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Abstract. In this paper, some new coincidence and common fixed point theorems are obtained for four mappings,
which are assumed to satisfy certain weak inequalities, in the framework of cone metric spaces. The results
presented in this paper generalize and unify the corresponding fixed point theorems in [2]. Examples are also

provided to support the main results.
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1. Introduction

Huang and Zhang [1]generalized the concept of metric space, replacing the set of real num-
bers by an ordered Banach space and obtained some fixed point theorems for mappings satisty-
ing different contractive conditions. Since 2007, fixed point results for cone metric spaces were
studied by many other authors; see [2-10] and the references therein.

The weak contraction principle was first given for Hilbert spaces and subsequently extend to

metric spaces.Also the weak contraction principle was extended by many authors.
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In this paper, some new coincidence and common fixed point theorems are obtained for four
mappings, which are assumed to satisfy certain weak inequalities, in the framework of cone
metric spaces. The results presented in this paper generalize and unify the corresponding fixed

point theorems in [2]. Examples are also provided to support the main results.

2. Preliminaries

First, we recall the definitions of cone metric spaces, the notion of convergence and other

results that will be needed in the sequel.

Definition 2.1. [1] Let E be a real Banach space. A subset P of E is called a cone if and only if:
(a) P is closed,non-empty and P # {0};

(b)Va,b € R,a,b > 0,Vx,y € P imply that ax+by € P;

(©) PN (—P) ={0}.

Given a cone P C E, we define a partial ordering < with respect to P by x <y if and only if
y—x € P. We shall write x < y to indicate that x < y but x # y, while x < y stand for y —x € intP,

int P denotes the interior of P.

Definition 2.2. [1] A cone P is said to be normal if there exists a constant K > 0 such that for
all x,y € E,0 <x <yimplies | x [|[<K || y]-

The least position number satisfying the above inequality is called the normal constant of P.

Definition 2.3. [1] Let X be a nonempty set,suppose the mapping d : X x X — E satisfy:

(d1) d(x,y) > 0 for all x,y € Xand d(x,y) = 0 if and only if x = y;

(d2) d(x,y) = d(y,x) forall x,y € X;

(d3) d(x,y) <d(x,z)+d(z,y) forall x,y,z € X.

Then d is called a cone metric on X and (X,d) is called a cone metric space,the concept of a

cone metric space is more general than that of a metric space.

Definition 2.4. [1] Let (X,d) be a cone metric space,{x,} be a sequence in X and x € X.For
every ¢ € E with 0 < ¢,we say that {x,} is

(i) a Cauchy sequence if there is an N such that for all n,m > N,d (x,,xn) < c.
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(ii) a convergent sequence if there is an N such that for all n > N,d(x,,x) < ¢ for some x in X.

A cone metric space X is said to be complete if every Cauchy sequence in X is convergent in X.

Definition 2.5. [2] Let (X, d) be a cone metric space,E be a real Banach space and cone P C E,
intP # ¢,{x,} be a sequence in X. We have
(i){x, } converges to x € X if and only if d(x,,x) — 0 as n — oo;

(ii){x, } is Cauchy sequence if and only if d(x,,x,,) — 0 as n,m — oo.

Definition 2.6. [2] Let (X,d) be a cone metric space,cone P C E and intP # ¢. {x,} be a

sequence in X. If {x,} converges to x and {x, } converges to y, then x = y.

Definition 2.7. [2] Let ¥ : P — P be a function.
(i) W is strongly monotonic increasing if for x,y € P,x <y < ¥(x) < ¥(y);
(ii) ¥ is said to be continuous at xy € P for any sequence {x,} C P,x, — xo = ¥(x,) — ¥(x0);

(iii) ¥ is a subadditive function, for all x,y € P,¥(x+y) < ¥(x) +¥(y).

Definition 2.8. [3] Let f and g be self-maps on a set X. If w = fx = gx for some x in X, then x

is called coincidence point of f and g, where w is called a point of coincidence of f and g.

Definition 2.9. [3] Let f and g be self-maps on a set X. Then f and g are said to be weakly

compatible if they commute at every coincidence point.

