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1. Introduction

The notion of partial metric spaces was introduced by Matthews [14] in 1994 who then further
extended the banach contraction principle from metric spaces to partial metric spaces. Since
then several authors (for example, [2,3,4,9]) worked on this notion of partial metric spaces and
obtained fixed point results for mappings satisfying different contractive conditions.

The concept of b-metric spaces was introduced by Bakhtin [5] which was further extended

by Czerwick [8]. Later Shukla [16] generalized both the concept of b-metric and partial metric
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spaces by introducing the partial b-metric spaces. Motivated by this we introduced the notion of
Quasi-partial b-metric space [10] and proved fixed point theorem on it. Then we extended this
study to coupled fixed point theorems on Quasi-partial b-metric spaces [11]. Earlier in 2012,
Karapinar et al. [12] had introduced the concept of quasi-partial metric space which is defined

as follows:

Definition 1.1. [12] A quasi-partial metric on nonempty set X is a function g : X x X — R*

which satisfies:

(QPM)) If g(x,x) = gq(x,y) = q(y,y), thenx =y,
(QPMy) g(x,x) < gq(x,y),

(QPM3) ¢(x,x) < g(y,x), and

(QPMy) q(x,y) +4(z,2) < q(x,2) +4(2,y)

Sqx
<q

for all x,y,z € X.

A quasi-partial metric space is a pair (X,q) such that X is a nonempty set and ¢ is a quasi-
partial metric on X.

Let g be a quasi-partial metric on the set X. Then

dq(x,y) = q(x,y) +q(¥,x) — q(x,x) — q(y,y) is a metric on X.

Lemma 1.2. [12] Let (X,q) be a quasi-partial metric space. Let (X, p,) be the corresponding
partial metric space, and let (X,d, q) be the corresponding metric space. Then the following
statements are equivalent

(i) (X,q) is complete,

(i) (X,pq) is complete,
(iii) (X,dp,) is complete.
Moreover,

r}glolodpq(x ) =0 & pylx,x) = r}glgopq(x,xn) = ngrgoopq(xn,xm)

<~ q(xvx) = r}g&‘](xvxn) = ngrng(xmxm)

= r}i_E}loCI(xnax) = n}?iiglw‘I(xmaxn) :
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Definition 1.3. [16] A partial b-metric on a nonempty set X is a mapping pp : X x X — R*

such that for some real number s > 1 and for all x,y,z € X

(Py,) x =y if and only if pj(x,x) = pp(x,y) = pp(y,¥),
(Py,) po(x,x) < pu(x,y),

(Poy) po(x,y) = pb(¥,%),

(Poy) Pu(x,y) < slpp(x,2) + po(z,¥)] = b (2:2).

A partial b-metric space is a pair (X, pp) such that X is a nonempty set and p,, is a partial

b-metric on X. The number s is called the coefficient of (X, pj).

Definition 1.4. [6] Let X be a nonempty set. An element (x,y) € X x X is a coupled fixed point
of the mapping

F:XxX —Xif F(x,y) =xand F(y,x) =y.

Definition 1.5. [13] An element (x,y) € X x X is called

(i) a coupled coincidence point of the mappings F : X x X — X and g: X — X if F(x,y) = gx
and F(y,x) = gy; in this case (gx, gy) is called coupled point of coincidence of mappings
F and g;
(ii) a common coupled fixed point of mappings F : X xX — X and g: X — X if F(x,y) =gx=x
and F(y,x) =gy =1y.
The concept of w-compatible mappings was introduced by Abbas et al. [1].
Definition 1.6. [1] Let X be a nonempty set. The mappings F: X xX —X and g: X — X are
w-compatible if gF (x,y) = F(gx,gy) whenever gx = F(x,y) and gy = F(y,x).

Shatanawi and Pitea [15] obtained some common coupled fixed point results for a pair of
mappings in quasi-partial metric space. Later Gu and Wang [9] proved coupled fixed-point

theorems in two quasi-partial metric spaces.

