Available online at http://scik.org
Adv. Fixed Point Theory, 5 (2015), No. 4, 420-432
ISSN: 1927-6303

NEW UNIQUE COMMON FIXED POINTS FOR AN INFINITE FAMILY OF
MAPPINGS WITH ¢-CONTRACTIVE OR y-¢-CONTRACTIVE CONDITIONS ON
2-METRIC SPACES

YONG-JIE PIAO

Department of Mathematics, College of Science, Yanbian University, Yanji 133002, China

Copyright (© 2015 Yong-Jie Piao. This is an open access article distributed under the Creative Commons Attribution License, which

permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, Some new unique common fixed point results for an infinite family of self-mappings satis-
fying ¢-contractive condition or y-¢-contractive condition on complete 2-metric spaces are obtained, in which the
mappings satisfy some contractive condition determined by semi-continuous functions, but do not satisfy continu-

ity and commutation. The main results generalize and improve many well-known and corresponding conclusions.
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1. Introduction and preliminaries

There have appeared many common fixed point theorems of mappings with some contractive
conditions on 2-metric spaces. But most of them held under subsidiary conditions [1-2], for
examples; commutativity of mappings or uniform boundness of mappings at some point, and

so on. In [3-9], the author obtained some generalized results for infinite or finite family of
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mappings satisfying generalized linear or non-linear contractive or quasi-contractive conditions

and expansive conditions under removing the above subsidiary conditions.

In this paper, using real continuous functions, we establish contractive conditions of an infi-
nite family of self-mappings on 2-metric spaces, and discuss the existence problems of common

fixed points for the given mappings and obtain unique common fixed point theorems.

Definition 1.1. [2-5] A 2-metric space (X,d) consists of a nonempty set X and a function
d:X xX xX — [0,400) such that

(i) for distant elements x,y € X, there exists an u € X such that d(x,y,u) # 0;

(ii) d(x,y,z) = 0 if and only if at least two elements in {x,y,z} are equal;

(iii) d(x,y,z) = d(u,v,w), where {u,v,w} is any permutation of {x,y,z};

(iv) d(x,y,z) < d(x,y,u) +d(x,u,z) +d(u,y,z) for all x,y,z,u € X.

Definition 1.2. [2-5] A sequence {x, },cn in 2-metric space (X,d) is said to be Cauchy, if for
each € > 0 there exists a positive integer N € N such that d(x,,x,,a) < € for all a € X and

n,m> N.

Definition 1.3. [2-5] A sequence {x, },cn is said to be convergent to x € X, if for each a € X,

lim,,_, + o d(xp, x,a) = 0. And we write that x,, — x and call x the limit of {x, },en.

Definition 1.4. [2-5] A 2-metric space (X,d) is said to be complete, if every cauchy sequence

in X is convergent.

Lemma 1.5. [10] Let {x, } be a sequence in 2-metric space (X ,d) such that lim,_,eed(yp,Yn+1,a)
Oforalla € X. If {x,} is not a Cauchy sequence, then there exist a € X and € > 0 such that for
each i € N there exist m(i),n(i) € N with m(i),n(i) > i such that

(i) m(i) > n(i) and n(i) — oo as i — oo,

(ii) d(Xpn(i)s Xn(i), @) > € but d(Xp(i)—1,%n(3),a) < €.

Lemma 1.6. [6-8] If a sequence {x,} in a 2-metric space (X,d) converges to x € X. Then

limy, e d(xy,b,¢) =d(x,b,c),Vb,c € X.

2. Common fixed point theorems
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Theorem 2.1. Let (X,d) be a complete 2-metric space, { f;}icn a family of self mappings on X.
Suppose that for each i, j € Nwithi # j and x,y,a € X,

d(fix7ij7a) < (P (max{d(x,y,a),d(x,ﬁx,a),d(y,ij,a),d(x,ij,a),d(y,f,-x,a)}), (21)
where @ : [0,00) — [0, 0) is a upper semi-continuous and non-decreasing real function satisfying
¢(t) < 5 forallt > 0. Then { fi}icn have a unique common fixed point.

