval])

(3.3)

(3.4)

On the other hand, from u, = T;,, (x, — r,@x,) and up1 =Ty, ., (Xn1 — Fug19Xs41), We Obtain

1
G(”na)’) + <(Pxnay_un> + r_<y_un;un _xn> >0, VyeC

n
and

1

Tn41

G(un+17y) + <(Pxn+17y_ ”n+1> + <y_ Un+1,Un+1 _xn+1> >0, VyeC.

Substituting y = u,,11 in (3.5) and y = u,, in (3.6), we have

1
G(un,tnt1) + (Qxn, Uy 1 — Un) + —(Upr1 — Up,Up — Xy) >0
n

and
1

n+1

G(Upt1,Un) + (QXpi1,Un — Upt1) + (Up — Upt1,Unt1 —Xnt1) > 0.

So, from (A2), we have

Up —Xn  Uptl — Xn+d
0< <(Pxn+l _¢xn7un_un+l>+<un+l — Up, -
n Y41

(3.5)

(3.6)
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and hence,
’
0 < (Up1 — ttn, T (QXn — QX p1) + (n — Xp) — p nl (Unt1—Xny1))
n+
r
= <un+1 —Up Uy — Up] T Xyl — TnQXpt1 — (xn_rn(Pxn) + (1 - . nl )(un—i—l _xn+1)>-
n—+

It follows that

I'n

2
1 — tn||™ < ||ty 1 — v |[{ || X010 —Xu|| + (1 = . Metn1 —xni1] }-

n+1
From (C1), we have

'n

[0 =t | < Jon 1 = 2| + 1 = ——I[|ttn 1 = 21|

n+1
1
< ||xXn = X1 || + 5|”n — It #n1 —Xns1]]-
Substituting (3.4) and (3.7) into (3.3), we have

||ln+1 _lnH - ”xn—H —x,,||

oy (0/%
< (17 o)+ I vns ) + — (17 )+ [ Fval])
1 6n+1 1 5,,

+ Brttllunis —unl+ sup  [|S(z+2n)x —S(t)x]|
x€{up },+>0

1
+1Bur1 = BalllS(tn) tn — | +E|”n — Fpg |||t 1 — Xn1 |-

Since (C2), (C3), (C6), (C7) and the uniform asymptotic regularity of nonexpansive semigroup,

we have
limsup(|| i1 = ln|| = |20 — Xn1]]) <O.
n—soo

By Lemma 2.1, we have lim,,_,« ||/, — x,|| = 0. Consequently, we have
Jim [y =5 = lim (1 B,y — = (:8)
Step 3. Show that lim,_ ||x, — S(¢)x,| = 0,Vt > 0.
Observing that
[0 = vl < [0 = Xna | 4 [ 1 — v
< Pen = xn1 |+ 0|V () — HE V|| + 8|0 — vl
It follows that

(1= 60) |20 — vl < [0 — Xn1 || + G| VS (x0) — WF vy |
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From (C3), (C5) and (3.8), we have
}i_r}goan—an =0. (3.9)

Let M > 0 be a constant such that M > sup,~; max{||yf(x,) — UFvy||,|}x, — p||}. From (2.1),

(3.2) and the convexity of ||.||?, we obtain
Pons1 = p?
<180 (in = p) + (1= 84) (va — ) 1> + 206 (¥ (xn) — LV, Xn 11 = )
< (1= 8,)[1va = pII* + 8ulben — pII* +200,04°
< (1= 8,) [t — pl> + 8allxa — plI* + 20407
< (1= 8|l — pII* + ra(rn — 26) || 0x, — @p|1*] + 8, |0 — p||* + 200, M7
< lln = plI* +a(b—26) | ox, — @p||* +200M°.

