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Abstract. The aim of this work is to use resolvent operator technique to find the common solutions
for a system of generalized nonlinear relaxed cocoercive mixed variational inequalities and fixed point
problems for Lipschitz mappings in Hilbert spaces. The results obtained in this work may be viewed as
an extension, refinement and improvement of the previously known results.
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1.Introduction and Preliminaries

Let H be a real Hilbert space, whose inner product and norm are denoted by (-, -)
and ||.|| respectively. Let K be a closed and convex set in H. Let 71,7, : H x H — H

and g,h : H — H be four nonlinear different operators and ¢ : H — RU {+ oo} be a
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continuous function. We consider the problem of finding x*, y* € H such that

(pTi(y*,2%) + 2" — g(y*), 9(x) — 2") = po(g(2*)) — pd(9(x)), Vo € H : g(z) € H, p>0

(1.1a)
(Tx(z",y") +y* — h(z7), h(@) —y") = po(h(y")) — po(9(x)), Vo € H : h(z) € H, n >0,

(1.1b)
which is called the system of generalized nonlinear relaxed cocoercive mixed variational
inequalities (SGMVID). Here the parameters p and 7 are constants and play an important
role in the study of the convergence analysis of proposed iterative methods. We now

discuss some special cases.

(I) If g = h = I, then problem SGMVID reduces to finding z*, y* € H such that,
(T (y*, z") + 2" —y*,x — x") > pp(x™) — pop(z), Ve € H, p>0 (1.2a)

(NTa(z” ") +y" — 2"z —y") = pd(y") — pd(x), Vo € H, 1 >0, (1.20)
which is called the system of nonlinear mixed variational inequalities (SMVID) and has
been considered and studied in [1].

(II) If 71, Ty : H — H are univariate mappings, then the SGMVID problem reduces to
finding x*, y* € H such that

(PTi(y")+a"—g(y*), g(x)—2*) > po(g(x*))—pd(g(z)), Vo € H : g(x) € H, p >0 (1.3a)

(nT5(x")+y" =h(z"), h(z)=y") = pp(h(y")) —pd(g(x)), Yo € H : h(x) € H, 1> 0, (1.3b)
which appears to be a new system of generalized relaxed cocoercive mixed variational
inequalities (SGMVI).

(III) If ¢ is an indicator function of a closed convex set K in H, then the SGMVID reduces
to finding z*, y* € K such that

(pT(y", x") + 2" —g(y"),9(z) —2") >0, Ve e K : g(z) € K, p>0 (1.4a)

Ty (x*,y*) +y* — h(z"),h(x) —y*) >0, Ve € K : h(x) € K, n> 0, (1.4b)

which is called the system of general variational inequalities (SGHVID) and has been

considered and studied in [2].
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In this paper, we generalize the results of Chang and Noor recent works [1,2,3], by using
resolvent operator technique. We consider the convergence criteria of an algorithm under
some mild conditions to find the common element of the solution of the system of general-
ized nonlinear relaxed cocoercive mixed variational inequalities problems (SGMVID) and
fixed point problems of nonlinear Lipschitz mapping in Hilbert spaces. Results presented

in this work also improve and generalize many known results of this field, see [1-13].

Definition 1.1. If ¢ is an indicator function of a closed convex set K in H, then J; = Pk

1.e.

0, ue K,
o(u) =

400, otherwise,

Definition 1.2. For any maximal operator T, the resolvent operator associated with T,

for any p > 0, is defined as
Jr(u) = (I 4+ pT) (u) ¥V u € H.

It is well-known that an operator T is maximal monotone if and only if its resolvent

operator Jr is defined everywhere. It is single-valued and non-expansive.

If ¢(.) is a proper, convex and lower-semicontinuous function, then its subdifferential

0¢(.) is a maximal monotone operator. In this case, we define the resolvent operator
Jo(u) = (I + pT) (u), VueH,
associated with subdifferential d¢(.).

Definition 1.3. A mapping T : H — H is called r-strongly monotone if there exists a

constant r > 0 such that

<TQ? - Ty,:c - y> > TH:C - yH27 VLC,y € H.
Definition 1.4. A mapping 7' : H — H is called relaxed v-cocoercive if there exists a
constant v > 0 such that
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Definition 1.5. A mapping 7' : H — H is called relaxed (v, r)-cocoercive if there exist

constants v > 0, r > 0 such that

The class of relaxed (v, r)-cocoercive mappings is more general than the class of strongly

monotone mappings.