Theorem 1.7 ([9], Theorem 2.1). Let g1 and g, be two quasi partial metrics on X such that
@2 (x,y) < q1(x,y), forallx,y € X, andlet F : X x X — X, g : X — X be two mappings. Suppose

that there exists ky, ky, k3, ka, and ks in [0, 1) with

ki +ky+k3+2ks+ ks < 1 (1)
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such that the condition

ql(F(x,y),F(u,v))+q1(F(y,x),F(v,u))
< ki[ga(gx, gu) +q2(gy, gv)] + ka[g2(gx, F (x,¥)) + g2(gy, F (v, x))]
+k3lqa(gu, F(u,v)) + q2(gv, F (v, u))] + kalq2(gx, F (u,v)) + q2(8y, F (v,u))]

+k5[CI2<guaF(x7y))+q2(gV7F(y=x))]

holds for all x,y,u,v € X. Also, suppose we have the following hypotheses:
() FIX xX) Cg(X).

(ii) g(X) is complete subspace of X with respect to the quasi-partial metric q.

Then the mapping F and g have a coupled coincidence point (x,y) satisfying gx = F(x,y) =
F(y,x) = gy. Moreover, if F and g are w-compatible, then F and g have a unique common
coupled fixed point of the form (u,u).

The aim of this paper is to prove some coupled common fixed-point theorems on quasi-partial
b-metrics spaces for mappings defined on a set equipped with two quasi-partial b-metrics with

different coefficients s; and s, respectively such that s, > s7.
2. Quasi-partial h-metric spaces

Definition 2.1. A quasi-partial b-metric on a nonempty set X is a mapping gp, : X x X — R*

such that for some real number s > 1 and for all x,y,z € X

(QPy,) gpp(x,x) = qpp(x,y) = qpp(y,y) = x =,

(
(QPy,) gps(
(
(

N

x,x) < gpp(x,y),
apy(y,x),

(QPy,) qpp(x,y) < s[gpp(x,2) +app(2,y)] — aprp(2,2).

N

)
)
(QPy,) gpp(x,x)
)

A quasi-partial b-metric space is a pair (X,gpj) such that X is a nonempty set and gpy is a
quasi-partial b-metric on X. The number s is called the coefficient of (X,gpy).

Let gpp, be a quasi-partial b-metric on the set X. Then

dgp, (x,y) = qpp(x,y) +qpp(y,x) — qpp(x,x) — qpp(y,y)
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is a b-metric on X.

Lemma 2.2. Every Partial b-metric space is a quasi-partial b-metric space. But the converse

need not be true.

Lemma 2.3. Let (X, qpy) be a quasi-partial b-metric space. Then the following hold
(A) If qpp(x,y) = 0 then x =y,
(B) Ifx #y, then qpy(x,y) > 0 and qpy(y,x) > 0.

Proof is similar as for the case of quasi-partial metric space (Refer [12]).
Definition 2.4. Let (X,qpyp) be a quasi-partial b-metric space. Then

(i) a sequence {x,} C X Converges to x € X if and only if

qpp(x,x) = lim gpy(x,x,) = lim gpp(x,x).
(i) a sequence {x,} C X is called a Cauchy sequence if and only if

Him gpp(xy,xm) and lim qpp(xm,x,) exist (and are finite).
n,m—yco n,m—»co

(iii) the quasi partial b-metric space (X ,qpy) is said to be Complete if every cauchy sequence

{xn} C X converges with respect to T, to a point x € X such that

qpp(x,x) = Hm_gpp(xm,xa) = 1im_gpy (i, xm).

’

(iv) a mapping f : X — X is said to be Continuous at xy € X if, for every € > 0, there exists
0 > 0 such that f(B(xp,8)) C B(f(x0),€).

Lemma 2.5. Let (X, qpy) be a quasi-partial b-metric space and (X ,d,p,) be the corresponding

b-metric space. Then (X ,d,p,) is complete if (X ,qpy) is complete.

Proof. Since (X,gpp) is complete, every cauchy sequence {x,} in X converges, with respect to

Typ, 10 a point x € X such that

gpp(x,x) = Um gpp(xXn,xn) = lm gpp(xm,xn). (3)

n,m—soo n,m—soo

Consider a Cauchy sequence {x,} in (X,d,,,). We will show that {x,} is Cauchy in (X,gp;).