Proof. Take an xy € X. We construct a sequence {x, } as follows x, 1 = fy+1%,, n=0,1,2,---

For fixed n, by (2.1), for any a € X,
d(Xn+1,%n+2,)
=d(fu+1%n, fo+2Xn+1,0)
(max{d Xny Xnt1,4), d(xn,xnﬂ,a),d(xnﬂ,xn+2,a),d(xn,xn+2,a),0})
< (max{d (xn,%n41,a),d (Xni1,Xn42,a), [d(Xn, Xnt1,%n042) + d (Xn, X041, @) +d (Xnt1, %042, 0)]})
=0 (

d xnaxn+1axn+2>+d(xn7xn+1 a) +d(xn+17xn+27 ))
(2.2)

Take a = x, in (2.2), then we obtain

d(xn-i-l ,X,H_Q,Xn) < (P (2d<xnaxn+1 axn+2>) .

If d(xpt1,Xn42,%0) > 0, then d(x,4+1,X%n42,%,) < %2d(xn+1,xn+2,xn) = d(Xp+1,Xn42,%,). This

is a contradiction. Hence we have the following fact
d(Xp41,Xn42,%) =0, n=0,1,2,---. (2.3)

Fix k € N and suppose that d(xy,x,—1,x,) = 0, where n > k+2. Then by (2.1) and (2.3),
d (X, Xn1,%)
=d(fnXn—1, frt+1%n, Xx)
(max{d Xn—15Xn,Xk) 5 d(xn,l,xn,xk),d(xn,xnﬂ,xk),d(xn,l,xnﬂ,xk),O})
<O (d(xXp—1,%n,%n41) +d (Xn—1,%n, %K) + d (X, X1, %%) )

=0 (d(xmxn-H >xk))'
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Hence using the property of ¢, we obtain
d(xn, Xnt1, %) = 0,
therefore, combining the above result with (2.3), we have
d(Xg, Xn, Xnt1) =0,Vn > k> 1.

For all k > n > m,
d (%m Xn, X)
<d (X, Xn, Xg—1) +d (X Xe—1,%%) +d (X, Xp—1,Xk) = d (X, X, Xg—1)
<. <d(Xp,Xn,Xp41) = 0.
Hence, we have the following fact

d (X, Xn,xx) = 0,Ym,n,k € N.

From (2.2) and (2.3), we obtain

d(Xnt1,Xn12,a) < O (d(xn, Xps1,a) +d(Xni1,Xp42,a)),¥Yn=0,1,2,---, a € X.

If there exists a € X such that d(x,,x,+1,a) < d(xpt1,Xn+2,a), then
d(Xpg1,Xn42,a) < O(2d (Xpg1,Xn12,a)) < d(Xpg1,Xn42,0),
which is a contradiction. Hence

d(-xn+1,xn+27a) < d(xn,xn-l-l?a)avn:()a 1,2.--,aeX.

423

(2.4)

(2.7)

So, for any fixed a € X, {d(x,,xn+1,a)} is a decreasing sequence, hence limy,_e d (X, Xp+1,a) =

r(a) > 0 for some r(a) € R. Suppose that r(a) > 0. Let n — oo, then from (2.6), we obtain

r(a) = nglgod(xn+1,xn+z,a)

<limsup ¢ (d(xnaxn-i-l ) (,l) + d(xn-H 1 Xn42, a))
n—oo

< (lim [d(xp, Xn11,@) +d (Xns1,Xn42,a)])
n—ro0

=¢(2r(a)) <r(a),
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this ia a contradiction. Therefore

lim d(xp,xp41,a) =0,V a € X. (2.8)

n—oo
Next, we will prove that {x,} is a Cauchy sequence. Otherwise, by Lemma 1.5, there exist
a € X and € > 0 such that for any i € N there exist m(i),n(i) € N with m(i),n(i) > i satisfying

(1) m(i) > n(i) and n(i) — oo as i — oo;

(i1) d(xm(i)7xn(i)aa) > €, but d(xm(i)flrxn(i)aa) <ei=12,--.