Definition 1.6. A mapping T': H — H is called p-Lipschitzian if there exists a constant
> 0 such that

1Tz =Tyl < plle —yll, Yo,y € H.

2. Main Results

In this section, we suggest some explicit iterative algorithms for solving the system of
generalized nonlinear relaxed cocoercive mixed variational inequalities (SGMVID). First
of all, we establish the equivalence between the system of generalized nonlinear relaxed
cocoercive mixed variational inequalities and fixed point problems with the resolvent op-
erator technique. This alternative formulation enables us to suggest and analyze resolvent
operator technique for solving (1.1). For this, we recall some well-known concepts and

results.
Lemma 2.1. For a given z € H,u € H satisfies the inequality
(u=—zv—u) = pp(f(u)) —po(f(v)), ve H: f(v) € H,

if and only if u = Jy(z) where J, = (1 + pd¢)~" is the resolvent operator.

It is well known that the resolvent operator Jy is nonexpansive, that is,

[ Jow = Jsvl| < [lu =], Yu,v € H.

Using Lemma 2.1, we can easily show that finding the solution (z*, y*) € H of
SGMVID is equivalent to finding x*,y* € H such that

at = Julg(y") — pTa(y", 2], (2.1a)
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y' = Jolh(z") —n Tr(z",y7)]. (2.10)
We use this alternative equivalent formulation to suggest the following explicit iterative

method for solving the system of generalized nonlinear relaxed cocoercive mixed varia-

tional inequalities (SGMVID).

Algorithm 2.1. For arbitrarily chosen initial points g, yo € H, compute the sequences

{z,,} and {y,} by
Tpt1 = (1 - an)mn + anJ(b[g(yn) - pTl(ymxn)] (2.2&)
Yn+1 = Jqﬁ[h(xn—i—l) -7 T2($n+1a yn)]v (22b)
where a,, € [0,1] for all n > 0.

If g = h =1, then Algorithm 2.1 reduces to the following iterative method for solving

the system of nonlinear mixed variational inequalities (SMVID).

Algorithm 2.2. For arbitrarily chosen initial points zg,yo € H, compute the sequences

{z,} and {y.} by
Tpt+1 = (1 - an)xn + (an¢[yn - pTI(ynu xn)] (23(1)
Yn+1 = Jd)[anrl -7 TQ(anrla yn>]> (23b>
where a,, € [0,1] for all n > 0.

If Ty, T3 : H — H are univariate mappings, then Algorithm 2.1 reduces to the following
iterative method for solving the system of generalized nonlinear relaxed cocoercive mixed

variational inequalities (SGMVI).

Algorithm 2.3. For arbitrarily chosen initial points g, yo € H, compute the sequences

{z,,} and {y,} by
Tp+1 = (1 - an)xn + anJ¢[g(yn) _pTl(yn)] (24&)

Yn+1 = Jp[h(@nt1) — 0 Ta(zns1)], (2.4b)

where a,, € [0,1] for all n > 0.
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If ¢ is an indicator function of a closed set K in H, then J, = Pk, the projection of
H onto the closed convex set K. Then Algorithms 2.1 collapse to the following iterative

projection method for solving a system of general variational inequalities (SGHVID).

Algorithm 2.4. For arbitrarily chosen initial points g, yo € H, compute the sequences

{zn} and {y,} by

Tny1 = (1= an)xn + anPr[9(yn) — pT1(Yn, T0)] (2.5a)

Yn+1 = PK[h(In—&-l) —n TQ(xn-i-la yn)]7 (25b)

where a,, € [0,1] for all n > 0.

Lemma 2.2. ([13]) Suppose {0}, is a nonnegative sequence satisfying the following
inequality:

5n+1 S (1_)\71) 5n+0_n7 VTLZQ
with A, € [0, 1], Y02 oAy =00, and 0, = o(X,). Then lim,_,0, = 0.