Hence,
a(26 —b)[|x, — p||* < 206,M> + (||xnr1 — Il + %0 — Pl 1 — Xng1 ||

Using (C3) and (3.8), we have || @x,, — @p|| — 0,n — co. Similarly, we also have ||Az, —Ap|| —

0, as n — oo. Since T,, is 1-inverse-strongly-monotone, we have

||”n _pH2 = HTrn(xn — I Pxp) — Trn(P - ”nq)p)”z

< (Xn = r@xn — (p— ra@p),ttn — p)

= Sl = ra@xa = (p = ra@p) P+ — pI = 0~ raxs — (p— rapp) — (s~ p)|’)
< S0 =PI+l = pI = I 0~ a0~ 9p) P

= S0 I+ i = IR = e =+ 250 0,930 99) — 2|0 — op ).

This implies that

litn = pI1? < [l = pII> = [0 — sl | + 27 (2 — tt, @0 — 9P) — 12| @21 — 0P |® 3.10)
3.10

<l = pIP = [n = > + 2750 = | [ @0 — @
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From (2.1) and (3.10), we obtain
a1 = plI®
= (184 (x — p) + (1= &) (va — p) + 0 (VS () — LF W) ||
<180 (en — p) 4 [(1 = &) (va = P)III> + 206 (VS (xn) — LE Vs X1 — )
< (1= 8)llva = pII* + 8allxn — pI* +205,M°
< (1= 8)llun = plI> + Sullva — p|I* +206,M
< (1= 8)[llxn = pII* = [l — | + 27l — || @ — @] + 8l — pII* + 20400
< Jn = pIIP = (1= &) 130 — tnl|* + 2710 — ||| @2 — | + 200, M°.
This implies that
(1= &) b= tl> < =PI = 41 = PP + 27 150 = 93— @] + 208
Since (C3), (C5), (3.8) and lim,,_,« || @x,, — @p|| = 0, we have
Tim [, 1] = 0. (3.11)
Since Jyy  1s also l-inverse-strongly-monotone, By the similar argument above, we also have
lim [, — 2] = 0. (3.12)
From z, = Bux, + (1 — B,)S(t,)un, we have from (C6)
i [z — (o)t | = 1im By s — (2] | = 0. (3.13)
From (3.9), (3.11), (3.12) and (3.13), we have
1% = S(tn)Xnll < |lxa = vall 4 [[ve = zall + llzn = S Jun || + 1S (1)t — S (1) x|
< len = vall + [[ve = znll + lza = S(ta)un || + ||t — xn]| — 0.
Further, we have
(1360 = S (@)% | < [0 = S(t)xn || + [[S(2n) o0 — S()S (1) 20| + 1S () S (8 ) — (1) x|
< 2|20 = St xul[ + [[S () xn — S(2)S () x|

<2||xp = S(tn)xn|| +  sup  ||S(t+1n)x—S(t,)x]|
xe{xp},t>0
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From (C7) and the uniform asymptotic regularity of the nonexpansive semigroup, we get
1i_r>n |t — S(t)xn|| =0, ¥Vt >0. (3.14)
n—yoo

Step 4. We show that limsup,,_,..(Yf(q) — uUFq,x, — q) <O0.
From (C8), we obtain uF — yf is strongly monotone. Then ¢ is the uniqueness of a solution
of (3.1). Choose a subsequence {xy, } of {x,} such that

limsup(yf(q) — Fq,x, —q) = im({yf(q) — LF G, %y, — ).

n—yoo

As {x,,} is bounded, Without loss of generality that x,, — z, We first show that z € I(A,M).
Since A is é Lipschitz monotone and D(A) = H, we obtain from Lemma 2.5, M + A is maximal
monotone. Let (v,g) € G(M +A), that is, g — Av € M(v). Since v,, = Jys 3 (20, — AAzy,;), We get
(I—AA)zy, € (I+AM)vy,, that is,

— AAzZ, — v
2 ;LGl In € M(Vni).

Using the maximal monotonicity of M + A, we obtain

Zn; — ;LAZni — Vn

(v—vp,g—Av— 1

) > 0. (3.15)

By the monotonicity of A and (3.15), we have

— AAZ, —Vp,
(V="n;,8) = (v —p;, Av | G )LG, Vn,>

= (Vv —Vy,, Av — Av,, +Avy,, — Azp, +

Zn; — Vny >
A
n;g — Vny >

A

> (v =V, Avy; — Azp) + (v — v,

It follow from (3.12), lim;_,e ||Avy, — Az, || = 0. From (3.9), v,,, — z, we have

lim (v — vy, g) = (v—2z,¢) > 0.

n—oo

Using the maximal monotonicity of M + A, we obtain 8 € (M +A)(v), this implies z € (A, M).

