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1. Introduction

We need the following definitions and a lemma to establish some fixed points in Saks Spaces.

Now we recall some definitions given by Orlize ([15]).

Definition 1.1. A real valued function N defined on a linear space X is called a B-norm if

it satisfies the following conditions:
(1) N(x) =0 if and only if x =0,
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(2) N(x+y) <N(x)+N(y),

(3) N(ax) = |a|N(x), where a is any real numbers.

Definition 1.2. A real valued function N defined on a linear space X is called a F-norm if it
satisfies the following conditions:

(1) N(x) =0 if and only if x =0,

(2) N(x+y) < N(x) +N(y),

(3) if oy, be a sequence of real numbers converges to a real number o and N (x, —x) — 0 as

n — oo then N(a,.x, — 0x) — 0 as n — oo,

Definition 1.3. A two-norm space is a linear space X with two norms, a B-norm N and F-norm

N, and is denoted by (X,Nj,N,).

Definition 1.4. Let Ny and N, be two-norms defined on X, then N; is said to be non-weaker

than N, in X (that is N, < Ny), if
Ni(x,) = 0asn— o0 = Ny(x,) > 0asn— oo

where {x,} be a sequence in X.

We shall denote here that the two-norms N; and N, are equivalent if (N} < N;) as well as

(N2 SNI)

Definition 1.5. Let (X,N;,N;) be a two-norms space, then the sequence {x,} of X said to

be Y- convergent to a point x € X if

Sup N (xp,) < o0 and limy_,eN (x, —x) = 0.

Definition 1.6. Let (X, N, N,) be a two-norms space, then a sequence {x, } of X is a ¥ - cauchy

sequence if

No(xp, —xg,) = 0 as py, gn —

Definition 1.7. A two-norm space (X,N;,N;) is called y - complete, if every ¥ - cauchy se-

quence {x,} in two -norm space, there exists a point x € X such that x, — x.
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Let X be a linear set and suppose that N1 and N, are B-norm and F-norm on X respectively.
Let X; = (x € X,N;(x) < 1) and define d(x,y) = N»(x —y) for all x,y € X;. Then d is a metric

on X, and the metric space (X;,d) will be called a Saks Set.

Definition 1.8. Let (X;,d) be a Saks set, A Saks set is said to be Saks Spaces, if it is com-
plete. We shall denoted this by, (X,N;,N;).

Now we recall the following lemma.

Lemma 1.9. Let (X;,d) = (X,N;,N;) be a Saks Space. Then the following statements are

equivalent:

(1) N is equivalent to N on X.
(2) (X,N;) is a Banach Space and Ny <N, on X .
(3) (X,N,) is a Frechet Space and N; < N; on X.

Throughout this paper, (X;,d) = (X,N;,N,) denotes a Saks Space, in which N is equivalent to
N> on X.

2. Preliminaries

The weak contraction condition in Hilbert Space was introduced by Alber and Gurerre - De-
labriere ([18]). Later Rhoades ([3]) has shown that the result of Alber and Gurerre - Delabriere
([18]) in Hilbert Spaces is also true in a complete metric space. Rhoades [3] established a fixed

point theorem in a complete metric space by using the following contraction condition:

A weakly contractive mapping 7 : X — X which satisfies the condition

d(T)C, Ty) < d(x,y) - (p(d(x,y)),

where x,y € X and @ : [0,00) — [0,00) is a continuous and nondecreasing function such that

¢(t) =0if and only if r = 0.
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Remark: In the above result if ¢(7) = (1 —k)r where k € (0, 1), then we obtain the contraction

condition of Banach.

Results on generalized (¢, y)- weak contractive condition in metric spaces were given by
Rhoades ([3]), Dutta and Choudhury ([8]), Zhang and Song ([13]), Doric ([5]), Hosseini ([14]),
Abkar and Choudhury ([1]),Murthy, Tas and Choudhary ([9]), Murthy and patel ([10])), Murthy,
Tas and Patel ([11]) etc..

Now, we translate the weakly contractive condition in Saks Space from Murthy, Tas and Choud-

hary ([9)):

A mapping T : X — X, where (X;,d) = (X,N;,N) is a Saks space is said to be weakly contrac-

tive condition if

No(Tx =Ty) < Na(x—y) = @(Na(x =)
where x,y € X and ¢ : [0,00) — [0,00) is a continuous and nondecreasing function such that

¢(t) =0 if and only if 7 = 0.

Definition 2.1.[7] (Altering distance function) A function y : [0,00) — [0,0) is called an al-

tering distance function if the following properties are satisfied:

(1) y is monotone increasing and continuous,

(2) y(r) =0if and only if t = 0.

In 2014 Ansari [2] introduced the concept of C-clas functions which cover a large class of

contractive conditions.

Definition 2.2.[2] We say that F : [0,00)> — R is called C-class function if it is continuous
and satisfies following axioms:
(1) F(s,1) <,

(2) F(s,t) = s implies that either s =0 ort =0,
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for all s, € [0,0).

Note that for some Fwe have F(0,0) = 0.