Theorem 2.1. Let (z*,y*) be the solution of SGMVID. Suppose that T : Hx H — H
is relazed (71, 1r1)-cocoercive and i -Lipschitzian in the first variable, and Ty : Hx H — H
is relazed (o, 1r9)-cocoercive and ps-Lipschitzian in the first variable. Let g : H — H be
relaxed (73, 13)-cocoercive and ps-Lipschitz and let h : H — H be relaxed (4, r4)-cocoercive

and py-Lipschitz continuous. If

_ 2 _ 22 _ 2k (2 — k
P 1 #’27/1,“1 < \/(7"1 %Nl)uz 251 1( 1)’ > 71#%‘*‘/11 k1(2—k1), ky <1,
1 1
(2.6)
Ty — Yopl3 Ty — Yap2)? — 1i2ko(2 — k
n— 2 M;Q#Q < \/( 2 72#2)}@ p3ka( 2)7 ry > 72#3_1_“2 /—k2(2—k2), hy < 1,
(2.7)
where
ky = \/1 —2(r3 — V343) + 43, (2.8)

ba = \/1= 20— i) + 12, (29)



24 S. HUSAIN AND S. GUPTA

(0.0
and a, € [0,1], > a, = oo, then for arbitrarily chosen initial points xo,yo € H, x, and
n=0

Yn obtained from Algorithm 2.1 converge strongly to x* and y* respectively.

Proof. It follows from (2.1a) and (2.2a), and the nonexpansive property of the resol-
vent operator Jy that

[Zns1=2"|| = [[(1=an)Tn + ands[g(Yn) —pT1(Yn, Tn)]—(1=an)2"—anJslg(y")—pTi(y", 7))
< (L —an)llzn — 27| 4 anllJolg(yn) = PT1(yn, z0)] = Jolg(y") — pTa(y", 27|
(1= an)llzn — 2| + anlllgyn) = PT1 (Y, z0)] = [9(y*) — pT1(y", =*)]|

= (L=a)lzn — 2" + aullyn =y = plT1(Yn, 20) — Ta(y", 7))l

+ anllyn — v = (9(yn) — 9(¥")) I (2.10)

Since T is relaxed (71, r;1)-cocoercive and pi-Lipschitzian in first variable , we have
[Yn =" = p[T1(Yns 20) =Ta(y"s )N = Ny —=y* 1> =20(T2 (Y, @) =T0(y", ), Y —y")

+ P 1 Ta(Yn, 20) = Ta(y, @)

AN

< Nyn = 6117 = 20 [=n T2 (yn, 20) = Toly*s 2P + 7illyn — y*[1%)
+ P2 N (yns ) = Ta(y", )|
< Myn =117 + 20muillyn = y* 12 = 20r1llyn — v 117 + PP1iillyn — v |12
= [1 + 2pmpd —2por1 + P°13i] llyn — v°I> (2.11)

In a similar way, using the (73, r3)-cocoercivity and ps-Lipschitz continuity of the operator

g, we have

1y —y" = (9(n) — 9@ NI? < kallyn — 7, (2.12)

where k; is defined by (2.8). Set

0 = ky + [1 + 2pmpl —2om + p2pd)M2

It is clear from the condition (2.6) that 0 < #; < 1. Hence from (2.10)-(2.12), it follows
that

Jenss — 2" < (L= an)len— || + anbillyn —y°|l (2.13)
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Similarly, T3 is relaxed (79, 732)-cocoercive and po-Lipschitzian in the first variable, we

obtain
[€n1 — 2 = n[To(Tns1, o) — Ta(z*, yO]I? = |20 — 2%

—20(To(Tps1, Yn) — To (2%, ¥*), Tpi1 — ) + 07| To (i1, yn) — Ta(z®, y)|?

IN

[@n1 — 212 = 20 [=%2l|Ta(Tns1, yn) — Ta(a®, yO)I7 + rollzns — 2|7
+ 772||T2(xn+17yn) - TQ(:E*7 y*)HQ
= ||@ps1 — 2* + 207l To(@ns1, yn) — Ta(z*, y*)|)* — 2nra||lzni — 27|

+ 1| To (@41, yn) — To(a™, y7)|?

IN

201 — 2 [1* + 2mapslleny — 2| = 20l aps — 2™
+ P ps ||z — o)
= [1 + 29vus — 2nre + n*p3)||zns — ¥ (2.14)

In a similar way, using the (74, 4)-cocoercivity and py-Lipschitz continuity of the operator

h, we have
lyn —y* = (h(ya) = h@DI* < Fallyn — 7|, (2.15)
where ks is defined by (2.9).
Hence from (2.1b), (2.2b), (2.14) and (2.15) and the nonexpansive property of the
resolvent operator J, , we have

[yn1 =yl = N Jo[P(ni1) =nT2(Tni1, yn)l=Js[h(z")—nTa(z", y7)]|

< Napgr — 2" = (Ta(@pgrs Yn) — To(z™, Yy + 2wt — 2" — (M(xp4q) — h(2)]|
< {ky + [1 + 20723 — 20r2 + 02l /*H|wngs — 2|

= Oof| w1 — 27, (2.16)

where
Oy = ky + [1 4+ 20yapd — 20r9 + n*ud]V?.