Since {x,} is Cauchy in (X,d,,), therefore lim d,,, (xn,Xn) exists and is finite.
n,m—oo
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Also,
dyp, (XnsXm) = qPb(XnsXm) + qPp (X, Xn) = qPb (XnsXn) = GPb (Xms Xm)-
Clearly, nl?llrgw qpp(xn,xn) and n}}ir_r}w qpp(xm,x,) exists and are finite. Therefore, {x;, } is Cauchy
sequence in (X,gpp). Now, since (X,gp;) is complete, the sequence {x,} converges with re-
spect to 7,,, to a point x € X such that (3) holds. For {x,} to be convergent in (X,d,) we will
show that

dgp, (x,x) = nlgrolodqpb (2, %,)-

It follows from definition of d,, that d,,, (x,x) = 0. Also,

lim dgp, (x,%0) = 1im gpy (x,x4) + 1im gpy (xz,x) = 1im gpy(xn, ) — lim gpy (x,x)

=0 by (3) and definition of convergence in (X,gpp).

Hence, dgp, (x,x) = nli_r>r°10dqpb (x,%n)-

3. The main results

Now, we shall prove our main result.
Theorem 3.1. Let gpy,, and qpy, be two quasi-partial b-metrics on X with different coeffi-
cients sy and s, respectively such that s, > s1 and qpyp,(x,y) < qpp,(x,y), for all x,y € X. Let
F:XxX—X, g:X — X be two mappings. Suppose that there exist ki,k»,k3,kq, and ks in
[0, 1) with
1
ki + ko + k3 + 252kg + ks < o (4)
1
such that the condition
qPb, (F(X,y),F(M,V)) +qpb1 (F(y,)C),F(V, I/t))
< kiqpp, (g%, 8u)+qpp, (8, 8v)]+k2[qpe, (8%, F (x,¥))+qpp, (8, F (¥, X))]
+ k3lapy, (gu, F (u,v)) +qpp, (gv. F (v, u))] 4 kalgpp, (8x, F (u,v)) + qpp, (8y. F (v,u))]
+kslgpp, (gu, F (x,y)) + qpp, (gv, F (y,x))]
(5)

holds for all x,y,u,v € X. Also, suppose we have the following hypotheses:

(i) F(X xX) Cg(X)
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(ii) g(X) is a complete subspace of X with respect to the quasi-partial b-metric qpy,.

Then the mappings F and g have a coupled coincidence point (x,y) satisfying gx = F(x,y) =
F(y,x) = gy. Moreover, if F and g are w-compatible, then F and g have a unique common

coupled fixed point of the form (u,u).

Proof. Let xp,yo € X. Since F(X x X) C g(X), we can choose xj,y; € X such that gx; =

F (x0,y0) and gy; = F(yo,Xo). Similarly, we can choose x,,y, € X such that gx, = F(x,y;) and

gy2 =F(y1,x1).

Continuing in this way we can construct two sequences {x, } and {y,} in X such that

gxnr1 =F(xy,yn) and  gyni1 =F(yn,xn), VYn=0. (6)

It follows from (5), (QPy,) and (QPy, ) that,

aPb, (8%n, 8Xn+1) +qPb, (8Yn: 8Vn+1)
= qPp, (F (Xn—1,Yn-1)s F (Xn,¥n)) + qPo, (F (Yn—1,X0-1), F (Yn, Xn))
< k1(gpp, (8%n—1,8%n) + qPb, (&¥n—1,8Vn)]
+ k2[qpp, (8Xn—1,F (Xn—1,¥n-1)) + qPb, (8¥n—1,F (Yn—1,%n-1))]
+ k3[qpp, (8%n, F (XnsYn)) + Py (8Yns F (YnsXn))]
+ kalqpp, (8%n—1,F (Xn,¥n)) + aPby (8Yn—1,F (Yns Xn))]
+ ks[qpp, (8xn, F (Xn—1,Yn—1)) + qPb, (8¥n, F (Yn—1,%n—1))]
= (ki +k2)[qpb, (8Xn—1,8%n) + qPb, (8Vn—1,8n)]
+ k3[qpp, (8%n, 8Xn+1) + qPb, (8Vn, 8Vn+1)]
+ ka[qpp, (8%n—1,8%n+1) + Db (8Vn—1,8Vn+1)]

+ ks[qpp, (8Xn, 8%n) + qPb, (8Yn,&Vn)]
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< (k1 +k2) [qpo, (8%n—1,8%n) + qPb, (8Vn—1,8Vn)]
+ k3[qpp, (8%n: 8%n+1) +qPb, (8Vn: 8¥n+1)]
+ ka[s2{qpp, (8Xn—1,8%n) + qPb, (8%, 8Xn+1)} — qPb, (8%n; 8%n)
+ 52{qPb, (8Yn—1,8Yn) + aPb, (8Vn> 8Yn+1)} — Db, (8Yn: 8¥n)]
+ ks[qPp, (8%n, 8Xn+1) + qPby (8Yns 8Vn+1)]