We denote the set of C-class functions by %

Example 2.3. The following functions F : [0,%)? — R are elements of %.
(DF(s,t) =ks,0<k<1,F(s,t)=5s=s5=0;

(2) F(s,t) =s—t,F(s,t) =s=1=0;

(3)F(s,t): +t,,re(0 ), F(s,t) =s=s=0ort=0;

4) F(s,t) =log(t+a*)/(14+t),a>1,F(s,;t)=s=s=0ort =0;
(5) F(s,t) =In(1+a*)/2,a>e, F(s,t) =s = s=0;

(6) F(s,t) = (s =)W/ [ [ > 1,7 €(0,00), F(s,t) =5 =t = 0;
(7) F(s,t) =slog, ,a,a>1,F(s,;t)=s=s=0ort=0;

(8) F(s.0) =5 — (2)(1), F(s,1) =5 =1 =0;

9) F(s,t) =In(l1+s), F(s,t) =s = s=0.

We recall the concept of weakly compatible mappings given by initially Gungck and Rhoades
([6D.

Definition 2.4.([6]) A pair of self mappings A and B of a metric space (X,d) is said to be
weakly compatible, if they commute at their coincidence points. In other words, if Ax = Bx for

some x € X, then ABx = BAx.

In this paper, we derive few common fixed point theorems for four maps by using C-class
weak contractive condition using more than one control functions in Saks spaces for two pairs

of weak compatible maps which is not necessarily continuous.
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3. Main results

Theorem 3.1. Let (X;,d)= (X,N;,N;) is a Saks Space in which N is equivalent to N, on X.
LetA,B,S and T : X — X be self mappings which satisfies the following inequality:

(D W(N2(Ax—By)) < F(y(aM(x,y)),9(N(x,y)))

where x,y € X, x #y, ¢ € (0,1),

M(x,y) = max{N>(Sx — Ty), 3(N2(Sx — Ax) + No(Ty — By)), 5 (N2 (Sx — By) + No(Ty — Ax)) }
and

N(x,y) = min{N(Sx — Ty), 1 (N2 (Sx — Ax) + No(Ty — By)), (N2 (Sx — By) + Na(Ty — Ax))}

(1) A(X) C T(X) and B(X) C S(X),

(2) (A,S) and (B, T) are weak compatible pairs,

(3) ¢ : [0,00) — [0,00) is such that ¢(¢) > 0 and lower semi-continuous for all 7 > 0, ¢ is
discontinuous at t = 0 with ¢(0) =0,

(4) y:]0,00) — [0,00) are altering distance function,

(5) F is element of &.

Then A, B, S and T have a unique common fixed point in X.

Proof. Let xop € X be an arbitrary point. Since A(X) C T(X) and B(X) C S(X) there exist
x1 € X such that Axo = Tx; and for x; € X there exist x € X such that Bx; = Sx,. Inductively,

we construct a sequence

Vo1 =A(x20) = T (X2n+1), Yant+2 = B(xant1) = S(x2042)-
We assume
(2) Yon # Yont1,

for all n € NU{0}, where N is set of natural numbers.

First, we have to show that N> (y2, — y2n+1) — 0 as n — oo, For this, putting x = x2,,, y = X2,0+1
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in (3.1), we have

3) V1(N2(V2nt1 —Y2nt2)) < F(w (oM (x20,%2011)), @ (N (X20,X2041)))

where

M (x20,%2n11) = max{No(y2n — Yan+1), 3 N2 (yon — Y2n+1) + Na(y2ut1 — Y2n42)),

SN2 (20 — yont2) + Na(y2ns1 — yans1))}

and
N (xon,X2n41) = min{N>(y2n — y2u11), 3 (N2 (v2n — Yans1) + No (V2041 — Yani2)),

SN2 (y2n — yons2) + Na(y2ns1 = Yont1)) }-

Then by triangular inequality,
M (x2n,%2n11) < max{No(y2n — Yan+1), 3 (N2 (yon — Y2n+1) + Na (Y21 — Y2n42)),
(N2 (20 = Yont1) + Na(yans1 — yoant2)) -
It
“4) N2(y2n = Y2nt1) < No(Yon+1—Yant2)
then, we get
&) M (x2n,%2n+1) < N2(V2n1 — Y2n+2)-
Using monotonic increasing property of ¥ function, we have
(6) V(M (x20,%2011)) < W(N2(Yont1 —Yani2))-
We have
V(N2 (Van+1 —Yon+2)) < F(W(aM (x2n,%20+1)), @ (N (xX2n,%20+1))) < W(aM (x20,X20+1))

< Y(M(x20,X2041)) < Y(N2(Y2n+1 — Yan42))-

This implies that
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V(N2(y2nt1 —Y2n+2)) < W(N2(Y2n+1 — Yont2))-

which is a contradiction. Then we have

(7) No(Yant1 —yant2) < Na(yon — Yan+1)-

Using (3.7), we have

1
(8) M (x2n,%20+1) = No(y2n — Yant1) and N(xop,X2n41) = E(Nz (yon —Y2n+2))-

Now putting (3.8) in (3.3), we get

) V(N2 (y2n41 —Yont2)) < F(W(ON2(Y2n,Y204+1)) ¢(%(Nz(y2n,y2n+2))))-

Again (3.7) implies that N> (y2,, — y2,,+1) is monotone decreasing sequence of non-negative real

number there exist » > 0 such that
(10) limy—seaN2 (Y20 — Yon41) =17 > 0.
By virtue of (3.2), we have N(xp,,x2,+1) > 0. Taking n — < in (3.9), we get

limy o W(No (Y2n41 — Y2n12)) < F (limy oW (AN (Y20, Y2041)) s Litn o (3 (N2 (2, Y2n42))))-

Using (3.10), which implies that

w(r) < F(y(or), limped (5(N2(v2n,y2042)))) < wlar) < y(r),

we observe that the term [in,; .. (% (N2(y2n,Yan+2)) of the above inequality is nonzero. We get

a contradiction. Therefore, we have

(11) limy 00N> (Y2, — Yon+1) = 0.