Lemma 2.10. [3] Let f, g, S and T be self-maps on a cone metric space X with cone P
having non-empty interior,satisfying f(X) C T(X) and g(X) C S(X). Define {x,} and {y,} by
Vo1 = fxon = TXopi1:Y2n+2 = 8Xon+1 = Sxon+2, n > 0. Suppose that there exist a A € [0, 1)
such that d(y,,yn+1) < Ad(yu—1,yn) for each n > 1. Then either

(a) {f,S} and {g, T} have coincidence points,and {y,} converges,or

(b) {yn} is Cauchy.

Lemma 2.11. [3] If E is a real Banach space with a cone P and if a < ha, where a € P and

he|0,1), then a=0.

Lemma 2.12. [3] If 0 < u < ¢ for each 0 < c then u = Q.

3. Main results
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Theorem 3.1. Let (X,d) be a complete cone metric space with regular cone P such that
d(x,y) € intP,for all x,y € X with x #y. Let f, g, S and T be self-maps of a cone metric
space X satisfying f(X) C T(X), g(X) C S(X) and

W(d(fx,gy)) <W(ad(Sx,Ty) + Bd(fx,Sx) +vd(gy,Ty) + Ad(fx,Ty) + kd(gy,Sx)),

where o, B,y,A, Kk >0and a+ B +7y+2A 42k < 1. ¥ : P — P is a continuous function with
the following properties:

(i) ¥ is strongly monotonic increasing;

(ii) ¥(t) = 0 if and only ift = 0;

(iii) ¥(x+y) < ¥(x)+¥(y) for all x,y € P.

If one of f(X), g(X), S(X) or T(X) is a complete subspace of X, then {f,S} and {g,T} have a
common point of coincidence in X. Moreover if { f,S} and {g, T} are weakly compatible, then

f, & Sand T have a unique common fixed point.
Proof. For any arbitrary point xq in X, construct sequences {x, } and {y,} in X such that
Yan—1 = fxon—2 = TXxop—1 and y2, = gx24—1 = Sx2p.

It follows that

W(d(ant1,ym+2)) = P(d(fxn,8%2m+1))
< W(oud(Sxon, Txont1) + Bd(fXon, Sx2n) + vd(8X2n+1, TX2n+1)
+Ad(fxon, Txons1) + Kd(gXon+1,5%21))
= W(ad(yan,yan+1) +Bd(Yan+1,¥20) + ¥d(Y2n+2,Y2n+1)

+Ad(yoni1,Y2n+1) + Kd(Y2n+2,Y20))

IN

Y(ad(yan,yon+1) + Bd(Yan+1,Y20) + ¥d(V2nt+2,Y2n+1)

+xd(yont2,Y2n+1) + Kd (Y2n+1,Y2n))-

From the above and the properties of ¥, we see that

d(yont1,Y2n+2) < (@ + B+ K)d(Y2nt1,Y20) + (Y + K)d(V2nt1,Y20+2)



SOME COMMON FIXED POINT THEOREMS IN CONE METRIC SPACES 369

a+B+x

m. Note that hl < 1.

which implies that d(yz,+1,V2n+2) < hd(Yan+1,Y20), Where hy =

Similarly it can be shown that d(y2,, v2,+1) < hod(y2n,Y2n—1), Where hy = 10-?;?3) and hy < 1.

Let h = max{hy,hy}. It follows that & € (0,1). And we know that d(y,,yn+1) < hd(yn—1,Yn)
for each n > 1. Hence lemma 2.10 is satisfied.

