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Abstract. We introduce a new iterative scheme for finding common fixed points of a finite family of nonextensive
mapping and zeros of strongly monotone mappings in L, spaces, which yields a solution to a convex optimization
problem. This provides a partial extension of a theorem of Yamada and some other authors from Hilbert spaces to
the more general Banach spaces.
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1. Introduction

Let X be a real Banach space, X™* its dual, 7 : X — X be a mapping and f : X — R be a convex
functional. We denote the collection of all elements x of X satisfying Tx = x by Fix(T).

Definition 1.1 A mapping M : X — X™ is called

e 7—strongly monotone if (x —y,Mx —My) > n||x —y||?, ¥x,y € X,

and A : X — X is called

E-mail address: maejok@gmail.com

Received February 5, 2016
262



ITERATIVE METHOD FOR CONVEX OPTIMIZATION PROBLEMS IN REAL LEBESGUE SPACES 263
e 1 —strongly accretive if (Ax — Ay, j(x —y)) > n|lx—y|?, Vx,y € X,
where (.,.) is the duality pairing between X and X*. If X is Hilbert space, these two notion

agree and it is simply refered to as monotone.

Definition 1.2 A mapping 7 : X — X is called L—Lipschitzian if there exists L > 0 such that

(1) ||T)C—Ty|| SLH)C—_)’”, Vx,y,EX.
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Remark
If L = 1 in the inequality (1), the mapping is called nonexpansive. It is well known that Fix(T)
is closed and convex whenever T is nonexpansive.
Given a nonexpansive self mapping 7 on a Hilbert space H, and a (possibly nonlinear) mono-
tone mapping A : T(H) — H, the variational inequality problem VIP(A, Fix(T)) over Fix(T) is

stated as:
(2) Find x* € Fix(T) such that (y —x*,Ax™) >0, Vy € Fix(T).

It is known that an element x*, of a closed and convex set K, solves VIP(A, Fix(Px)) if and only

if x* = Pg(x* — AAx*) for some positive number A.

This result is very important because it gives a basis for constructing iterative methods of ap-
proximating solutions of variational inequalities in Hilbert spaces.
The method previously used in solving the variational inequality problem in the late 1960’s and

later was the gradient projection method

3) Xn+1 = PK(xn _An-i—lvf(xn))vn > 17

where A, is a suitably defined sequence of real numbers. This algorithm has been employed
widely in applications because it has a good rate of convergence.
Under suitable conditions, the sequence generated from this algorithm converges to a solution

of the smooth convex optimization problem posed in the Hilbert space H as:

Minimize f : H — R, (G-differentiable convex functional)
4) (SCop)

subject to x € K(C H)(closed convex set).
It is well know that x* in K solves problem (SCOP) if and only if it satisfies (y —x*, Vf(x*)) >
0,Vy € K. The gradient projection method relies on the fact that for any closed convex subset K
of a Hilbert space, Fix(Px) = K and Px : H — K C H is a nonexpansive mapping with a nonemp-
ty fixed point set. However, the computation of the projection mapping Px is difficult(except

when the convex set K has simple structures) in application.



ITERATIVE METHOD FOR CONVEX OPTIMIZATION PROBLEMS IN REAL LEBESGUE SPACES 265

Based on the fact above, replacing the projection mapping Px by an arbitrary nonexpansive

mapping 7', Yamada [16] introduced the steepest descent method given by
5) Xpt1:=Txy — X 11A(Tx,),n > 1 (A:=VY).

This choice is because y, := Tx, is generated by y,11 := T (y, — Ay 1V.f(yn)) (the gradient
projection method) and for x* € Fix(T), if x* = limx,, then x* = limy,. Thus the method can
solve the problem (SCOP) over K = Fix(T) where T is a nonexpansive self map of H and
{An}5r_, is suitably defined as stated below.

Theorem 1.4 [Hybrid steepest descent method for VIP(A,Fix(T)[16] Let T : H — H be a
nonexpansive mapping with Fix(T) # (. Suppose that a mapping A : H — H is L—Lipschitzian
and 1 — strongly monotone over 7' (H ). Then for any xo € H, and u € (0, ZL—Q) and any sequence

satisfying
(A1) 1limA, =0, (42) Y A, =0, and (A3) lim(A, — Anp1)A, 7 =0,
n=1

the sequence {x,} _, generated by (5) converges strongly to the uniquely existing solution of
the problem (2).
If K =N/ _Fix(T;) # 0, where {T;}|_, is a finite family of nonexpansive mappings, Yamada

[16] studied the following algorithm

where Ty = Timod r» for k > 1 and the sequence {4, } satisfies condition (A1), (A2), and (A4) :
Y |4y — Aptn| < oo, and proved the strong convergence of {x, } to the unique solution of problem
(2).