Putting x = x2,,1-1 and y = xp,,47 in (3.1) and arguing as above, we have
(12) limy—sooNo (Yont+1 = y2nt2) = 0.
Therefore for all n € NU {0},

(13) limy N2 (Yn — ynt1) = 0.

Next, we prove that {y,} is a cauchy sequence. For this, it is enough to show that the subse-

quence {y»,} is a cauchy sequence. Suppose {y»,} is not a cauchy sequence then there exist an
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€ > 0 and the sequence of natural number {2n(k)} and {2m(k)} such that, 2n(k) > 2m(k) > 2k
for k € N and

(14) Na(Yam(k) = Yan(k)) = €

corresponding to 2m(k), we can choose 2n(k) to be the smallest such that (3.14) is satisfied.

Then we have

(15) N2 (Yom(k) = Yan()—1) < E-

Putting x = x3,,(1)—1 and y = Xp,,x)—1 in (3.1), where for all k € N

(16)  W(N2(am(k) = Yan(k)) < F(W(M (X (k) -15%2n(k)—1)) s @ (N (X2m(k)— 15 X2n(k)-1)))

where

M (X2(k)—15%2n(k)—1) = MaxX{N2(Yam(k)—1 = Y2n(k)—1)5 %(N2(y2m(k)—1 = Yam(k)) + N2(V2n(e)—1 —
y2n(k)))7

S (N2 (Y2t —1 = Yan(k)) + N2 (V2n(x)—1 = Yam@a))) }

and
N (X —15X2n()—1) = Min{ N2 (Vo) —1 = Y2n(x)—1)> 3 N2 (2m(t)—1 = Yam(e)) N2 (Van(e)—1 = Yan())

5 (N2 (Y2 -1 = Yan(r)) + N2 (V2n(k)—1 = Yam(e))) }-

Using triangle inequality,
No2(Yam(k) = Y2n()) < N2 (Vam(r) = Y2n(e)=1) + N2 (Van(k)—1 = Yon(k))-
Letting limit k — oo,
(17) limy— N2 (Yam(k) = Y2n(k)) = €-
Again for all k,

Na(Yam(k)—1 = Y2n(k)—1) < N2(V2m(k) — Yam(k)—1) + N2 (Vam(k) = Y2n(k)) N2 (V2n(k)—1 = Y2n(k))s
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No(Yam(k) = Y2n()) < N2(Vam(r) = Yam(k)—1) N2 (V2m(k)—1 = Yan(k)—1) + N2(Vank)—1 — Y2n(k))-
Letting limit k — oo, and using (3.13) and (3.17), we get
(18) limpeoN2 (Yam(k)—1 = Yan(k)—1) = €-
Again for all positive integer k,
N2 (Yam(k)—1 = Y2n(k)) < N2(Vam(k)—1 = Yamk)) + N2 (Vam(k) — Yan(k))»
Na(Yam(r) = Y2n()) < Na2(Vam(r) = Yam(k)—1) T N2(Vam(k)—1 = Yan(k))-
Letting limit K — oo, and using (3.13) and (3.18), we get
(19) limg—,0aN2 (Yom(k)—1 = Yan(k)) = €
Again for all positive integer k,
N2 (Yon()—1 = Yom(k)) < N2(Van(k)—1 = Yan(i)) + N2 (Van(k) = Yom())>
No2(Yan(ky = Yam(x)) < N2 (Van(k) = Yan(i)—1) T N2(V2n(e) =1 — Y2m(x))-
Letting /imy — oo and using (3.13) and (3.19), we get
(20) limyg—,0eN2 (Yon(k)—1 — Yam(k)) = €-
Using (3.13)- (3.20), we get
limy—scoM (X (k) ~15X2n(k) 1) = €
limy N (Xom(k)—1,%2n(k)—1) = 0.
Letting k — o0 in (3.16), we get
v(e) < F(y(ae),lim e (N(Xomk)—1:X2n0)-1))) < W(ae) < y(e),

which is a contradiction. Hence {y,} is a Cauchy sequence with respect to N| by (Lemma 1.9)
(X,N;) is Banach Space. Therefore, the Cauchy sequence {y,} be a convergent sequence and
converge to a point z(say) in X, Consequently, the subsequences of {y,} are also converges to z

in X.

Axyy — 2, Txopt1 — 2, Bxop1 — z and Sxo, — 2.
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Now we shall show that z is the common fixed point of A,B,S and T'.

Since B(X) C S(X), then 3 v € X such that z = Sv. Let Np(z —Av) # 0. putting x = v and

y =X2,41 1n (3.1), we get

(21) V(N2 (Av = Bxop 1)) < F(W(aM(v,x2041)), ¢ (N (v,%2041)))
where

M(v,x2141) = max{N>(Sv — Txpn+1), %(Nz(SV — Av) + No(Tx2441 — Bxont1)),

%(Nz(Sv — BX2,H_1) + N2(TX2,H_1 —Av))} and
N(V,)Q,H_]) = min{Nz(Sv —Txon41 ), %(Nz(SV —Av) +N2(Tx2n+] — Bxy,41 )),
%(NZ(SV — Bx2n+1) —|—N2(TX2,H_1 —Av))}
Letting n — o and using z = Sv, we get

M(v,z) = max{N>(Sv—7z), %(Ng(Sv—Av) +MN(z—2)), %(Ng(Sv—z) +Ny(z—Av))} =
%(Nz(z—Av)).