From (2.7), it follows that f; < 1. Combining (2.13) and (2.16), we obtain that

[Zni = 2% < (1= an)lzn = 27| + anbillyn = 7|
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< (I —=ap)l|zn —2%|| + anbljz, — x|

= [1 —an(1 — 6165)]||x,, — ="

Since the constant (1 — 6,6,) € (0, 1] and i (1 — 616;) = oo, from Lemma 2.2, we have
lim, ||z, — 2*] = 0. Hence the resultnljronnﬁooﬂyn —y*| = 0is from (2.14). This
completes the proof.

It g = h = I, the identity operator, then Theorem 2.1 reduces to the following
result for solving a system of mixed variational inequalities SMVID, which is considered

and introduced by Noor [7].

Theorem 2.2. Let (z*,y*) € H be the solution of SMVID. If Ty : H x H — H 1is
relazed (1,11 )-cocoercive and iy -Lipschitzian in the first variable, and Ty : H x H — H

is relazed (7, 12)-cocoercive and ps-Lipschitzian in the first variable with conditions
0 < pmin{2(r —yipd)/ui, 2(ra = v2p3)/ 13}, ™1 > N,

0 < nmin{2(r —yipd)/ui, 2(ra = v2p3)/ 13}, T2 > Yatis,

oo
and a, € 10,1], > a, = oo, then for arbitrarily chosen initial points xo,yo € H, x, and
n=0

Yn obtained from Algorithm 2.2 converge strongly to x* and y* respectively.

If Ty, T, are univariate mappings, then the following result can be obtained from

theorem 2.1

Theorem 2.3. Let (z*,y*) be the solution of SGMVI. If Ty : H x H — H 1is relazed
(71,71)-cocoercive and py-Lipschitzian, and Ty : H X H — H is relaxed (o, 19)-cocoercive
and po-Lipschitzian. Let g : H — H be relazed (73, 13)-cocoercive and us-Lipschitz and

let h : H— H be relaxed (74, r4)-cocoercive and py-Lipschitz continuous. If

p— L — Y < \/(7"1 —npd)? — piki (2 — ki)
2
H1

/ﬂ , T > ’71,&% + k1(2 — ]{31>, k?l < 1,
1

To — ~olt2 ro — Yopd)? — udka(2 — k
-2 M;Yz/ﬁz < V(r2 72“2>u2 Haks 2), o > Yops + fia/ka(2 — ko), ko < 1,
2 2
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where

k= \/1 — 2(rs — y3u3) + p3,

ke = \/1 — 2(rq — yapd) + 13,

and a, € [0,1], > a, = oo, then for arbitrarily chosen initial points xo,yo € H, x, and
n=0

Yn obtained from Algorithm 2.3 converge strongly to x* and y* respectively.

If ¢(.) is an indicator function of a closed convex set K in H, then J;, = Pk, the
projection of H onto K. Consequently, Theorem 2.1 reduces to the following result for

solving system of general variational inequalities SGHVID, which is mainly due to Noor|§].

Theorem 2.4. Let (z*,y*) be the solution of SGHVID. It Ty : H x H — H is
relazed (1,11 )-cocoercive and iy -Lipschitzian in the first variable, and Ty : H x H — H
is relazed (vq,12)-cocoercive and ua-Lipschitzian in the first variable. Let g : H — H be
relazed (73, 13)-cocoercive and pg-Lipschitz and let h - H — H be relaxed (74, r4)-cocoercive

and py-Lipschitz continuous. If

= Y VI —ypd)? — 13k (2 — ky)
P 2 < 2
251 1251

> Y k(2 = Fy), k<

ro —Yopd|  \/(ra —7opd)? — 13ka(2 — ko)
n— 2 <

5 , o > ’72[113 + Lo k2(2 — k‘g), kQ < 1,
2% Ha

where

ki = \/1 = 2(rs — y33) + 413,

ko = \/1 — 2(ry — api) + 13,

oo
and a, € 10,1], > a, = oo, then for arbitrarily chosen initial points xo,yo € H, x, and
n=0

Yn obtained from Algorithm 2.4 converge strongly to x* and y* respectively.
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