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Abstract. In this paper, based on the recent results of Osilike ef al. [9] and motivated by the results of Liu et al.
[10] and Takahashi et al. [13], we introduce an iterative sequence and prove that the sequence converges strongly
to a common element of the set of fixed points of strict pseudo-non spreading mapping, 7 and the set of zeros of
sum of an ox—inverse strongly monotone mapping A and a maximal monotone operator B in a real Hilbert space.

Our results improve and generalize many recent important results.
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1. Introduction

Throughout this paper, we assume that H is a real Hilbert space, C is a nonempty subset of H.
We denote by x,, — x and x,, — x weak and strong convergence of a sequence {x, }, respectively
and by F(T') the set of fixed points of a mapping T : C — C. B~!(0) will stand for the zero point
of a mapping B.

Let T : C — C be a mapping. T is said to be nonexpansive if

ey |1 Tx =Tyl <[lx—yl|Vx,yeC.
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The mapping T is said to be firmly nonexpansive if
) |Tx = Ty||* < (x—y,Tx—Ty) Vx,y € C.

(see e.g., Browder [7], Goebel and Kirk [19]). It is said to be quasi-nonexpansive if F(T) is

nonempty and

3) |1Tx=pl[ <[lx—pl|VxeC,peF(T).

T is called nonspreading if

4) 2|Tx—Ty|> < ||Tx—y|P+ ||Ty x| Y x,y € C

It can be shown, (see e.g. lemoto and Takahashi [12]) that 7 is nonspreading if and only
1T =Tyl < | =3P +2(x—Tx,y-Ty) Vx,y€C

T is said to be k—strictly pseudo-nonspreading (see e.g. [9]), if there exists a constant k € [0, 1)

such that
() |Tx=Ty|[* <|lx =y +k|Jx—Tx— (y = Ty)||* +2{x— Tx,y— Ty) Vx,y € C.

It is shown in [9] that the class of k-strictly pseudo-nonspreading mappings is more general

than the class of nonspreading mappings.

Let C be a nonempty closed convex subset of H.
A set-valued mapping A : D(A) C H — H is said to be monotone if for any x,y € D(A) and
x* € Ax,y* € Ay, the following holds;

(6) (x—y,x" —y*) >0.

A monotone operator A on H is said to be maximal if A has no monotone extension, that is,
its graph is not properly contained in the graph of any other monotone operator on H. For a
maximal monotone operator A on H and r > 0, the single-valued operator J, = (I +rA)~! :

2H D(A), is called the resolvent of A. It is known ( see for instance [13]), that J, is firmly
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nonexpansive, hence, it is nonexpansive. For a constant & > 0, a mapping A : C — H is said to

be a— inverse strongly monotone if for all x,y € C,
(7) (x =y, Ax—Ay) > af |[Ax — Ay|>.

For solving the problem of approximating fixed points of nonexpansive mappings, Mann [11]

in 1953 introduced the following iteration process:

where the initial guess x; € C is arbitrary and {@,} is a real sequence in (0, 1). It is known
that under appropriate conditions, the sequence {x,} converges weakly to a fixed point of 7.
However, even in a Hilbert space, Mann iteration may fail to converge strongly, see for instance
[2].

Some attempts to construct iteration method guaranteeing strong convergence to fixed points
of nonexpansive mappings have been made. For example, Halpern [3] proposed the following

so-called Halpern iteration:
9) Xn+1 = Ou+ (1 —ay)Txy

where u,x; € C are arbitrary and {a,} is a real sequence in (0, 1) satisfying appropriate con-
ditions. Halpern proved that the sequence {x,} generated by (9) converges strongly to a fixed

point of 7', where T is nonexpansive.

Finding a point x* € F(T)N (A +B)~!(0) where T is some nonlinear operator, and A, B are
monotone operators is of interest in applications and have been studied extensively by many
authors (see for instance, [8, 13, 14, 15, 18] and the references therein).

Recently, in the case where T : C — C is a nonexpansive mapping, A : C — H is an o(— inverse
strongly monotone mapping, and B C H x H is a maximal monotone operator, Takahashi et al.
[13] proved a strong convergence theorem for finding a point of F(T) N (A +B)~!(0), where
(A+B)~1(0) is the set of zero points of (A + B).