Now we show that { f, S} and {g, T } have coincidence points in X. Without loss of generality,
we may assume that y, # y, | for any n. If we have equality for some 7, then (@) of lemma 2.10
applies. In view of lemma 2.10, we find that {y, } is a Cauchy sequence. Suppose that S(X) is
complete. Then there exists a u in S(X) such that Sx,, = y», — u as n — oo. Consequently, we

can find a v in X such that Sv = u. we claim that fv = u. To this end, we consider

P(d(fv,u)) < P(d(fv,gxn—1)+d(gxon—1,u))

IN

W(d(fv,8xm—1)) +P(d(gxan—1,u))

IN

Y(ad(Sv,Txy,—1)+ Bd(fv,Sv) + yd(gxon—1,Tx2n—1)

+Ad(fv,Txop—1) + Kkd(gx2n—1,5v)) + ¥ (d(gxon—1,u)).
Taking the limit as n — oo gives

Y(d(fvu)) < Y(od(u,u)+Bd(fv,u)+ yd(u,u)+Ad(fv,u)+ kd(u,u)) +¥(d(u,u))
= W((B+A)d(fv,u)).
Using (i), we have d(fv,u) < (B 4+ A)d(fv,u), which is a contradiction since @, f3,7,A,k >0
and a+ B +y+2A +2x < 1. It follows that d(fv,u) =0, fv=Sv=u. Sinceu € f(X) C T(X)
there exists a w € X such that 7w = u. Now we are in a position to show that gw = u. Consider
W(d(gw,u)) < W(d(gw,fxan) +d(fxon,u))
< W(d(gw, fxm)) +¥(d(fx2n,u))
< W(ad(Sx, Tw) + Bd(fxon, Sxan) + yd(gw, Tw)
+Ad(fxon, Tw) + Kd(gw,Sx2n)) +¥(d(fx2n,u)).

Letting n — oo, we have d(gw,u) < (y+K)d(gw,u). So we obtain gw = u = Tw. Thus {f,S} and

{g, T} have a common point of coincidence in X. If {f,S} and {g,T} are weakly compatible,
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Ju=fSv=Sfv==Su=w (say) and gu = gTw = Tgw = Tu = w» (say).

Y(d(wi,w)) = W(d(fu,gu))
< W(ad(Su,Tu)+ Bd(fu,Su)+yd(gu,Tu)+ Ad(fu,Tu)+ xd(gu,Su))
= Y(ad(wi,wa)+ Bd(wi,wi)+yd(wa,wa) +Ad(wi,w2) + kd(wa,w1))

= \P(((X—{—l + K)d(wl,WZ)).

From the properties of ¥, we have ¥(d(wy,wy)) < ¥((ot + A + K)d(wy,w2)). Therefore
d(wy,wy) < (0t + A + K)d(wy,ws), which implies that w; = w; and hence fu = gu = Su = Tu.

Next, we prove that u = gu.

W(d(u,gu)) = ¥(d(fv,gu))
< Y(ad(Sv,Tu)+ Bd(fv,Sv)+vd(gu,Tu) + Ad(fv,Tu)+ xd(gu,Sv))
= Y(od(u,gu)+ Bd(u,u)+ yd(gu,gu)+ Ad(u,gu)+ xd(gu,u))

= W((a+A+K)d(ugu)).

Thus d(u,gu) < (a+ A + k)d(u,gu), which implies that gu = u, and u is a common fixe point
of f, g, S and T. For uniqueness: Suppose that u* is also a fixed point of f, g, Sand T. It

follows that

Y(du,u")) = W(d(fu,gu’))
< YW(ad(Su,Tu*)+ Bd(fu,Su)+vyd(gu",Tu")+ Ad(fu,Tu") + xd(gu”*,Su))
= Y(ad(u,u)+ Bd(u,u)+yd(u* ,u*)+ Ad(u,u™) + kd(u*,u))

= Y((@+A+Kx)duu)),

which is possible only if u = u*. The proofs for the cases in which g(X),f(X) or T(X) is

complete are similar, and are therefore omitted.

Corollary 3.2. Let (X,d) be a complete cone metric space with regular cone P such that

d(x,y) € intP for all x,y € X withx #y. Let f, g, S and T be self-maps of a cone metric space
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X satisfying f(X) C T(X), g(X) C S(X) and for some m,n € N,

W(d(f"x,g"y)) < W(ad(S"x,T"y)+Bd(f"x,8"x)+vd(g"y, T"y)

+Ad(f"x, T"y) + kd(g"y,S"x)),

where o, B,y,A, k >0and a+ B +7y+2A 42k < 1. ¥ : P — P is a continuous function with
the following properties:

(i) ¥ is strongly monotonic increasing;

(ii) ¥(t) = 0 if and only ift = 0;

(iii) W(x +y) < ¥(x) +W(y) for all x,y € P.