Letting n — o in (3.21 )
Y(N2(Av —2)) < F(y(ag(Na(z—AV))), linty e (N (v, x2041)))-

Using discontinuity of ¢ atz =0and ¢ (¢) > 0 forz > 0, we observe that the lin,; @ (N (X254-1,V))

term is non zero and F' is an element of C, we obtain

W(N2(Av —2)) < F(y(ag(Na(z—Av))), limp @ (N (v, x2041))) < W(ag(Na(z—Av))).

Therefore we have

W(N2(Av —2)) < w03 (Na(z = Av))) < W(3(Na(z—Av))),

a contradiction with the y function. Therefore N(z —Av) =0 =Av =z = Av = 7= Sv.

Since (A,S) is weakly compatible pair of maps, it commute at their coincidence point v i.e.

ASv = SAv = Az = Sz.
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Now we have to show that Az = Sz = z. For this,

putting x =z and y = x3,,+1 in (3.1), we get

(22) V(N2 (Az— Bxopi1)) < F(y(aM(z,x2041)), ¢ (N(2,X2041)))
where

M(z,x20+1) = max{N>(Sz — Tx211), 5 (N2(Sz— Az) + N2 (Tx2011 — Bxani1)),

%(Nz (SZ - BX2n+1) —l—Nz(Tin_H —AZ))} and
N(z,x2011) = min{N>(Sz — Tx2p+1), 5 (N2(Sz— Az) + Na(Tx2n11 — Bxoni1)),
2(N2(Sz— Bxanr1) + No(Txoni1 —Az))}
Taking n — oo and using Az = Sz, we get
M(z,2) = N2(Sz—2).
Letting n — o in (3.22)
Y(N2(Sz—2)) < F(y(aN,(Sz—2)),limy—ee® (N (2,X20+1)))-

Using discontinuity of ¢ atz =0and ¢(r) > 0 forz > 0, we observe that the lint, o ® (N (X21+1,2))

term is non zero and F is an element of C, we get

W(N2(Sz—2)) < F(W(aN2(Sz—2)), limp—eef (N(2,22011))) < W(aN2(S2—2)) <
W(N2(Sz—2)),

which is a contradiction. Therefore N>(Sz—z) =0=Sz=z=Sz=Az=z

Since A(X) C T(X) then there exist w € X such that z = Tw. Let N»(z,Bw) # 0. Putting

X =xy, and y=win (3.1), we get

(23) W (N2 (Axzn, Bw)) < F(y(aM (x2n,w)), @ (N (x20,w)))

where

M (x2,,w) = max{Na(Sx2,, Tw), % (N2 (Sx2p,Axpp) +No(Tw, Bw)), % (N2 (Sxpp, BW) +No (Tw,Axzy)) }
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and

N(x24,w) = min{ Ny (Sx2,, Tw), % (N2 (Sx2,Axpp,) +No(Tw, Bw)), % (N2 (Sx2p, BW) +No (Tw,Axzy,)) }

Taking n — oo and using z = Tw, we have
M(Z7W) = max{NZ(Z> TW)? %(N2<Z>Z) +N2<TWaBW)>7 %(N2(Z7BW) +N2(TW7Z>)} =
%(NZ(Z7BW>)'

Also we have

W(N2(z,Bw)) < F(y (a3 (Na(z, Bw))), limyse09 (N (2,220))) < W(0t5(Na(2,Bw)).

Using discontinuity of ¢ at7 =0 and ¢ (r) > 0 forz > 0, we observe that the lim, .. (N(x2,,2))

term is non zero. Therefore we obtain,

II/(N2(Z7BW)) < W(a%(N2(Z7BW>) < W(%(NZ(LBW))

Hence we arrive at a contradiction with the y function.

Therefore N»(z,Bw) =0= Bw =z = Bw=2z7=Tw.

Since (B, T) is the weakly compatible pair of the maps, it commute at their coincidence point w
thatis BTw =TBw = Bz =Tz.

Now we shall to show that Bz =Tz =z.

For this, Putting x = x, and y =z in (3.1), we get

(24) W(N2(Axz,, Bz)) < F(y(0M (x24,2)), (N (x24,2)))

where
M (x24,2) = max{Na (Sx2n, T2), 5 (N2 (Sx2n,Ax2s) + No (T2, Bz)), 5 (N2 (Sx2n, Bz) +No(T'z,Ax2,)) }

and

N(in,Z) -
min{Na(Sx2, Tz), 3 (Na(Sx20,Ax2n) + Na(Tz,Bz)), 5 (N2 (Sx2n, Bz) + No(Tz,Ax2,)) }

Taking n — oo and using Bz = T'z, we have
M(z,z) = max{N»(z,Tz), %(Nz(z,z) +N>(Tz,Bz)), %(Nz(Z,BZ) +Ny(Tz,2))} = N2(z,Bz).