More recently, Liu et al. [10] extended the result of Takahashi ef al. [13] to the case when T is

a nonspreading mapping. In fact, they proved the following result.
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Theorem 1.1 (Liu et al. [10]) Let C be a nonempty closed convex subset of a real Hilbert space
H,A:C — H be a— inverse strongly monotone mapping and let B : D(B) C C — 2" be maxi-
mal monotone. Let J; = (I+AB)~! be the resolvent of B for any A > 0, and let T : C — C be

a nonspreading mapping. Assume that F := F(T) N (A+ B)~'(0) # 0. Define

x;1 = x € C,arbitrarily,

= T3 (= AA)x,

n—1
(10) Yn = ZTlZn
i=1
Xnt1 = Opu+(1—ay)y,

where {a, } is a sequence in (0, 1) satisfying the following conditions;

(i) 0y = 0, n — oo, (ii) Y.;7_ | @ = oo, and there exist a,b € R with (iii)) 0 <a < A4, < b <
2a V n € N. Then the sequence {x, } constructed by algorithm (10) converges strongly to Pru,
where P is the metric projection of H onto F.

In 2010, Kurokawa and Takahashi [4] obtained a weak mean ergodic theorem of Baillon’s type
[5] for nonspreading mappings in Hilbert spaces. They further proved a strong convergence
theorem somewhat related to Halpern’s type for this class of mappings using the idea of mean
convergence in Hilbert spaces.

In 2011, Osilike et al. [9] first introduced the concept of k—strictly pseudo nonspreading map-
ping and proved a weak mean convergence theorem of Baillon’s type similar to the ones ob-
tained in [4]. Furthermore, using the idea of mean convergence,a strong-convergence theorem
similar to the one obtained in [4] was also proved which extends and improves the main the-
orems of [4] and an affirmative answer given to an open problem posed by Kurokawa and

Takahashi [4] for the case where the mapping 7 is averaged.

Motivated by the results of Takahashi ef al. [13], Liu et al. [10], Osilike et al. [9], Kurokawa
and Takahashi [4], we introduce a new algorithm and prove strong convergence of the sequence
of the algorithm to a common element of the set of fixed points of k—strictly pseudo nonspread-
ing mapping and the set of zero points of sum of & —inverse strongly monotone operator A and

a maximal operator B in a real Hilbert space.
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Our results improve and generalize those of Osilike et al. [9], Takahashi et al. [13], Liu et al.

[10] and a host of other recent important results.
2. Preliminaries

In the sequel, we shall make use of the following Lemmas. First, we give the following defini-
tion.

Definition 2.1 Let X be a normed linear space and K a nonempty subset of X. A mapping
T : K — K is said to be demiclosed at y € K if for any sequence {x,} C K which converges

weakly to x € K, strong convergence of the sequence {Tx,} to y in K implies that Tx = y.

Lemma 2.1 [1] Let H be a real Hilbert space. Then the following holds:
Forall x,y € H ||x+y|> < [|x[> +2(y,x+Y).

Lemma 2.2 [16] Let {a,}’>_, be a sequence of nonnegative real numbers satisfying the follow-

ing relation:
ap+1 < (1 - an)an + 0, 0n + Yy, 1 > 17

[e)

where {0, }>_,,{0,}_; and {7, }_, satisfy the conditions:
(0) {om}azy C[0,1], Xy 0 = oo
(if) limsupo, <0,

n—soo

(iii) Y >0(n>1), Y| Y < oo. Then, a,, — 0 as n — oo,

Lemma 2.3 [19] Assume that 7 is a nonexpansive self mapping of closed convex subset C of a

Hilbert space H. If T has a fixed point, then (I — T') is demiclosed at zero.

Lemma 2.4 [9] Let H be a real Hilbert space, C be a nonempty and closed convex subset of H,
and T : C — C be a k—strictly pseudo-nonspreading mapping.
(i) If F(T) # 0, then F(T) is closed and convex;

(ii) I — T is demiclosed at zero.

Lemma 2.5 [17] Let C be a nonempty closed convex subset of H and T : C — C be a k— strictly
pseudo-nonspreading mapping with F(T) # 0. Let Tg = BI + (1 — B)T,B € [k, 1). Then the

following conclusions hold:



264 JEREMIAH NKWEGU EZEORA

i) F(T) = F(Tp);

ii) I — Tg is demiclosed at zero;

iii) || Tpx — Tpy|[* < [lx = yI* + 725y (r = Tpx,y — Tpy)s

(
(
(
(iv) Tp is a quasi-nonexpansive mapping.

Lemma 2.6 [8] Let A : C — H be an x—inverse strongly monotone mapping, and let B be a

maximal monotone operator on H with D(B) C C. Then, for any ¢ > 0, the following holds;

(A+B)~1(0) = F(JE(I - cA)).