In the case where A := Vf, he obtained x, — x* € arg inf )f(x), where Vf:H - H*(=H)

x€Fix(T
is the gradient of the convex functional f.

However, most problems of practical significance are not posed in Hilbert spaces. Obviously,
for an arbitary real Banach space X* # X. Besides, the exact expression of the duality mapping

Jg 1 X — 2% defined by J,(x) = {x* € X* : ||x[|? = ||lx*||¥ = (x,x*)} is known only in L, spaces,
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1 < p < oo. Therefore, it makes sense if we limit our study to L, spaces, 1 < p < o where it is
practically possible to compute the duality mapping.

Based on these assertions, an ideal extension of the problem of Yamada (5) to a Banach spaces
and which would solve the problem (SCOP) in Banach spaces ought to be:

(
Given a nonexpansive mapping T : X — X and a strongly

VIP*(A,Fix(T)) { monotone L—Lipschitzian mapping A : X — X*,

find x* € Fix(T) : (y—x*,Ax*) >0,Vy € Fix(T).
\

Considerable research efforts have been devoted to this problem in Hilbert spaces. For example,

Xu and Kim [15], replaced the condition (A3) by the less restrictive condition li_r>n ’l”;—i”l“ =
n—oo n
and the condition (A4) replaced by lgn ’I”X—i”“ = 0. The theorems of Xu and Kim [15] are
n—o0 n+r

1 -
11S

improvements of the results of Yamada because the canonical choice sequence 4, = =

applicable there but it is not applicable in the result of Yamada [16] with condition (C3). Other
significant extensions of the theorems in Hilbert spaces can be found in Wang [18] , Zeng and
Yao [19], and Yamada et al. [17].

Some of the extensions of the theorem to the more general Banach spaces include Chidume et
al. [5, 6], Sahu et al. [20],

Most of the extensions of the theorem of Yamada [16] to more general Banach spaces have
focused on the problem

(
Given a nonexpansive mapping T : X — X and a strongly

VIP(A,Fix(T)) { accretive L—Lipschitzian mapping A : X — X,

\ find x* € Fix(T) : (y—x*, jo(Ax*)) > 0,Vy € Fix(T).

This problem certainly has a lot of applications in evolution equation and other area of interest
, but it does not neccesarily solve the original optimization problem (SCOP). The problem
(SCOP) arise in diverse disciplines as differential equations, convex optimization problems,
time-optimal control, mathematical programming, demand problems, transport and network
problems and so on. Details about these problems can be found, for example, in Kindelehrer

and Stampacchia [9], Nagurney [11], and Noor [12].
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Though there has been significant progress in solving problem VIP(A, Fix(T)), the successes
achieved so far in using many geometric properties of spaces, developed in the last two cen-
turies or so, in approximating zeros of accretive-type operators in Banach spaces have not been
acchieved in approximating zeros of monotone mappings. The major difficulty in any attempt
in this direction is that A goes from E to E* and most iterative algorithm involving x,, and Ax,
are not suitably defined.

In some case, attempts are made to construct the algorithm by introducing the duality mapping.
However the exact values of the duality mapping is unknown outside L, spaces, for 1 < p < oo,

Thus, the sequence obtained thereby are usually not possible to implement for practical uses.

In this paper, motivated by Chidume et al.[7], we propose an algorithm for the problem VIP* (A, Fix(T))
in L, spaces for 1 < p < . Our theorems complements the results of Chidume ez al.[5,6], Tan

and Xu [14], extends to L, spaces the result of Yamada [16], and generalize the results of

Chidume et al. [7].
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2. Preliminaries

In this section we recall some definitions and characterizations of the L, spaces by the duality

mappings. The normalized duality mapping is J : X — 2% given by

) J(x) = {j(x) € X* 2 (j(),) = x> = L)1
Some of its very useful properties are:

(a) For any x € X, J(x) # 0 (due to Hahn Banach theorem).
(b) For any real number, say o, J(ox) = aJ(x), for all x € X.
(c) If X 1s a reflexive and smooth Banach space, then J is single-valued and onto.
(d) If X is strictly convex, then Jis 1 — 1.
(e) If X is reflexive and strictly convex and X* is strictly convex, then J* : X* = X*™*(=X)
is a duality mapping on X* satisfying J~! = J*.
The normalized duality mapping is in most cases nonlinear and it is not symmetric unless X is

a Hilbert space. Thus, in the conjectural formula

X J() = 0 J(x) (),
the left hand side is linear in x, but the right hand side is not, unless J is a linear map.
Example: Let X = ¢*. Then, the duality map J : £* — ¢*/3 is

J(x) = (x%,x%,x%,...)