Using (2.5) and (2.8) and the following fact

d(Xm(i)s Xn(iy» @) < dXmiys Xm(i)—1,@) +dXm(i) =1, %n(i)> @) + d (Xm(i) s Xn(iys Xm(i)-1) s

we obtain
im d (X3), X (1), @) = M d (X3) - 1, %0 (1), @) = €. (2.9)

i—so0 i—»oo

The following two inequalities hold

|d(xm(i)axn(i)7a> - d(xm(i)axn(i)—ba)‘ < d(xn(i)—l 7xn(i)aa) +d(xm(i)7xn(i)axn(i)—l>7

|d (X (i)~ 15 Xn(i)—15@) — d(Xniys Xn(i)—1: @) | < d(Xm(i)—15Xm(i)> @) +d (X(i) s Xim(i) — 1:Xn(i)—1)

hence using (2.5), (2.8) and (2.9), we obtain

i d (i), (i), @) = B d (i) —1,%n(3), @) = W0 A (o3 X i) 1,@) = B A 651 X1, 0) = €
(2.10)
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Therefore by (2.1) and (2.10),
0<e

= llgl;lod(xm(l) »Xn (i) a)

= l.lggd(fm(i)xm(i)—l (i Xn(i)—1,@)

<Timsup ¢ (max{d (X, (1)1, Xn(i)—1,@), d Xpn(i)— 1, Xm(i) @) d (X (1)1, (i), @),

NS
d(Xm(i)—15%n(i)> @) d (Xn(i) =1, Xm(i)» @) })
<@ (lim max{d (X, -1, %n(i) 1 @) 4 (i) 15 %im(i) @) d (i) -1 %) @)
d(Xim(i)—15%n(i)> @) d (Xn(i) 15 %m(i): @) })
=¢ (max{e,0,0,¢,€})
e

<§,

which is a contradiction. Hence {x, } is Cauchy, and there is u € X such that x, — u as n — o

by the completeness of X. For each fixed n € N, there exists i € N such that i > n. By (2.1),
d(fuu,u,a)
<d(fou,xit1,a) +d(fou,u,xi11) +d(xiy1,u,a)
=d(futt, fix1%i,a) +d(futt,u,xi11) +d(xi1,u,a)
<¢ (max{d(u,x;,a),d(u, fuu,a),d(x;, xi11,a),d(u,xi11,a),d(fuu,Xi,a)})
+d(fuuu,xi1) +d(xi1,u,a).
Let i — oo, then by Lemma 1.6, the above deduces to
d(fou,u,a)
<limsup ¢ (max{d(u,xi,a),d(u,fnu,a),d(xi,xi+1 ,a),d(u,x,ur],a),d(fnu,x,-,a)})
i—soo

<¢ (lim max{d(u,xi,a),d(u,fnu,a),d(xi,x,url,a),d(u,xH_l,a),d(fnu,xi,a)})

[—roo
=0 (d(fou,u,a)),VacX,
which implies that

d(fpu,u,a) =0,VacX,
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hence

fou =u,Vn € N.

Therefore u is a common fixed point of { f;},cn. Suppose that v € X is another common fixed

point of { fi}icn, then thee exists b € X such that d(u,v,b) > 0, hence by (2.1),
d(u,v,b) =d(fiu, fov,b)
<o (max{d(u,v, b),d(u, fiu,b),d(v, fav,b),d(u, frv,b),d(fiu,v,b)})
=¢(d(u,v,b)),

hence by the property of ¢,

d(u,v,b)

0 <d(u,v,b) < 5

This is a contradiction. Hence u is the unique common fixed point of { f;};en.

From Theorem 2.1, we obtain the following result.