Lemma 2.7 [14] Let B be a maximal monotone operator on H. Then, for any s, € R with
s,t > 0. and for any x € H, the following hold:
(i) |JZx — 7] | < Bt x — sBs].

(i) F(J7) = B~'(0).

Lemma 2.8 [6] Let A : C — H be an a-inverse strongly monotone mapping. Then, for any

€ (0,2, (I — 6A) is nonexpansive.
3. Main results

Theorem 3.1. Let C be a nonempty closed convex subset of H, A : C — H be ot—inverse strongly
monotone, and B : D(B) C C — 2! be maximal monotone. Let J; (I +AB)~! be the resolvent
of B forany A >0, T : C — C be a k— strictly pseudo nonspreading mapping. Suppose that
Q:=F(T)N(A+B)~1(0) #0.

For arbitrary x1,u € C, we define

I = Jgn (I—0,A)x,, Vn2>1,
n—1 )
(1) Yn = Z TéZn,
i=1
X1 = Opu+(1— )y,

where Tg := BI+ (1 —B)T, B € [k, 1), {a} is a sequence in (0,1) satisfying the following
conditions;

(i) ay — 0, n— oo, (i) Y| &ty = 4o, {0y} is a sequence in (0,0) and there exist a,b € R
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with (iii) 0 < a < 6, < b <2 ¥ n € N. Then the sequence {x,} constructed by algorithm (11)

converges strongly to Pou, where P is the metric projection of H onto Q.

Proof. We divide the proof into several steps.
STEP I: {x,} is bounded. Observe that by Lemma 2.8, (I — 0,A) is nonexpansive. Also J§ is

nonexpansive. Let p € Q, then

llzn —pll = ||Jgn(1_GnA)xn_Jgn(I_GnA)pH

(12) < | —pll-
Since T is k— strictly pseudo nonspreading, then using Lemma 2.5 (iii), we obtain

| Tgzn—pII> = ||Tpza— Tppl?

2
< lza—p|*+ i _B)<Zn_T[3Zn: p—Tgp)

2
= |z —pl|

This implies that |[7Tgz, — p|| < |[zx — pl|. Assume that ||Tﬁrzn —pl| <||zn — p|| for some r > 1.
Then

1T = ol = 1IT3(Thza) — plI?
= ||Tp(Thzn) — Tppll®
< ||T§Zn—p\|2+ﬁ(Tézn—TﬁrHZn,P—Tﬁp>
= |\Tgzn—pl?

2
< llza=pIl-
Thus, HTBrHZn — p|| < ||zn — p|| and so, by induction, we have that

17320 = pll < llzw = pll V in € N.
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Hence,

ln—l )
(13) a=pll = || X Tgan—rpll
i=0

IN

1n71 .

= |7z =l
niZo

lnfl

=Y llza—pll
ni=o

= |lza—=pll.

IN

Applying (12) in (13) gives ||y, — p|| < ||x, — p||. From (11), we get

Xnr1 =Pl < allu—pl[+ (1 —a)|[y.— pl|
< OCnHu—pH—i-(l—Otn)HZn—pH

< oplfu—pl[+ (1 =)|lx. = pl|.

Hence by induction, we obtain

|xn = pl| < max{||u—pl|, [lx1 = pl[} Vn = 1.

Therefore, {x,},>1 is bounded and so {y,}, {z,} and {ngn} are all bounded.

Since {x,} is bounded, there exists a subsequence {xy, } of {x,} such that lim |[x,; — p|| exists.
Jjoee

Since {x,, } is bounded, there exists a subsequence {x,; }, say, of {x,; } which we still call {x,, }

such that x,;, = w € Cas j — .

We prove that w € Q. We first prove that w € F(T).

Since ||Xy41 — Ynl|| = O ||u —yn||, replacing n by n; , we have
1m0 = Y || = e =y |
This together with condition (i) and the fact that {y, } is bounded, yield

|1%n41 = yn;l| — O as j — oo.
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Thus, y,; — w as j — eo. Since T is strictly pseudo nonspreading, then for all & € C and for any

k=0,1,2,--- ,n— 1, we have using Lemma 2.5 (iii),

175" 2 — T3> = HT[s (T§) 20 — T3 |

< ||Tﬁzn é”z ( <TﬁZn_Tk+1Zn>€ Tﬁ§>

(
= IITﬁZn—Tﬁ§|I2+|ITﬁ5—§|I2+2<Tﬁzn—Tg€,Tﬁ§ -&)
2

%) oot

Té‘zn - Té‘“zn,ﬁ —T3&).
Hence,

IT5H g — TgE| 2~ 1Tz — TpE|* < |1 TpE — &I +2(Tfzn — T, Tg& — £)
2
(15) + T <ngn—Tk+lzn,§ T5E).