< (ki +ka + 52ka) [qpp, (8%n—1,8%n) +qPb, (8Yn—1,8Yn)]
+ (k3 + s2k4 + ks) [qPb, (8%n, 8Xn+1) + aPb, (8Vn> 8Vn+1)]

< (ki + ko + 52k) [qpp, (8%n—1,8%n) + qPb, (8Yn—1,8Yn)]

+ (k3 + s2ka + ks)[qpp, (8Xn, 8Xn+1) + qPb, (8Vns 8Vn+1)],

which implies that

qpb, (8%n, 8%n+1) +aPp, (8Yn>&Yn+1)

ki + ko + s0ky [ (o )+ ( o] (7)
X 1—k3—52k4—k5 qpb1 8Xn—1,8%n qpbl gYVn—1, n)l-

ki +k k 1
Putk = — ot 52 Obviously, 0 < k < — < 1. By repetition of the above inequality
1 —k3 —S2k4—k5

(7) n times we get

aPb, (8Xn, 8%n+1) +qPp, (8Vn,&¥n+1) < K'[gpy, (gX0,8%1) +app, (8Y0,8Y1)]- (8)

Next, we shall prove that {gx,} and {gy,} are Cauchy sequences in g(X). In fact, for each

n,m € N, m > n, from (QPy,) and (8), we have

qPb, (8%n,8%m) + qPb, (8Yn, &Ym) Z “'lapy, (8xi,8xi11) +app, (8, 8Vi1)]
< Y. st K lapy, (g%0,8x1) +ap, (8Y0,871)]

m—1 k!
— Z (_) ST qpb, (8x0,8%1) + qpp, (8Y0,8)1)]
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oo k 1
<y (E) M app, (8%0,8x1) +qpp, (€90, 91)]

i=n

- ﬁ -5 lqpp, (8x0,8%1) + qpp, (&Y0,8V1))-

On letting n — o= in (9); holding m fixed, we get

1im [gpy, (8%n, 8%m) +qpp, (8¥n, 8¥m)] < 0.

But
1im [gpy, (8%n; 8%m) + qpb, (8Vn, 8¥m)] = 0.
This implies that
1im [gpy, (g%, 8%m)] = lim [gpy, (¥n, g¥m)] = 0.

Now letting m — +oo, one has

lim_gpp, (8%n,8%m) = 1im_qpp, (gyn;&ym) = 0.

n,m—soo

By similar arguments as above, we can show that

lim qpy, (gxm;gx,) =0 and  lim_gpp, (8ym,8yn) = 0.

n,m—oo

(10)

(11)

So, {gx,} and {gy,} are Cauchy sequences in (g(X),gps,). Since (g(X),gps,) is complete,

there exist gx, gy € g(X) such that {gx, } and {gy, } converges to gx and gy with respect to Taps, »

that is,
qpp, (gx,8x) = lim gpy, (gx, gx,) = lim gpy, (gxs,8x)
n—o0 n—oo
= Jim_qp, (8xm:8xa) = 1im_qpp,(8%n, 8xm)
and

qPb, (8y,8Y) = lim gpy, (gy; gyn) = lim gpp, (8Yn, &Y)

= Jim_qpy, (8ym:gyn) = lim_qpp, (8yn;8Ym)-
Combining (10)-(13), we have

qpp, (8%,8x) = lim gpy, (8%, gx,) = lim gpy, (g%, 8%)

= lim_qpp,(gxm:gxn) = lm_gpp, (8%, 8xm) =0

n,m—oo

(12)

(13)

(14)
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and
apy, (8y,&y) = lim gpy, (g, gyn) = 1im qpy, (g¥n, 8Y)
= lim qpp, (&Ym.gyn) = lim qpp, (8Vn,&ym) = 0.
n,m—oo n,m—yoo

By (QPy,), we have

qpb, (8%n+1,F (x,y)) < s1{qpp, (8Xn-+1,8%) + qpp, (8x,F (x,¥)) } — qpp, (8x, %)
< 51{qpb, (8%n+1,8%) +qpp, (g%, F (x,y))}
<51 (g, (8%n+1,8%) +51{qPb, (8%, 8%n+1)
+ qpp, (8%n+1,F (x,¥)) } — qPp, (8Xn+1,8%n+1)]
< 51(qpp, (8%n11,8%)] + 571qPs, (8%, 8% 11)]

+ 57[qpp, (8%ns1, F (x,3))] -

Letting n — oo in the above inequalities and using (14), we have

1 .