Theorem 2.2. Let (X,d) be a complete 2-metric space, {fi}icn a family of self mappings on X
and m; € N for all i € N. Suppose that for each i, j € N with i # j and x,y,a € X,

d(f"x, f}'y,a) < ¢ (max{d(x,y,a),d(x, f{"x,a),d(y, f]"y,a),d(x, [} 'y,a),d (v, f{"x,a)}),

where ¢ is the function in Theorem 2.1. Then { f}icn have a unique common fixed point.
Proof. Let F; = fi’”" for all i € N, then {F;};c satisfy the all conditions of Theorem 2.1. Hence
{F;} ;e have a unique common fixed point u € X. Fix any i € N. Since F(fi(u)) = fi(Fi(u)) =
fi(u), so fi(u) is a fixed point of F;. Fix any j € N with j # i, then for any a € X,
d(fi(u),F(fi(u)),a)
=d(F(fi(u), Fj(fi(w)),a)
<o (max{d(fi(u), fi(u),a),d(fi(w), Fi(fi(w)),a),d(fi(uw), F;(fi(w)),a),
d(filw), Fi(fi(w)),a),d(fi(u), Fi(fi(u)),a)})
=0 (d(fi(u). Fi(fi(u)),a)).
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If fi(u) # F;(fi(u)), then d(fi(u),Fj(fi(u)),a) > 0 for some a € X, hence from the above for-
mula,

- d(ﬁ(u)yFé(ﬁ(u))ya)’

d(fi(u), Fj(fi(u)),a)

which is a contradiction. Hence

Fj(fi(u)) = fi(u),¥j #i.

That is, f;(u) is a common fixed point of {F;};cy for all i € N. So fi(u) = u for all i € N by
uniqueness of common fixed points of {F;} jcn, hence u is a common fixed point of {f;}cn. If
v is also common fixed point of { f;};cn, then v is also a common fixed point of {F;};cn, hence
u = v by the uniqueness. Therefore u is the unique common fixed point of { f;}ic.

Now, we give more general result than Theorem 2.2.

Theorem 2.3. Let (X,d) be a complete 2-metric space, { f; i }icn a family of self mappings on
X and m;; € N for all i,k € N. Suppose that for each i, j,k € Nwith i # j and x,y,a € X,

(i £y a) < de(max{d(x,y,a),d(x, £, x,a),d (v, ;1 v, @), d(x, £y, a),d (3, [ " x,0)}),
where @ : [0,00) — [0, 00) is a mapping satisfying the property of ¢ in Theorem 2.1. If f;, j, fir.jr =

fir. o fir gy for all iy, iz, j1, j1 € Nwith ji # ja, then { fi}ien have a unique common fixed point.

Proof. For any fixed k € N, {f;s}icn have a unique common fixed point u; by Theorem 2.2.
Now, we will prove that uy, = uy for all u, v € N. In fact, foreach i, j, u,v € N with yt # v, since
Jiu(uy) = wy and fjy(uy) = uy. Hence fiu(fjv(uv)) = fiu(uy), therefore fjy(fiu(uy)) =
fiu(uy), ie., fiu(uy) is a common fixed point of {fjv}jen. So fiu(uy) = uy for all i € N by
the uniqueness of common fixed point of {fj v} jen. This means that uy, is a common fixed
point of {f; u }ien, hence uy = uy by the uniqueness of common fixed point of {f; ; }ien. Let

u* = uy, then obviously, u* is the unique common fixed point of { f; s }; xen-

A mapping y : [0,00) — [0,00) is called an altering distance function if y is continuous and

non-decreasing and y (1) =0 <1 =0.

Next, we will give another common fixed point theorem under another contractive condition.
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Theorem 2.4. Let {f;}icn be a family of self mappings on a complete 2-metric space (X,d)
satisfying f;(X) C fi+1(X) for all n € N. Suppose that for each i, j.k € Nwithi # ji#k,j#k

and x,y,z,a € X,

y(d(fix, fjy.a)) < w(d(fjy, fiz,a)) = @(d(fiy: fiz, @), (2.11)

where  is an altering distance function and @ : [0,00) — [0,0) is a lower semi-continuous

function such that ¢(t) =0 <t = 0. Then {fi}icn have a unique common fixed point.