Also we have
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Y (N2(z,Bz2)) < F(W(aN2(z,Bz)), limp e (N (x20,2)))-

Using discontinuity of ¢ at7 =0 and ¢(¢) > 0 forz > 0, we observe that the lim,, .. (N(x2,,2))

term is non zero and F' is an element of class C. Therefore we have

V(N2 (z,Bz)) < F(y (0N (z,Bz)), limy @ (N (x24,2))) < W(0N2(2,Bz)),

This implies that

W(Na(z,Bz)) < w(aN2(z,Bz)) < w(Na(z,Bz)),

which is a contradiction. Therefore N(z,Bz) =0=Bz=7=Bz=z=Tz.

Hence Az=Bz=Tz=Sz=2z.
Now we shall show that z is the unique common fixed point of A,B,S and T'.

Let z; is the another fixed point of A, B,S and T such that z; = Az; = Sz; = Bz; = T'z;. Putting
x=zand y =z in (3.1), we get
V(Ma(z—21)) S F(y(aNa(z—z1)), 9 (Na(z—21))) < w(aNa(z—z1)) < Y(Na(z—21)),

which is a contradiction. Hence N>(z—z1) =0 = z = z;. Hence A,B,S and T have a unique

common fixed point in X. 0

As an immediate consequence of the above theorem we have the following corollaries. When

we take § = T in Theorem 3.1 we have the following:

Corollary 3.2. Let (X;,d)= (X,N;,N;) is a Saks Space in which N is equivalent to N, on
X.LetA,Band T : X — X be self mappings which satisfies the following inequality:

(25) V(N2(Ax— By)) < F(y(aM(x,y)), 9(N(x,y)))

where x,y € X, x #y, ¢ € (0,1),

M(x,y) = max{Ny(Tx —Ty), 5 (No(Tx — Ax) + No(Ty — By)), 5 (N2 (Tx — By) + No(Ty — Ax)) }
and

N(x,y) = min{No(Tx —Ty), 5 (N2(Tx — Ax) + No(Ty — By)), 3 (N2(Tx — By) + No(Ty — Ax)) }
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(1) A(X) C T(X) and B(X) C T(X),
(2) (A,T) and (B, T) are weak compatible pairs,
(3) ¢ :[0,00) — [0,00) is such that ¢(z) > 0 and lower semi-continuous for all ¢ > 0, ¢ is
discontinuous at # = 0 with ¢(0) =0,
(4) y:]0,00) — [0,00) are altering distance function,
(5) F is an element of €.

Then A, B and T have a unique common fixed point in X.
When we take A = B and § = T in Theorem 3.1 we have the following theorem:

Corollary 3.3. Let (X;,d)= (X,N;,N;) is a Saks Space in which N is equivalent to N, on
X.LetA,S: X — X be self mappings which satisfies the following inequality:

(26) W(N2(Ax—Ay)) < F(y(aM(x,y)), §(N(x,y)))

where x,y € X, x #y, o € (0,1),
M(x,y) = max{Ny(Sx — Sy), 3 (Na(Sx — Ax) + Na(Sy — Ay)), 3 (N2 (Sx — Ay) + No(Sy — Ax)) }
and
N(x,y) = min{N,(Sx — Sy), %(Nz(Sx —Ax) + Ny (Sy — Ay)), %(Nz(Sx —Ay) + N> (Sy — Ax))}
(1) A(X) € S(X),
(2) (A,S) is weak compatible pairs,
(3) ¢ :[0,00) — [0,00) is such that ¢(z) > 0 and lower semi-continuous for all # > 0, ¢ is
discontinuous at # = 0 with ¢(0) =0,
(4) y:]0,00) — [0,00) are altering distance function,
(5) F is an element of €.

Then A and S have a unique common fixed point in X.
When we take S = T = Identitymap in Theorem 3.1 we have the following:

Corollary 3.4. Let (X;,d)= (X,N;,N;) is a Saks Space in which N is equivalent to N, on
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X. LetA,B: X — X be self mappings which satisfies the following inequality:

27) W(N2(Ax—By)) < F(y(aM(x,y)),9(N(x,y)))

where x,y € X withx £y, a € (0, 1),
M(x,y) = max{Na(x — ), 5(N2(x — Ax) + Na(y = By)), 3 (N2 (x — By) + N2 (y — Ax)) }
and
N(x,y) = min{Ns(x—y), 3 (Na(x— Ax) +- Na(y — By)), 3 (N2(x — By) + Na(y — Ax)) }
(1) ¢ : [0,00) — [0,00) is such that ¢(z) > 0 and lower semi-continuous for all # > 0, ¢ is
discontinuous at # = 0 with ¢(0) =0,
(2) y:]0,00) — [0,00) are altering distance function,
(3) F is an element of class C.

Then A and B have a unique common fixed point in X.
When we take A = B and S = T = identitymap in Theorem 3.1 we have the following:

Corollary 3.5. Let (X;,d)= (X,N;,N,) is a Saks Space in which Nj is equivalent to N, on
X. LetA: X — X be a self mapping which satisfies the following inequality:

(28) Y(N2(Ax—Ay)) < F(y(aM(x,y)), §(N(x,y)))

where x,y € X withx # y, a € (0, 1),
M(x,y) = max{Na(x = y), 5 (N2 (x = Ax) + Na(y = Ay)), 5 (N2 (x — Ay) + N2 (y — Ax)) }
and
N(x,y) = min{Na(x —y), 5(Na(x — Ax) + No(y — Ay)), 5 (N2 (x — Ay) + N2 (y — Ax)) }
(1) ¢ : [0,00) — [0,00) is such that ¢(z) > 0 and lower semi-continuous for all # > 0, ¢ is
discontinuous at # = 0 with ¢(0) =0,
(2) y:]0,00) — [0,00) are altering distance function.
(3) F is element of class C.