Summing (15) from k = 0 to n — 1 and dividing by n, we have

%(HT;?xn_TﬁéHz_HZn_TﬁgHz) < TpE = &I +2(vm — Tp€, TpE — &)

2 n
(16) + m<2n—Tﬁzn>§_TB§>-

Replacing n with n; in (16), we obtain
1 n;
n—j(||Tﬁ’zn, — 1511 —llan, — TpEIP) < [1TpE — &P +2(ym; — T3, TpE — &)

(17) + (@ =Ty, 6 — Tp&)-

nj(1—-B)

Letting j — oo in (17) and given the fact that {z,,} and {Té’zn} are bounded, we obtain

0 < ||TpE — &[> +2{w—TE, Tpé — &).

In particular for & = w, we have

0 < HTﬁW—WHZ+2<W—TBW,T13W—W>

(18) = ||Tpw—w||* —2[|Tgw —w||*.
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This implies that w = Tgw. Thatis w € F/(Tg), by Lemma 2.5 (i), we have w € F(T).

STEP II: We prove that ||[Ax,, —Ap|| — 0 as j — c. From (11) and using the fact that A is

a—inverse strongly monotone and convexity of ||.||Z, we have

i1 = plI> = logu+ (1= )yn—pl
2 2
< Ollu—pl[~+ (1= aw)|[yn — pll
< oyllu—p|P+ (1= 0w)l|ya — plI>
=~ n p n)||Yn — D
< l|lu—pl]"+ (1 —0t)||za — pl|

= Ocn||u—p||2+(1—an)”Jg,,(I—GnA)xn

— J§ (I—0,A)p|)?

< o= plIP + (1= )| [xa — p — Gu(Axy — Ap)|
= oyllu—p|?+ (1 —0)[|[x— pl|?

— 26, (xp — p, Axy — Ap) + 62||Axy — Ap|[]

= o||lu—p|>+ (1= 0p)[[|xn — p|[?

— (20— 6,)||Ax, — Ap]| ]

< apllu— pl[*+[lxn — pI

— (1—0a)0,(20— 6,)||Ax, — Ap| |2
So,

(1= 0)0u(20 — 0,) || Axy —Apl|[> < 0l — pl|®

+ | =Pl = Par1 — pl?

Passing to subsequence and using condition (iii), we obtain

(1—0;)a(20 —b)[|Axy, —Ap|* < oy |ju—pll?

(19) + by + pll = [0 = .
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Applying condition (i) and the fact that lim [|x,, — p|| exists, we obtain the desired conclusion.
oo

That is, ||Ax,; —Ap|| — 0 as j — co.

STEP I1I: We prove that ||z,; — X, || — 0, j — co. Since Jgn is firmly nonexpansive, we obtain,

|20 — p||*

(20)

This implies that

1
Sl —pIP

[lzn — plI?

<

||Jgn (I - cFn)xn _Jg,, (I_ GnA)p| |2

<Zn - P, (I_ GnA)xn - (I_ GnA)p>

1 2 2
5 Ulzn = PII"+ /(I = 6aA)n — (I = 0uA) |
l|za = p = [(I — 6uA)xs — (I — G,A) p]||*}

1
§{|Izn—p|lz+||xn—p||2—IIZn—p—(I—GnA)xn

+ (I—-0,A)p|*}

IN

IN

1
5 llzn =PI + Il = pII* = [z — 2]

26n<zn — Xn, Axn _Ap> - G,%HAX,/, _Ap| |2}

1

5 Ul —pl* = llzn —xal

2Gn<Zn _xn;Axn —Ap) - Gr%HAxﬂ —Ap||2}, S0,
10 = PII* = [12n — 2l I?

20, (zn — Xpn,Axp — Ap) — G,%||Ax,, —Ap| |2
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From (11),
a1 —pIP < allu—pl>+ (1= a)|lyn— plI
< Ollu—p| P+ (1= 00|20 — pl|?
< allu—p|*+ (1= )[|[xn — pII* = |20 — xal*
—  203(zn —Xn,Axn — Ap) — O ||Axy — Ap||*]
llzn —2al > < 0llu—pl >+ 0 = pI* = |01 — pl?
— 20, (20 —Xn, Axy —Ap) — 67||Ax, — Ap|[?
< oyllu—pl|*+ % — plI* = [[x0s1— p?
@1) — 0, [|Ax, —Apl|*.