—qpp, (gx,F(x,y)) < lim gpy, (gx,11,F (x,y))
51 e (16)
< S14Pb, (ngF(xay)) .

Similarly using (15), one has

1 .

—apy, (83, F (%,%)) < lim gpp, (gynt1, F (%))
o1 (17)
< $194Pb, (gy,F(y,x)) :

Now, we prove that F'(x,y) = gx and F(y,x) = gy. Infact, it follows from (5) and (6) that

qpb, (8%n+1,F (x,3)) + qpp, (8¥n+1,F (3,x))
= qPp, (F (xn,yn), F (x,)) + qpp, (F (yn,%n), F (y,x))
< ki[qpp, (8xn,8x) + qpb, (8¥n, 8Y)] + kalapp, (8%n, F (Xn,¥n)) + qP, (8Yn: F (yn,Xn))]
+ k3lgpp, (8%, F (x,)) + qPb, (83 F (y:X))] + kalapp, (8%n, F (x,¥)) + qpp, (8¥n, F (3,%))]

+ ks[qpp, (8%, F (Xu,Yn)) + app, (89, F (Yn,%n))]
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= ki[qpp, (8%n: 8%) + qPb, (8Yn, 8)] +k2[qpb, (8%n, 8Xn+1) + qPb, (80> 8Yn+1)]
+ k3[qpp, (gx, F (x,)) + qpp, (8, F (¥,X))] + kalqpp, (8%n, F (x,)) + qpp, (8Vn, F (¥, X))]
+ ks[qpp, (8%, 8%n+1) +qPb, (8, 8Vn+1)]
< kilgpp, (8%n: 8%) + qpp, (8¥n:8Y)] + k2|qps, (8%n, 8%n+1) + 4P, (8Yn, 8Vn+1)]
+ k3(qpp, (8%, F (x,)) + qpp, (89, F (v,x))] + kagpp, (8xn, F (x,)) + qpp, (8yn, F (¥, X))]

+ ks[gpp, (8x,8%n+1) + qpp, (8Y:&Vn+1)]-

Letting n — oo in the above inequality, using (14)-(17), we get

lim [gpp, (8%n+1,F (X)) + qpb, (8¥n+1,F (3,%))]
< lim {[k1(qpp, (8%n,8%) + qPb, (8n,8Y)] + k2lqPp, (8%n, 8%n+1) + qPb, (8, 8Yn+1)]
+ k3[gpp, (8x,F (x,y)) +qpp, (&Y, F (v, X))] + ka[qpp, (8%n, F (x,¥)) +qpp, (8Vn, F (¥,X))]

+ ks[qpp, (8x,8Xn+1) + qpp, (Y, 8Yn+1)]}-

Therefore,

1im [gpp, (g%n+1,F (%)) +qpp, (8Yn+1, F (¥,%))]
< kilgpy, (8x,8%) +aps, (8,8Y)] + ka[aps, (gx,8x) + qpp, (87, 8Y)]
+ kslgpp, (¢, F (x,y)) +qpp, (g9, F (v,%))] + lim kalgpy, (83, F (x,y)) +qpp, (8, F ()]
+ ks[qpp, (8x,8%) +qps, (8y,8)]

= kslgp, (8%, F (x,y)) + qpp, (83, F (v:%))] + 1im kalgp, (g3, F (x,)) + qpp, (89n, F (3, %))]-

By using (14)-(17), we get

1im [gpy, (g%n+1,F (%,y)) +qp, (8Yn+1, F (3,%))]
< k3lgpp, (8x,F (x,Y)) +aqpp, (89, F (y,x))] +ka - s1[qpp, (g%, F (x,¥)) 4+ qpp, (&Y, F (¥,X))]

= (k3 +s1k4)[qpp, (8%, F (x,¥)) +qpp, (8, F (y,x))]-
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And also

i[qphl (g%, F (x,)) +qpp, (89, F (v,x))]

< (k3 +s1k4)[gpp, (8x,F (x,y)) +qpp, (g9, F (y,x))] (18)

1
N {; kg S1k41 [ape, (8%, F (x,)) +qps, (83, F (y,x))] 0.

1
Also k3 + s1kq < k3 + s2k4 since sy > s1. Further it follows from (4) that k3 + sok4 < —. Hence
S1

1
k3 + s1ks < —. Thus it follows from (18) that
S1

qpp, (gx,F (x,¥)) = qpp, (gy,F (y,x)) = 0.