Then A has a unique fixed point in X.
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Remark: When we take y(7) =t in Theorem 3.1, Corollaries 3.2, 3.3, 3.4, 3.5 we have the

following new corollaries:

Corollary 3.6. Let (X;,d)= (X,N;,N;) is a Saks Space in which N is equivalent to N, on
X.LetA,B,Sand T : X — X be self mappings which satisfies the following inequality:

(29) W(Na(Ax — By)) < F((aM(x,y)), ¢(N(x,y)))

where x,y € X, x #y, a € (0,1),
M(x,y) = max{N,(Sx —Ty), %(Nz(Sx — Ax) + N, (Ty — By)), %(Nz(Sx —By)+ Ny (Ty—Ax))}
and
N(x,y) = min{Ny(Sx — Ty), 5 (N2(Sx — Ax) + N2 (Ty — By)), 3 (N2(Sx — By) +N»(Ty — Ax))}
(1) A(X) C T(X) and B(X) C S(X),
(2) (A,S) and (B, T) are weak compatible pairs,
(3) ¢ :[0,00) — [0,00) is such that ¢(z) > 0 and lower semi-continuous for all # > 0, ¢ is

discontinuous at r = 0 with ¢(0) =0,

(4) F is an element of €.

Then A, B, S and T have a unique common fixed point in X.

Corollary 3.7. Let (X;,d)= (X,N;,N;) is a Saks Space in which N is equivalent to N, on
X.LetA,Band T : X — X be self mappings which satisfies the following inequality:

(30) W(Na(Ax — By)) < F((aM(x,y)), (N(x,y)))

where x,y € X, x #y, ¢ € (0,1),

M(x,y) = max{N>(Tx — Ty), 5(N»(Tx — Ax) +No(Ty — By)), (N> (Tx — By) + No(Ty — Ax)) }
and

N(x,y) = min{Ns(Tx — Ty), L (N2(Tx — Ax) + No(Ty — By)), A (Na(Tx — By) + N (Ty — Ax))}

(1) A(X) C T(X) and B(X) C T(X),
(2) (A,T) and (B, T) are weak compatible pairs,
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(3) ¢ :[0,00) — [0,00) is such that ¢(z) > 0 and lower semi-continuous for all # > 0, ¢ is
discontinuous at # = 0 with ¢(0) =0,

(4) F is an element of €.

Then A, B and T have a unique common fixed point in X.

Corollary 3.8. Let (X;,d)= (X,N;,N;) is a Saks Space in which N is equivalent to N, on
X.LetA and S : X — X be self mappings which satisfies the following inequality:

€20 W(Na(Ax —Ay)) < F((aM(x,y)), 9 (N(x,)))

where x,y € X, x #y, a € (0,1),

M(x,y) = max{N>(Sx— Sy), 3(N2(Sx — Ax) + N2 (Sy — Ay)), 3 (N2 (Sx — Ay) + N> (Sy — Ax)) }
and

N(x,y) = min{N(Sx — Sy), 5 (N2 (Sx — Ax) + No(Sy — Ay) ), 5 (N2 (Sx — Ay) + N> (Sy — Ax)) }

(1) A(X) C S(X),

(2) (A,S) is weak compatible pairs,

(3) ¢ :[0,00) — [0,00) is such that ¢(z) > 0 and lower semi-continuous for all # > 0, ¢ is
discontinuous at # = 0 with ¢(0) =0,

(4) F is an element of €.

Then A and S have a unique common fixed point in X.

Corollary 3.9. Let (X;,d)= (X,N,N,) is a Saks Space in which N; is equivalent to N, on
X. Let A,B: X — X be self mappings which satisfies the following inequality:

(32) N2(Ax —By) < F(aM(x,y), ¢(N(x,y)))

where x,y € X withx #y, a € (0,1),
M(x,y) = max{N,(x —y), %(Nz(x—Ax) + N> (y—By)), %(Nz(x—By) + N (y—Ax))}
and

N(x,y) = min{Na(x = y), 5 (N2 (x — Ax) + Na(y — By)), 5 (N2(x — By) + Na(y — Ax)) }
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(1) ¢ : [0,00) — [0,00) is such that ¢(z) > 0 and lower semi-continuous for all # > 0, ¢ is
discontinuous at # = 0 with ¢(0) =0,

(2) F is an element of class C.

Then A and B have a unique common fixed point in X.

Corollary 3.10. Let (X;,d)= (X,N1,N,) is a Saks Space in which N; is equivalent to N, on

X. Let A : X — X be self mapping which satisfies the following inequality:
(33) N2 (Ax —Ay) < F(aM(x,y),¢(N(x,y)))

where x,y € X withx £y, a € (0, 1),
M(x,y) = max{No(x —y), 5 (N2 (x —Ax) +No(y = Ay)), 3 (N2 (x — Ay) + Na(y — Ax)) }
and
N(x,y) = min{Na(x = y), 5(Na(x — Ax) + N2y — Ay)), 5 (N (x — Ay) + Na(y — Ax)) }
(1) ¢ : [0,00) — [0,00) is such that ¢(¢) > 0 and lower semi-continuous for all 7 > 0, ¢ is

discontinuous at # = 0 with ¢(0) =0,

(2) F is an element of class C.