Passing to subsequence, applying condition (i) together with the fact that lim ||x,; — p|| exists
Joreo

and conclusion of STEP Il in (21), we obtain |[z,; —xu;|| — 0, j — oo.

STEP IV: We show that w € (A + B)~1(0). Since 0 < a < 6, < b < 2a, there exists a sub-

sequence {0y, } of {0y} such that 6,; — ¢ € [a,b]. Applying Lemma 2.7, we have

WG = 0A)x, —2al| < [[JG( = 0A)x = I (I = pA)s|| + ||IG (I — GuA) 3 — 2|
< ||I—0cA)x, — (I — 0,A)xy||
+ VB — 0,A)x0 — Jo, (I — 0,A)x,]|

|0, — 0|

< |on—o|||Axa|| + ||Jg(I_GnA)xn_(I_GnA)an

O, — O
) < |0y = ol + 19 =C

1LY

for some K > 0 such that K = sup,, ||J3(I — 6,4)x, — (I — 6,A)x,||. Replacing n with n; in (22)

and using boundedness of {Ax,}, we get as j — oo that

(23) lB(I — 6A)x, —zn)|| = 0
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But
VeI = 0A)x, —xal| < |[J5(I— CA)Xy — 20+ 20 — Xa|

(24) < |[JB(I— 6A)xn — za|| + |20 — xal |-
Replacing n with n; in (24), using STEP III and conclusion (23) yield

51— 0A)xn, — xn,|| = 0 as j — oo.

Thus from definition 2.1, we have that w € F (J53(I — 6A)). Since by Lemma 2.6, F (J5(I —
0A)) = (A+B)~1(0), it implies that w € (A +B)~1(0).

STEP V: We show that x, — Pou as n — o. Without loss of generality, we may choose a
subsequence {x,; 41} Of {x4;11} which we still call {x,; 11} such that
limsup(u — Pou, X1 — Pou) = lim (u — Pou,x, 1 — Pou). Since P is the metric projection
J—reo

n—yoo
of H onto Q and x,;, , — w € Q, we have

(25) lim (u — Pou, x,, 11 —Pou) = (u—Pou,w—Pou) <O0.
J—reo
Hence,
(26) limsup<u—PQu,xn+1 —PQM> <0.
n—yoo

Using Lemma 2.1, we have

||xn+1 —Pgu| ’2 = ||O£n(u — Pgu) + (1 — Otn) (yn —PQM)||2
2 2
< (1= 0)*||yn — Paul|* + 200, (1 — Pou, Xp 11 — Pou)
2 2
< (1—ot)”||xn — Poul| +206n<u — Pout, X1 —Pgu>.
Using condition (i) and conclusion (26), we have from Lemma 2.2, that
X, — Pqu as n — oo. This completes the proof.

If in Theorem 3.1, we set k = 0, then T is nonspreading and we can take 3 = 0 to obtain the

following Corollary.
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Corollary 3.2. Let C be a nonempty closed convex subset of H, A : C — H be o.—inverse
strongly monotone, and B : D(B) C C — 2! be maximal monotone. Let J) (I + AB)~! be the
resolvent of B for any A > 0, T : C — C be a nonspreading mapping. Suppose that Q :=
F(T)N(A+B)~1(0) #0.

For arbitrary x1,u € C, we define

n = Jgn (I—0,A)x,, Vn>1,
n—1
(27) Yo = Z T'z,,
i=1
Xnt1 = Opu+(1—oy)y,

where {0y, } is a sequence in (0, 1) satisfying the following conditions;
(i) 0y — 0, n— oo, (ii) Yo7 | Oy = +oo, {04} is a sequence in (0,o) and there exist a,b € R
with (iii) 0 < a < 6, < b <20 ¥ n € N. Then the sequence {x,} constructed by algorithm (27)

converges strongly to Pou, where P is the metric projection of H onto Q.

Remark 3.3. The results of Osilike et al [9] address the problem of approximating fixed point of
strict pseudo non spreading mapping in a real Hilbert space. In Theorem 3.1 of this paper, the
problem of approximating fixed point of strict pseudo non spreading mapping as well as zeroes
of sum of two monotone mappings is solved in a real Hilbert space. Consequently, Theorem 3.1
complements the result of Osilike et al [9]. Furthermore, Theorem 3.1 of this paper generalizes
the result of Liu et al [10] from non spreading mapping to strict pseudo non spreading mapping

and many other important results in this direction of research.
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