Ifone of f™(X),g"(X),S™(X) or T"(X) is a complete subspace of X, then { f™,S™"} and {g",T"}
have a common point of coincidence in X. Moreover if {f™ ,S"} and {g",T"} are weakly

compatible, then f, g, S and T have a unique common fixed point.

Proof. It follows from Theorem 3.1 that { /™, 8" }and {g",T"} have a unique common fixed
point p. Now f(p) = f(f"(p)) = f""(p) = f"(f(p)) and S(p) = S(8"(p)) = S"*'(p) =
S™(S(p)) implies that f(p) and S(p) are also fixed points for f”* and S™. Hence f(p) = S(p) =

p. By using the same argument, we obtain g(p) = T(p) = p.

Corollary 3.3. Let (X,d) be a complete cone metric space with regular cone P such that
d(x,y) € intP for all x,y € X withx # y. Let f, g and T are self-maps of a cone metric space X
satisfying f(X)Ug(X) C T(X) and

W(d(fx,gy)) <W(ad(Tx,Ty) + Bd(fx,Tx)+ yd(gy,Ty) + Ad(fx,Ty) + kd(gy, Tx)),

where o0, B,Y,A, Kk >0and oo+ B +y+2A +2k < 1. ¥ : P — P is a continuous function with
the following properties:

(i) Y is strongly monotonic increasing;

(ii) ¥(t) = 0 if and only ift = 0;

(iii) ¥ (x+y) < ¥(x) +P(y) for all x,y € P.

If one of f(X), g(X) or T(X) is a complete subspace of X, then {f,T} and{g,T} have a
common point of coincidence in X. Moreover if { f,T} and {g, T} are weakly compatible, then

f, g and T have a unique common fixed point.
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Proof. By taking S = T in Theorem 3.1, we find the desired result immediately.

Theorem 3.4. Let (X,d) be a complete cone metric space with regular cone P such that
d(x,y) € intP for all x,y € X with x #y. Let f, g, S and T be self-maps of a cone metric
space X satisfying f(X) C T(X), g(X) C S(X) and

W(d(fx,gy)) < Y(a(x,y)d(Sx,Ty)+B(x,y)d(fx,Sx)+y(x,y)d(gy,Ty)

+A(x,y)d(fx, Ty) + k(x,y)d(gy, Sx)),
where o(x,y), B(x,y),v(x,y),A(x,y),k(x,y) > 0 and

(SI;p [oe(x,y) 4 B (x,y) +¥(x,y) +224(x,y) +2k(x,y) <1 < 1.
x,y)eX

Y : P — P is a continuous function with the following properties:

(i) ¥ is strongly monotonic increasing;

(ii) ¥(t) = 0 if and only ift = 0;

(iii) ¥ (x+y) < ¥(x) +¥(y) for all x,y € P.

Ifone of f(X), g(X), S(X) or T(X) is a complete subspace of X, then {f,S} and {g,T} have a
common point of coincidence in X. Moreover if { f,S} and {g, T} are weakly compatible,then

f, & Sand T have a unique common fixed point.
Proof. For any arbitrary point x¢ in X, construct sequences {x,} and {y,} in X such that
Yon—1 = fxon—2 = Txop—1 and y2, = gXx2p—1 = Sx2p.