Then A has a unique fixed point in X.

Similar manner of the Theorem 3.1, we can prove our another main result by replacing:

N(x,y) = min{N>(Sx, Ty), %(Nz(Sx,Ax) + N> (Ty,By)), %(Ng(Sx,By) + N, (Ty,Ax))}
by
N(X,y) = min{NZ(va Ty)? %(N2(vaBy) +N2(Ty7Ax))}

the theorem follows:

Theorem 3.11. Let (X;,d)= (X,N|,N;) is a Saks Space in which N; is equivalent to N on

X.LetA,B,Sand T : X — X be self mappings which satisfies the following inequality:

34 W(N2(Ax—By)) < F(y(aM(x,y)),9(N(x,y)))
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where x,y € X withx £y, a € (0, 1),
M(x,y) = max{Na(Sx = Ty), 3(N2(Sx — Ax) + Na(Ty — By)), 3 (N2 (Sx — By) + No(Ty — Ax))}
N(x,y) = min{Na(Sx —Ty), 5 (N2(Sx — By) +Na(Ty — Ax))}

(1) A(X) C T(X) and B(X) C S(X),

(2) (A,S) and (B, T) are weak compatible pairs,

(3) ¢ :]0,00) — [0,00) is a lower semi continuous function with ¢(z) > 0 for all # € (0,)
and ¢(0) =0,

(4) y:[0,00) — [0,00) is an altering distance function which in addition is strictly monotone
increasing.

(5) F is an element of C.

Then A, B, S and T have a unique common fixed point in X.

Similar manner of the Corollaries of the Theorem 3.1 we can find more corollaries of the The-

orem 3.11.
When we take S = T in the Theorem 3.11 we have the following:

Corollary 3.12. Let (X;,d)= (X,N;,N,) is a Saks Space in which N is equivalent to N, on

X.LetA,Band T : X — X be self mappings which satisfies the following inequality:

(35) Y(Na(Ax — By)) < F(y(aM(x,y)), ¢(N(x.y)))

where x,y € X, x#y, a € (0,1),
M(x,y) = max{No(Tx = Ty), 3 (N2(Tx — Ax) +No(Ty — By)), 5 (N2(Tx — By) +No(Ty — Ax)) }
and
N(x,y) = min{N,(Tx—Ty), %(Ng(Tx —By)+ N, (Ty —Ax))}
(1) A(X) C T(X) and B(X) C T(X),
(2) (A,T) and (B, T) are weak compatible pairs,
(3) ¢ :]0,00) — [0,00) is a lower semi continuous function with ¢(z) > 0 for all # € (0,)

and ¢(0) =0,
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(4) y:[0,00) — [0,00) is an altering distance function which in addition is strictly monotone
increasing.

(5) F is an element of €.

Then A, B and T have a unique common fixed point in X.

When we take A = B and S = T in Theorem 3.11 we have the following theorem:
Corollary 3.13. Let (X;,d)= (X,N,N,) is a Saks Space in which N; is equivalent to N, on X.

Let A and S : X — X be self mappings which satisfies the following inequality:

(36) Y (N2(Ax—Ay)) < F(y(aM(x,y)),¢(N(x,y)))

where x,y € X, x #y, ¢ € (0,1),
M(x,y) = max{N(Sx — §y), 3 (Na(Sx — Ax) + Na(Sy = Ay)), 3 (N2 (Sx — Ay) + No(Sy — Ax)) }
and
N(x,y) = min{N(Sx = §y), 3 (Na(Sx = Ay) + Na(Sy — Ax))}
(1) A(X) C §(X),
(2) (A,S) is weak compatible pairs,
(3) ¢ :]0,00) — [0,00) is a lower semi continuous function with ¢(z) > 0 for all # € (0,)
and ¢(0) =0,
(4) y:[0,00) — [0,00) is an altering distance function which in addition is strictly monotone
increasing.

(5) F is an element of €.

Then A and S have a unique common fixed point in X.

When we take S = T' = Identitymap in Theorem 3.11 we have the following:
Corollary 3.14. Let (X;,d)= (X,N,N,) is a Saks Space in which N; is equivalent to N, on X.

Let A,B : X — X be self mappings which satisfies the following inequality:

37) V(N2(Ax—By)) < F(y(aM(x,y)),9(N(x,y)))

where x,y € X withx £y, a € (0, 1),
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M(x,y) = max{Na(x —y), 5 (N2(x — Ax) + Na(y — B)), 5 (N2 (x — By) +Na(y — Ax)) }
and
N(x,y) = min{N(x =), 5(Na(x — By) + Na(y — Ax)) }

(1) ¢ :]0,00) — [0,00) is a lower semi continuous function with ¢(z) > 0 for all # € (0,)
and ¢(0) =0,

(2) y:[0,0) — [0,00) is an altering distance function which in addition is strictly monotone
increasing.

(3) F is an element of class C.

Then A and B have a unique common fixed point in X.

When we take A = B and S = T = identitymap in Theorem 3.11, we have the following:
Corollary 3.15. Let (X;,d)= (X,N1,N,) is a Saks Space in which N; is equivalent to N, on X.