Proof. Take any xo € X. By the condition f;(X) C fi11(X) foralln=1,2,---, we construct two
sequences {x,} and {y,} as follows fyx,—1 = fut1Xn = Yn, VR =1,2,3,---.

Takei=n—+2,j=n+ 1,k =n,x =x,+1,y = x,,2 = X1, then by (2.11), for any a € X,
V(d(fas2%ns1s fas12n, @) < WA (for1Xn, fuxn—1,a)) — Q(d(fas12n, foxn-1,a)),
that is,
Y(d(Yns1,30,a)) < W(d(Yn,yn-1,a)) = @(d(Yn,yn-1,a)) < W(d(Yn,Yn-1,0)), (2.12)
hence using the non-decreasing property of y, we obtain
dYnt1,Yn,a) <d(Yn,Yn-1,a),Ya€X,n=23,---. (2.13)
So for any fixed a € X, {d(yn,yn—1,a)} is non-increasing, hence there is r(a) > 0 such that
lim d(yn, yn-1,a) = r(a)

Let n — oo in the both sides of the first inequality in (2.12), then

y(r(a)) < y(r(a)) —liminf @(d(yn, yot1,a)) < Y(r(a)) = @(lim d(yn, yn11,a)) = y(r(a)) = @(r(a)),

hence ¢(r(a)) = 0, which implies that r(a) = 0. Therefore
lim d(y,,yy—1,a) =0,Va € X. (2.14)
n—soo

Take a =y, in (2.12), then we obtain

l//(d(yrH»l?yl’lvynfl)) S lll(d<yn7ynflayn71)> - W(O) = O,Vl’l = 1727”' )
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hence
d(yn+27yn+17yn) :O,Vn: 1127"' . (215>

Fix any a € N, then d(yg,Ya+1,Ya+2) = 0 by (2.15). Suppose that d(yg,yn,yn+1) = 0, where
n>o+1.Takei=n+3,j=n+2,k=n+1,x=x,12,y = Xp+1,2 = Xn,a = yqg, then by (2.11),

V(d(nt2, ynt1,Ya)) =W (far3Xn42, for2Xns15Ya))
<Y (d(fur2Xn+15 far1Xn,Ya)) = Q(A(fur2Xns 15 o1 X, Var))
=Y(dnt1:3nYa)) = @(dVnt1: YY)
=y(0) - 9(0) = 0.
Hence using the property of ¥ and (2.15), we have

d(Yo,Yn>ynt1) =0, ¥Yn > a > 1. (2.16)

For all kK > n > m, using (2.16), we obtain

d(ymyymyk)
<d(YmsYn:Yk—1) FdmsYe—1Yk) +dOnsYe—1:Yk) = dYmsYn, Yi—1)

S t S d(Yma}’m)’n+1) =0.

Hence we have the following fact
d(Ym,Yn,yk) = 0,Ym,n,k € N. (2.17)

Suppose that {y, } is not a Cauchy sequence, then there exist « € X and € > 0 such that for any
i € N there exist m(i),n(i) € N with m(i),n(i) > i satisfying

(i) m(i) > n(i)+ 1 and n(i) — oo as i — oo}

(i1) d(Ym(i)s Yn(i)» @) > € DUt A (Yyu(iy—1:Yn(i),@) < €,i=1,2,--

Using (2.14) and (2.17) and the following fact

dVm(i)s Yn(iy» @) < dWm(iys Ym(i)=1>@) T dOm(i) =1 Yn(i)> @) +dOm(i)s Yn(iys Ym(i)-1)
we obtain

l.li_{gd(ym(i)ayn(i)?a) = l.li_glod(ym(i)—layn(i)aa) =¢&. (2.18)
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Since the following two inequalities hold

|d(ym(i)ayn(i)7a) - d(ym(i):yn(i)—laa)| < d(yn(i)—layn(i)aa) +d(ym(i)7yn(i)ayn(i)—l)

and

‘d(ym(i)—lvyn(i)—laa> - d(ym(i)7yn(i)—17a)| < d(ym(i)—laym(i)aa) +d(ym(i)7ym(i)—1ayn(i)—l>7

so by (2.14), (2.17) and (2.18), for each a € X,

1 d (i), Yn(i), @) = B0 d Vin(i) -1, V(i) @) = UM d (VinGiy Vi) -1,@) = BM A (i) 1 Vni)-1,0) = €
(2.19)