By Lemma 2.3, we get F(x,y) = gx and F(y,x) = gy. Hence, (gx,gy) is a coupled point of
coincidence of mappings F and g.
Next, we will show that the coupled point of coincidence is unique. Suppose that (x*,y*) €

X x X with F(x*,y*) = gx* and F (y*,x*) = gy* . Using (5), (14), (15), and (QPy,), we obtain

qpp, (8%,8X") +qpp, (8:8Y")

= qpp, (F (x,9),F (x*,y")) +qpp, (F (v,x), F (y*,x"))

< kilgpe, (8x,8%") +qpp, (8, 8Y")] +kalqpe, (g%, F (x,y)) +qps, (g, F (¥, X))]
+k3lgpp, (8x™, F (x*,y")) +app, (8y", F (v*,x"))] + kalgpp, (gx, F (x",¥")) + qpp, (83, F (y*,x7))]
+ks[gpp, (8x", F (x,y)) + qpp, (8¥", F (y,x))]

= kilqpp, (8x,8x") + qpp, (87, 8Y")] + k2 [qpp, (8x, 8%) + qpi, (8, 8Y)]
+k3[qpp, (8x",8x7) + qpi, (8Y", 8" )] + kalgpn, (8x,8%") + b, (8, 8Y")]
+ks[gpp, (gx", 8x) +app, (8Y", 8Y)]

< (k1 +ka)[gpp, (8%, 8%") +qpp, (8,8Y7)] + ka[qpp, (8%, 8x) + qpb, (87, 8Y)]
+k3lgpe, (857, 8x7) +qpp, (8", 8Y")] + ks[qpp, (8x",8x) + qps, (8", 8Y)]

< (ki 4+ k3 +ka)[gpp, (8x,8x") + qpp, (8y:8Y")] + ks[qpp, (8x*, 8x) +qpp, (8¥", &Y)].
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This implies that

qpp (8% 8x") +qpp, (83:8") < 7 o — lapp, (8x",8%) +qpp, (8Y",8y)].  (19)
Similarly, we have
app, (8X",8%) +qpe, (8Y",8Y) < 77 e— laps, (gx,8x7) +qpp, (gy,8y")].  (20)

Substituting (20) into (19), we obtain

* * k5 2 * *
qapp, (8x,8x") + qpp, (8,8Y") < (1 " k4> [apb, (gx,8x") +qpp, (gy,8y")].  (21)

k
Since 1= —5k3 " < 1, from (21), we must have

qpb, (g%, 8x") = qp, (Y, 8y") = 0.
By Lemma 2.3, we get gx = gx* and gy = gy*, which implies the uniqueness of the coupled
point of coincidence of F and g, that is, (gx, gy).
Next, we will show that gx = gy. Infact, from (5), (14) and (15), we have
qpb, (8%, 8Y) +4pb, (8, 8x)
= qpp, (F(x,y),F (X)) + qpp, (F (y,x), F (x,y))
< kilgpy, (gx,8y) +qpp, (8y, 8x)] + k2lqpy, (gx, F (x,¥)) + qps, (g, F (y,x))]
+k3(qpp, (8, F (v,%)) + qpp, (8%, F (x,y))] + kagpp, (8x, F (v,x)) + qpp, (8, F (x,))]
+ks[qpp, (8y, F (x,¥)) + qp, (8%, F (1, x))]
= kilgpp,(8x,8Y) + qpp, (8y.8x)] + ka[qpp, (8%, 8%) + qrb,(8Y, 8Y)]
+k3lqpp, (8y,8Y) +app, (gx, 8x)] + kalgps, (8x,8Y) + app, (8, 8x)]
+ks[app, (g, 8x) +app, (gx, 8¥)]
< kilgpy, (8x,8Y) +app, (8y,8%)] + ka[app, (8x,8x) + qpp, (87, 8Y)]
+k3lapp, (8y,8Y) +app, (gx,8x)] + kalaps, (8x,8Y) + app, (8, 8%)]
+ks[app, (8y,8%) +app, (gx,8Y)]

= (ki + ks +ks)[qpp, (8x,8Y) +qpp, (Y, 8x)].
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Since k| + k4 + k5 < 1 from (22) we have

qpp, (8x,8Y) = qpp, (gy,8x) = 0.