So we have

WY(d(ons1,ym12)) = Y(d(fxon,8%n11))

IN

W (ot (x2n, X2n+1)d(Sx20, Tx2n11) + B (X2n, X2n+1)d (fX2n, Sx21)
+Y(x20, X2n+1)d (8X%2n+1, TX2n11) + A(x20, X2n+1)d (fX20, TX2n11)

+ K(x2n7x2n+l )d(ngnJrl y SXZH))

IA

lI]<OC(XvaxZn-i-1)d(,YZmyZn—&-l) + ﬁ <x2n7x2n+1 )d(yZn-H 7y2n)
+Y(x20,%2041)d (Y2nt2, Yan+1) + K(X20, X2n+1)d (Y2n+2, Y2n+1)

+K(x20,X2n41)d (Y2n+1,Y20))-
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From the above and the properties of ¥/, we find that
d(yont1,ym+2) < (@20, X2n+1) + B (Xan, X2n+1) + K(X2n,%2041))d (V2n-+1,Y20)
+(Y(x2n, %2n+1) + K20, X2041) )d (Y2n+1, Y2n+2)

which implies that d(y2,11,y2012) < h1d(Y2n+1,Y20). Letting

a(x,y)+B(x,y) + k(x,y)

hi =
: (xy)ex 1— '}/(X,y) - K(X,y)

we see that 41 < 1. If not, assume h; > 1. From the properties of supremum, we have
{xn},{vn} C X. Let

Ot(xn,yn) + B (Xn,¥n) + K(Xn, yn)

lim =h.
n—yo0 1-— y(xn,yn) - K(xnayn)
Because 11 < 1 for gy = I—Tn, when N >0 and n > N, we have
- 1= 0(x0,n) + B (Xn,Yn) + K(Xn,Yn) < Iy _|_1—_n
2 1— }/(xn,yn) - K(xnayn) 2
I-n _ 2m+n-1_ m4n+(i—-1)_h+n
— = = > .

It follows that

O (Xn,Yn) + B (Xn,yn) + KX, 90) >N —N(Y(Xn, V) + K(Xn,¥n))-

Hence, we arrive at

n < a(xnuyn)+ﬁ(xn7yn)+TIY(xn7yn)+(1+n)K(xnuyn)
< a(xn:yn)+ﬁ(xnvyn)+Y(xn7yn)+2K(xna)’n)+2)“(xnayn)

< ( s%px[a(x,y) + B (x,y) + ¥(x,y) +2K(x,y) + 24 (x,)],
X,y)€

which is a contradiction by the condition in Theorem 3.4. Similarly, we find that d(y2,,, y2,+1) <

haod(yan,y2n—1), where

a(x,y) +y(x,y) +Ax,y)
h = su
2 o T T=B ) — A (%)

and hy < 1. Letting h = max{hj,hy}, one has h € (0,1). And we know that d(y,,y,+1) <
hd(yn—1,yn) for each n > 1. Hence lemma 2.10 is satisfied. Now we show that {f,S} and

{g, T} have coincidence points in X. Without loss of generality, we may assume that y, # y,+1
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for any n for if we have equality for some n, then (a) of lemma 2.10 applies. Now from lemma
2.10, we know {y,} is a Cauchy sequence. Suppose that S(X) is complete. Then there exists
a u in S(X) such that Sxp, = yy, — u as n — . Consequently, we can find a v in X such that

Sv = u. Next, we claim that fv = u. For this, we consider

Y(d(fvu) < W(d(fv,gxom-1)+d(8xm—1,u))

IN

W(d(fv,gxan—1)) +¥(d(gxan-1,u))

IN

Yo (v,xon—1)d(Sv, Tx2p—1) + B(v,x20—1)d (fv,Sv)
+Y(v, x2n-1)d(8x2n—1,Tx20—1) + A (v, x20—1)d (fv, TX2n—1)

+x(v,x00—1)d(gx2n—1,5v)) +¥(d(gx2n—1,u))

IA

lPKO‘(V»xZn— l) +A (V,in_l ))d<SV7 TxZn—l)
F(BWvx20-1) + A (v, x20-1))d (fv,8V) + Y(v, x20—1)d(8X20—1, T X201)

+x(v,x00-1)d(gxon—1,5v)] +¥(d(gxon—1,u))

IN

Ynd(Sv,Txzp—1) +nd(fv,Sv) +nd(gxon—1,Tx2n—1)

—H]d(ngn_l , SV)] + ‘P(d(ngn_l , u))