Take i =m(i) +1,j = n(i) + 1,k = m(i),x = X, (), = Xp(i), 2 = Xp(i)—1 then by (2.11), for each

a€eX,

V(A (fon(i)1%m(i) > Fuiy+1%n (i) @) < WA (i) +1%n () Fin() Xm(i) -1, @) — @A (i) +1%n (i) s frn (i) om(i) -1, @) )

that is,

V(dYm(iys Yn(iy @) < WA Gn(iys Ym(i)—15)) — @A (Vn(i)s Ym(i)—1,4))-
Let i — oo, then by (2.19) and the above formula,

(&) < y(e) ~iminf@(d(y,(), Ym(p)-1,4)) < W(€) = @(Him d (v, 5), Ym(iy-1,0)) = w(€) — @ (€),

hence @(g) = 0, which implies that € = 0. This is a contradiction, hence {y,} is a Cauchy
sequence. Since X is complete, there exists u# € X such thaty, — u as n — . Fix any n € N and

take [ € N satisfyingl >n+ 1. Leti=n,j=1+1,k=1,x=u,y =x;,7=x;_1, then by (2.11),

v (d(fuu, fir1x1,a)) < w(d(fivix, fixier,a)) — @(d(fip1xr, fixi—1,a)), Vae X,

that is,
v(d(fuu,y1,a)) < w(d(y,yi—1,a)) — @(d(yi,yi-1,a)),Yac X

Let [ — oo, then the above formula deduces to

w(d(fuu,u;a)) < w(0)) ~liminf @(d(y;,yi-1,a)) < ¥(0)) = @(lim d(y1,1-1,4)) = y(0)) - 9(0) = 0.
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Hence fyu =uforalln=1,2,---, so u is a common fixed point of {f;};,cn. Suppose that v is
also a common fixed point of {f;}ien. Take i =1, =2,k =3,x = u,y = z = v, then by (2.11),

for each a € X,

v(d(fiu, frv,a)) < y(d(fov, f3v,a)) — @(d(fov, f3v,a)),

that is,
y(d(u,v,a)) < y(d(v,v,a)) — @(d(v,v,a)) = y(0) — ¢(0) =0,
so u = v. Hence u is the unique common fixed point of { f;};en.

From Theorem 2.4, we obtain the following particular forms.

Theorem 2.5. Let (X,d) be a complete 2-metric space, {f;}icn a family of self mappings
on X satisfying fi(X) C fix1(X) for all n =1,2,---. Suppose that for each i, j,k € N with
I# J,i#k j#kandx,yz,a€X,

d(fix, fiy.a) < d(fiy, fiz,a) — @(d(fiy, fiz,a)),

where @ : [0,00) — [0,00) is a lower semi-continuous function such that ¢(t) =0<t=0. Then

{fi}ien have a unique common fixed point.
Proof. Let y = 1y, then the conclusion follows from Theorem 2.4.

Theorem 2.6. Let (X,d) be a complete 2-metric space, {f;}icn a family of self mappings
on X satisfying fi(X) C fiz1(X) for all n =1,2,---. Suppose that for each i, j,k € N with
i#j,iFk j#kandx,yz,a€X,

d(fix, fiy,a) < hd(f)y, fiz,a),

where h € [0,1). Then {f;}icn have a unique common fixed point.

Proof. Let ¢(¢) = (1 —h)t for all t € [0,0), then the conclusion follows from Theorem 2.5.
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