By Lemma 2.3, we get gx = gy.
Finally, assume that g and F are w-compatible. Let u = gx, then we have u = gx = F(x,y) =

gy = F(y,x), so that

gu = ggx = g(F(x,y)) = F(gx,gy) = F (u,u). (23)

Consequently, (u,u) is a coupled coincidence point of F and g, and therefore (gu, gu) is a
coupled point of coincidence of F' and g, and by its uniqueness, we get gu = gx. Thus, we
obtain F(u,u) = gu = u. Therefore, (u,u) is the unique common coupled fixed point of F and

g. This completes the proof.

Corollary 3.2. Let gpy,, and qpy, be two quasi-partial b-metrics on X with different co-
efficients s1 and sy respectively such that s, > s1 and qpp,(x,y) < qpp,(x,y), for all x,y €
X. Let F: X xX — X, g:X — X be two mappings. Suppose that there exist a; € [0,1) (i =
1,2,3,...,10) with

1
ay+ay+az+as+as+ag+2s2(a7+ag) +ag+ajp < -
1

such that the condition
qapp, (F(x,y), F(u,v))
< a1qpp, (8x,8u) + a2qpp, (8, 8v) + azqpp, (gx, F (x,y))
+aaqpe, (8y.F (v,x)) + asqpe, (gu, F (u,v)) + asqpp, (gv, F (v, u)) (24)
+arqpe, (gx,F (u,v)) + asqpy, (8y, F (v,u)) + asqpy, (gu, F (x,y))
+a109pp, (8v, F (%))
holds for all x,y,u,v € X. Also suppose we have the following hypotheses:

(1) F(XxX) Cg(X)

(i) g(X) is a complete subspace of X with respect to the quasi-partial b-metric qpyp,.
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Then the mappings F and g have a coincidence point (x,y) satisfying gx = F (x,y) = F (y,x) =

gy. Moreover, if F and g are w-compatible, then F and g have a unique common coupled fixed

point of the form (u,u).

Proof. Given x,y,u,v € X, it follows from (24) that

and

qpp, (F(x,y), F (u,v))
< a19py, (8x,gu) +a2qpi, (8, 8v) + azqpe, (gx, F (x,y))
+ asqpp, (8, F (y,%)) + asqpe, (gu, F (u,v)) + asqpy, (gv, F (v,u)) (25)
+arqpp, (gx,F (u,v)) +asqpe, (gy, F (v,u)) + asgpp, (gu, F (x,y))

+ai0gpp, (g, F (y,x))

qpp, (F(y,x),F (v, u))
< a19pp, (8, 8v) + a2qps, (8%, 8u) + asqpp, (8, F (y,x))
+aaqpe, (8%, F (x,y)) + asqpy, (gv, F (v,u)) + asqps, (gu, F (u,v)) (26)
+arqpp, (8y, F (v,u)) + asqpy, (gx, F (u,v)) + asqpp, (gv, F (y,x))

+aiogps, (gu, F(x,y)).

Adding inequality (25) to inequality (26), we get

qPDb, (F(x,y),F(u,v))+qpbl(F(y,x),F(v,u))

< (a1 +a2)[qpp, (gx, 8u) +qpp, (8y;8v)] + (a3 + aa)[qpp, (g%, F (x,y)) +qpp, (g, F (¥, X))]
+ (as +ag) [qpp, (gu, F (u,v)) + qps, (gv, F (v, u)
+ (a7 +as)lgpy, (8x, F (u,v)) +qpp, (gy, F (v, u))]

+ (a9 +a10)[qpp, (gu, F (x,y)) + qpy, (gv, F (y,x))].

(27)

Therefore, letting a; +a> = k1, a3 +a4 = ky, as +ag = k3, a7+ ag = kg, ag+ a9 = ks, the result

follows from Theorem 3.1.