Taking the limit as n — oo, we find that W(d(fv,u)) < W (nd(fv,u)). Using (i), we have d(fv,u) <
nd(fv,u). Since n < 1, we find from lemma 2.11 that d(fv,u) =0, fv = Sv = u. Since

uc f(X)CT(X), there exists a w € X such that Tw = u. Next, we show that gw = u. Consider

Y(d(gw,u)) < W(d(gw, fxm) +d(fxon;u))

IN

W(d(gw, fx2,)) +¥(d(fxon,u))

IN

W (o (x2, w)d(Sxpn, Tw) + B (X210, w)d (f X021, Sx21,)
+y(x20, w)d (gw, Tw) + A (X2, w)d ( fx2, TW)

+K(x20, w)d (gw, Sxan)) +¥(d(fx20, 1))

IN

Y(nd(Sxzn, Tw) + nd(fxon, Sxon) + nd(gw, Tw)

+nd(fx20,Tw)) +¥(d(fx20,u))-
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Letting n — oo, we have d(gw,u) < nd(gw,u). It follows that gw = u = Tw. Thus {f,S} and
{g, T} have a common point of coincidence in X. If {f,S} and {g,T} are weakly compatible,

Ju=fSv=Sfv==Su=wj (say) and gu = gTw = Tgw = Tu = w» (say).

W(d(wi,wa)) = W(d(fu,gu))

IN

Y(a(u,u)d(Su,Tu)+ B(u,u)d(fu,Su) + y(u,u)d(gu, Tu)

+A (u,u)d(fu,Tu)+ k(u,u)d(gu,Su))

= W(o(u,u)d(wi,wa) + B(u,u)d(wi,wi) + y(u,u)d (w2, w2)
+A(u,u)d(wi,wa) + K(u,u)d(wa,wy))

= Y[(o(u,u)+A(u,u)+ x(u,u))d(wi,wr)]

< W(nd(wi,wa)).

From the properties of ¥, we have d(wy,ws) < nd(wy,w;), which implies that w; = w, and

hence fu = gu = Su = Tu. Now we are in a position to show that u = gu. Note that

W(d(u,gu)) < P(ot(v,u)d(Sv,Tu)+ B (v,u)d(fv,Sv)+ y(v,u)d(gu,Tu)
F A u)d(fv, Tu) + k(v,u)d(gu, Sv))
= Y(o(v,u)d(u,gu)+ B(v,u)d(u,u)+y(v,u)d(gu,gu)
A (v, )d (u, gut) + K (v, u)d (gu, 1))
= W[(a(v,u)+A(v,u)+ k(v,u))d(u, gu)]
< W(nd(u,gu)).
Thus d(u,gu) < nd(u, gu), which implies that gu = u and u is a common fixe point of f, g, S

and T'. For uniqueness, let us suppose that #* is also a fixed point of f, g, S and 7. Then
Y(d(u,u*)) < W(or(u,u")d(Su,Tu*)+ B(u,u*)d(fu,Su)+y(u,u*)d(gu*,Tu")
+A (u,u)d(fu, Tu*) + x(u,u”)d(gu", Su))

= Yl(a(u,u")+A(u,u)+x(u,u*))d(u,u*)]

IN

¥(nd(u,u*)),
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which is possible only if u = u*. The proofs for the cases in which g(X), f(X) or T(X) is

complete are similar, and are therefore omitted.
4. Example

Let X = [0,1], E = R? with the usual norm, be a real Banach space. Define P = {(x,y) €
E,x,y >0}. Letd : X x X — E be given as

d(x,y) = (e =yl [x+¥]).

Then (X,d) is a cone metric space. Leta = =y=1=x=1/8, ¥(t) = ( ) Then ¥

_x_ Yy

1+x27 14+y2

has the properties mentioned in Theorem 3.1. Let f, g, S and T:X — X be defined as
fX)=2"-1,TX)=4—-1,gX)=x,5(X) =2x

Then f, g, T and S have the properties in Theorem 3.1. Also f, g, T and S satisfy inequalities

3.1. Hence the conditions of Theorem 3.1 are satisfied. Here it is that O is the common point of

coincidence and also the unique common fixed point of f, g, T and S.
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