Since u, = Ty, (x, — ra®x,), forany y € C

1
G(un,y) + (@xn,y — up) + r—<y— Up, Uy — Xn) > 0.

n
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Replace n by n; and using (A2), we have

Uy, — Xn.
<(pxn,‘7y_ uni> + <y—”n,-a %> Z G(yaui’l,) (316>
n;

Lety, =ty+ (1 —t)zforall0 <z <1landyé€C. Sincey € C and z € C, we have y, € C. From
(3.16), we have

Up; — X

<yl — Up;;s (Pyz> > <yt — Up;, (Pyt> - <yt — Up;, (p'xni> - <yt — Un;, >+G(yt7uni)

ni

= <)’t — Up;, PYr — (punl> + <yt — Uy, QUp; — q)x’li>

uni - Xni

_<yt_”n,-a >+G()’taun,)

n;
From the monotonicity of @, we have (y; — up;, @yr — Qu,,) > 0. From (3.11), we have u,, — z
and || @x,, — Quy,|| — 0. From (A4), we have
(vt —2,0y) 2 G(y1,2). (3.17)
From (A1), (A4) and (3.17), we have
0=Gyy) <tG(y,y)+(1—1)G(y:,2)
<tG(y,y) + (1 =)y —z, @y1)
=1G(y,y) + (L =1)t(y — 2, 9y)
and hence G(y;,y) + (1 —1)(y —z,9y,) > 0. Letting t — 0 and (A3), we have G(z,y) + (y —
z,¢z) > 0 for all y € C and hence z € EP.

Finally, we show that z € F(I'). Assume the contrary that z # S(¢)z for some ¢ € [0,+o0).

Then by the Opial’s condition, we obtain from (3.14) that
liminf ||x,, — z|| < liminf||x,, — S(¢)z||
1—>o0 [—>oc0
< Himinf(|lx, —S()xn[| + [ ()2 — S(1)z]))
< liminf||x,, —z||.
i—o0

This is a contradiction. Hence z € F(I"). Thus z € Q. This follows that

limsup(yf(q) — uFq,x, —q) = (vf(q) —uFq,z—q) <0. (3.18)

n—oo

Step 5. Show that x,, — q.
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We compute that
a1 —4l®
= 0 (VS (Xn) — WF @, Xn1t1 — q) + On{Xn — @, %n+1 — q)
+([(1 = 8)1 = F|(va = q), Xn 11 — q)
< 04 Y{(f (%) = f(q),Xn 41 — @) + (VS (q) = WF G, Xn 11 —q)
+ 8ullxn = gl 1 = gl + (1 = 8 — 0 7) v — g [2en+1 — 4]
< O YL|on = glll[xn11 — gl + o (¥f (9) — 1F g, X011 — q)
+ Bl — gl a1 = gll + (1 = 8 — 4 T)|lxn — gl xn11 — 4|
= (1= (T — L)) l%0 — qllPxns1 — qll + @ (¥f(q) — LF g, %041 — q)

1— O‘n(r — YL>

1
< 5 ||xn—61!|2+§||xn+1—61H2+06n<7'f(61)—qu,xn+1—61>,

which implies that

i1 =gl < [1— 06 (T = ¥L)]|1x0 — qlI> + 200 (¥ (@) — WF g, Xn 11 — q).
By (3.18), (C3) and Lemma 2.2, we obtain lim, .« ||x, — ¢|| = 0. This completes the proof.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
G : C X C — R be a bifunction satisfying conditions (Al)-(A4), ¢ : H — H be an O-inverse-
strongly monotone mapping and let A : C — H be an a-inverse-strongly monotone mapping.
Let T'={S(t) : t > 0} be uniform asymptotically regular nonexpansive semigroup on C such
that Q:=F(I)NEPNVI(C,A) # 0. Let f : H— H is Lipschitz mapping with the coefficient L
and let F : H — H be a k-Lipschitz and 1-strongly monotone operator. Suppose the sequences
{xn}, {un}, {zn} are generated by x; € H