Let A : X — X be self mapping which satisfies the following inequality:

(38) W(N2(Ax—Ay)) < F(y(aM(x,y)), ¢ (N(x,y)))
where x,y € X withx # y, a € (0, 1),
M(x,y) = max{Na(x —y), 5 (N2(x — Ax) + Na(y — Ay)), 5 (N2 (x — Ay) + Na(y — Ax)) }
and
N(x,y) = min{Na(x = y), 5(N2(x — Ay) + N2 (y — Ax))}
(1) ¢ :]0,00) — [0,00) is a lower semi continuous function with ¢(z) > 0 for all # € (0,)
and ¢(0) =0,
(2) y:[0,00) — [0,0) is an altering distance function which in addition is strictly monotone
increasing.
(3) F is an element of class C.

Then A has a unique fixed point in X.

Remark: When we take y/(f) =t in Theorem 3.11, Corollaries 3.12, 3.13, 3.14, 3.15 we have

the following new corollaries:
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Corollary 3.16. Let (X;,d)= (X,N1,N,) is a Saks Space in which N; is equivalent to N, on
X.LetA,B,Sand T : X — X be self mappings which satisfies the following inequality:

(39) W(Na(Ax — By)) < F((aM(x,y)), ¢(N(x,y)))

where x,y € X, x #y, o € (0,1),
M(x,y) = max{N,(Sx —Ty), %(Nz(Sx —Ax) + N, (Ty — By)), %(Nz(Sx —By)+ Ny (Ty—Ax))}
and
N(x,y) = min{N,(Sx —Ty), %(Nz(Sx —By)+ Ny (Ty—Ax))}
(1) A(X) C T(X) and B(X) C S(X),
(2) (A,S) and (B, T) are weak compatible pairs,
(3) ¢ :]0,00) — [0,00) is a lower semi continuous function with ¢(z) > 0 for all # € (0,)
and ¢(0) =0,
(4) F is an element of €.

Then A, B, S and T have a unique common fixed point in X.

Corollary 3.17. Let (X;,d)= (X,N1,N,) is a Saks Space in which N; is equivalent to N, on
X.LetA,Band T : X — X be self mappings which satisfies the following inequality:

(40) ¥(N2(Ax—By)) < F((aM(x,y)), ¢(N(x,y)))

where x,y € X, x #y, o € (0,1),
M(x,y) = max{Ny(Tx—Ty), %(Nz(Tx — Ax) + N, (Ty — By)), %(Nz(Tx —By)+ N, (Ty—Ax))}
and
N(x,y) = min{Ny(Tx — Ty), 5(N>(Tx — By) + No(Ty — Ax))}

(1) A(X) C T(X) and B(X) C T(X),

(2) (A,T) and (B, T) are weak compatible pairs,

(3) ¢ :]0,00) — [0,00) is a lower semi continuous function with ¢(z) > 0 for all z € (0,)

and ¢(0) =0,
(4) F is an element of €.
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Then A, B and T have a unique common fixed point in X.

Corollary 3.18. Let (X;,d)= (X,N1,N,) is a Saks Space in which N; is equivalent to N, on

X.LetA and S : X — X be self mappings which satisfies the following inequality:

(41 W(Ny(Ax —Ay)) < F((aM(x,)), 9 (N(x,)))

where x,y € X, x #y, a € (0,1),
M(x,y) = max{N,(Sx — Sy), %(Nz (Sx — Ax) + N (Sy — Ay)), %(Nz (Sx—Ay) +N>(Sy—Ax)) }
and
N(x,y) = min{N,(Sx — Sy), %(Nz (Sx—Ay) + N>(Sy— Ax)) }
(1) A(X) C S(X),
(2) (A,S) is weak compatible pairs,
(3) ¢ :]0,00) — [0,00) is a lower semi continuous function with ¢(z) > 0 for all # € (0,)
and ¢(0) =0,
(4) F is an element of €.

Then A and S have a unique common fixed point in X.

Corollary 3.19. Let (X;,d)= (X,N1,N,) is a Saks Space in which N; is equivalent to N, on

X. LetA,B: X — X be self mappings which satisfies the following inequality:
(42) Ny(Ax—By) < F(aM(x,y), (N(x,y)))

where x,y € X withx # y, a € (0, 1),
M(x,y) = max{Na(x —y), 5 (N2(x — Ax) + Na(y — By)), 5 (N2 (x — By) + N2 (y — Ax)) }
and
N(x,y) = min{Na(x = y), 5 (N2 (x — By) + Na(y — Ax)) }
(1) ¢ :]0,00) — [0,00) is a lower semi continuous function with ¢(z) > 0 for all z € (0,)
and ¢(0) =0,

(2) F is an element of class C.
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Then A and B have a unique common fixed point in X.

Corollary 3.20. Let (X;,d)= (X,N1,N,) is a Saks Space in which N; is equivalent to N, on
X. LetA: X — X be a self mappings which satisfies the following inequality:

(43) Ny(Ax—Ay) < F(aM(x,y),¢(N(x,y)))

where x,y € X withx # y, a € (0, 1),
M(x,y) = max{Ny(x —y), 5 (N2(x — Ax) + 3 (N2 (x — Ay) + No(y — Ax)) }
and
N(x,y) = min{Na(x —y), 5(Na(x — Ay) + N2 (y — Ax))}
(1) ¢ :]0,00) — [0,00) is a lower semi continuous function with ¢(z) > 0 for all # € (0,)

and ¢(0) =0,

(2) F is an element of class C.

Then A has a unique fixed point in X.
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