Corollary 3.3. Let qpy,, and qpy,, be two quasi-partial b-metrics on X with different coeffi-

cients sy and s, respectively such that s, > s| and qpyp,(x,y) < qpp,(x,y), for all x,y € X. Let
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1
F:XxX =X, g:X — X be two mappings. Suppose that there exists k € {0, —) such that the
51

condition

qpp, (F(x,),F(u,v)) +qpp, (F (y,x), F (v,u)) < klgps, (%, 8u) + qpp, (Y, 8v)]

holds for all x,y,u,v € X. Also, suppose we have the following hypotheses:

(1) F(XxX) Cg(X)

(i) g(X) is a complete subspace of X with respect to the quasi-partial b-metric qpyp,.
Then the mappings F and g have a coincidence point (x,y) satisfying gx = F(x,y) = F(y,x) =
gy. Moreover, if F and g are w-compatible, then F and g have a unique common coupled fixed
point of the form (u,u).

Proof. By putting k; = k and k, = k3 = k4 = ks = 0 in Theorem 3.1 we get the result.

Corollary 3.4. Let qpy,, and qpy, be two quasi-partial b-metrics on X with different coeffi-
cients sy and s, respectively such that s, > s| and qpyp,(x,y) < qpp,(x,y), for all x,y € X. Let
) such that

1
F:XxX—=X, g:X — X be two mappings.Suppose that there exists k € [O, 7
S1852

the condition

qpp, (F(x,),F(u,v)) +qpp, (F (y,x),F (v,u)) < klgpp, (8x, F (u,v)) + qpp, (&Y, F (v,u))]

holds for all x,y,u,v € X. Also, suppose we have the following hypotheses:

(i) F(X xX) C g(X)

(i) g(X) is a complete subspace of X with respect to the quasi-partial b-metric qpy, .

Then the mappings F and g have a coincidence point (x,y) satisfying gx = F(x,y) = F(y,x) =
gy. Moreover, if F and g are w-compatible, then F and g have a unique common coupled fixed

point of the form (u,u).
Proof. By putting k4 = k and k| = kp = k3 = ks = 0 in Theorem 3.1 we get the result.

Example 3.5. Let X = [0, 1] and two quasi-partial b-metrics qpy,, and qp,, on X be given as

1
qpy, (x,y) = |x—y|+x and qpbz(x,y)ZE(lx—yHX)
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for all x,y € X with different coefficients s| and s, respectively. Also, define F : X x X — X and
+y
32

(i) (X,qpp,) is a complete quasi-partial b-metric space.

g:X—>XasF(x,y):x andg(x):;—cforallx,yEX. Then
(i) F(X x X) C g(X)
(iii) F and g is w-compatible.

(iv) For any x,y,u,v € X, we have

4Db, (F(xvy)vF(uav))+qpb1 (F(y,x),F(v,u)) < (qpbz(gx,gu)—i—qpbz(gy,g\/))

| =

Proof. Here gp;, and gpy,, are quasi-partial b-metrics with coefficients s; = 1 and s, = 2,
respectively. Also gpy, (x,y) < gpp, (x,y) for all x,y € X. To prove (i) we proceed by observing
that gpp, (x,y) = |x —y| +x is a quasi-partial b-metric with s = 1. Hence a quasi-partial metric.

By Lemma 1.2, (g(X),gps,) is complete if and only if (g(X), pqpbl) is complete if and only
if (g(X),dpqpb1 ) is complete. Here

X+y

1
Papy, (%) = 51aps, (x,3) +qpp, (0,2)] = |x =y + ==

and

dpqpb1 (x,y) = 2Papy, (x,y) — Papy, (x,x) — Papy, ()
=2x—y|+x+y—x—y

=2|x—yl.

Clearly, (g(X),d, ” ) is a complete metric space being a compact space.
1
The proof of (ii) and (iii) are clear.

Next, we prove (iv). In fact, for x,y,u,v € X, we have
qpbl(F(X,y),F<M,V))+qpbl(F(y,X),F(V,lxt))

xX+y u+v y+x v+u
=qDb, +4qpp,

16 ' 16 16 ' 16
_ Xty utvy x+y (ytx vHu| y+x
~ 1716 16+16+'16 6 | 16

— E[2|(x+y) — (u+v)|+2(x+y)]
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S glle—ul+ly—vl+ (x+y)]

O | ==

<1 1| |+1| |+x+y
<z|zlx—ul+=]y— —+=
212 2V TVIT Ty

=5 (. (3:3) +am (3:3))
_2 qPb, ) qPb, )

1
= E(qm2 (gx,8u) +qpp,(8y,8v)).

Thus, F and g satisfy all the hypotheses of Corollary 3.4. So, F and g have a unique common

coupled fixed point. Here (0,0) is the unique common coupled fixed point of F and g.
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