( 1
G(un,y) + <(Pxn7y_ ”n> + r_
n

(y = ttn, n — xn) > 0,Vy € C,

in = Bnun + (1 - ﬁn)S(tn>un7

[ X1 = 0 VS (xn) + Ouxn + [(1 — 8y)] — 0y UWF | Pc (20 — AAzy).

where the sequences {0y}, {Bn},{0} C (0,1) and {r,} C (0,00), {t,} C [0,00) satisfying the

following restrictions:
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ChHO<a<r,<b<?26;
(C2) limy, e |1y — 11| =0
(C3) limy—eo 0 = 0,Y" 1 04, = 00;
(C4) A € (0,20];
(C5) 0 < liminf,—ye 6, < limsup,,_,., 0, < 1;
(C6) lim,, e B = 0
(C7) {t,} C [0,%0) be a real increasing sequence such that lim,_,.t, = oo;
(C8) 0<pu<2 0<y<t/L un-*)=r.
Then the sequence {x,} converges strongly to q € Q, which is the unique solution in the Q to

the variational inequality (3.1). Equivalently, we have g = Po(I+vf — UF)q.

Proof. Take M = 98¢ : H — 2H, where 8¢ : H — [0,) is the indicator function of C, the
subdifferential d&c of dc is a maximal monotone operator. Then Jy; 3 = Pc and I(A,M) =

VI(C,A). From the Theorem 3.1, we have the desired conclusion immediately.
Recall that mapping T : C — C is called a-strictly pseudocontractive if there exists @ € [0, 1)
such that

1T = Ty||* < llx = ylP* + al(T = Dx— (T = D)y[*, VxyeC.

If & =0, then T is nonexpansive. Put A =1 —T, Then, we have
(1= A)x — (I - A)y||* < [x—y|I* + allAx—Ay|]*>, Vx,yeC.

Hence we have

-«
(x—yAx—Ay) > ——=[lAx—Ay[*, VxyeC.
Then A is 1’T"‘-inverse strongly monotone.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
G : C X C — R be a bifunction satisfying conditions (Al)-(A4), ¢ : H — H be an 0-inverse-
strongly monotone mapping and let T : C — C be an a-strictly pseudocontractive maping. Let
['={S(¢) : t > 0} be uniform asymptotically regular nonexpansive semigroup on C such that
Q:=F[)NEPNF(T)#0. Let f : H— H is Lipschitz mapping with the coefficient L, and let

F : H — H be a k-Lipschitz and n-strongly monotone operator. Suppose the sequences {x,},
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{un}, {z,} are generated by x; € H

( 1
G(”ﬂvy) + (fpxn,y— un> + r

n

(y—up,up —xn) > 0,Vy € C,

in = Bnun + (1 - Bn)S(tn)um

[ Xnt1 = 0¥ (%n) + 8pxn + [(1 — 6) — 0wt F][(1 = A)zp + ATz).

where the sequences {0}, {Bn},{6,} C (0,1) and {r,} C (0,e), {t,} C [0,0) satisfying the

following restrictions:

ClH)O0<a<r,<b<206;

(C2) liMysoo | — Fus1| = O;

(C3) 1liMyse0 Oy = 0, Y| 0y = o0;

(C4) A € (0,201);

(C5) 0 < liminf,—ye 6, < limsup,,_,., 0, < 1;

(C6) limy—yeo B, = 0;

(C7) {t,} C [0,00) be a real increasing sequence such that lim,_,c.t, = oo;

2
€8 0<p<3 0<y<t/L un-4)=r

Then the sequence {x,} converges strongly to q € Q, which is the unique solution in the Q to

the variational inequality (3.1). Equivalently, we have g = Po(I+vf — UF)q.

Proof. Putting A =1—T, we have A is 1’T‘)‘—inverse strongly monotone. We have F(T) =
VI(C,A) and Pc(z, — AAz,) = (1 — A)zy + ATz,. From Corollary 3.2, we have the desired

conclusion immediately.
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