Therefore,
(5 J0) = L,
which is not the same as l
(7(0)) = L v
Lemma 2.1[see e.g. Chidume [4]] Let E = Lp,l 1 < p < 2. Then the following inequalities
hold.

@ [lx+y[I> = (6> +2(y,j(x)) +cplly[]?, for some ¢, >0
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.. : . 2
(i) (x—y,j(x) =j) = (p=Dllx =yl
where j is the normalized duality mapping.

For the case of L, spaces, p > 2, the following lemma is applicable.

Lemma 2.2[Alber and Ryanzantseva [3], p.48] Let X = L,,, p > 2. Then, the inverse of the
normalized duality mapping j~! : X* — X is Holder continuous on balls. i.e. Vu,v € X* such

that [|u|| <R, ||v]| <R, then

- _ e
177 ) = 5 ) < e = w| 77T,

1
where m), := (2P1L,c5) 7T > 0 for some ¢; > 0.
Definition 2.3 Let £ be a smooth real Banach space. The Lyapunov’s function is a distance

function ¢ : E x E — R given by

0 (x,y) = [Ix[|* = 2(x, j)) + Iy

In recent times, this type of functional has been studied extensively by many authors including
Alber [1], Alber and Guerre-Delabriere [2], Kamimura and Takahashi [10], Reich [13]. It has
proved to be a very useful tool for the study of nonlinear mappings in the general Banach spaces.
It is known that on a Hilbert space H, there holds ¢ (x,y) = ||x — y||>. Moreover, by the fact that
the normalized duality mapping is the subdifferential of the functional defined by f(x) = 1||x|%,

we have that ¢ (x,y) > 0 for all x,y in E.
We define a parallel function V : E x E* — R by

Vie,x")=o(x,j (x"), VxeX x* e X"
The functional is characterized by the following

Lemma2.4[Alber [1]] Let X be a reflexive strictly convex and smooth Banach space with X*

as its dual. Then,

(8) V(x,x") <V(ext+y) =2 % —x,y"), VxeX,x* y* e X*.
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Following the terminology of Alber and Guerre-Delabriere [2], as can be found also in Chidume
et al.,[8], we present the following definitions.

Definition 2.5 Let K be a nonempty subset of a Banach space E. Amap T : K — E is called:

e strongly suppresive on K if there exist 0 < g < 1 such that
9 ¢(Tx,Ty) < q¢(x,y) V x,y € K,and
e nonextensive if
(10) O(Tx,Ty) < ¢(x,y) V x,y € K.

It follow from inequalities (9) and (10) above that in Hilbert spaces, nonextensive mappings
are precisely the nonexpansive mapping and the strongly suppresive mappings are the strict
contractions. For this reason, in this paper, we will weaken the nonexpansive assumption in
theorem of Yamada to Nonextensive.

Lemma 2.6[Xu and Kim [15] ] Assume that {x,} is a sequence of nonnegative reals numbers

satisfying the conditions

(i) {a} C[0,1], (i) ¥ 0 = oo and (iii) ¥ 0By < oo. Then, lim x, = 0.
1 n—roo

n=1 n—=

3. Convergence Theorems in L, spaces 1 < p <2

Theorem 3.1 LetE=L1,,1 <p<2,and E* =L, %+}1 —1.Fork=1,2,...N,let T} : E —
E be a finite family of nonextensive mappings and A : E — E™* be an n—strongly monotone
mapping which is also L—Lipschitzian. Assume that S := A~ (0) NMY_, Fix(T}) # 0. Then for
arbitrary x| € E, the sequence {x,} defined by

(12) St = 7 (J(Tpsa) = 2A(Tp) ) > 1

converges to the common solution of the problem VIP*(A, Fix(7,)), where T}, := T, moan» and

A € (0,5-1-), Ly, L, the Lipschitz constants for the mappings A and j~!

2L, , respectively.
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Proof. Let x* € S. Then the sequence {x,} satisfies
(" ns1) = V(& j(Tn) — AA(Thx2))
<V i(Tpn) =240 () = 2A(Tp) ) = ATy, — Ax")
= 0", Thn) = 22 Ty — ' A(Ti,) — Ax")
+ 22 Ty = A(Ty) — Ax")
=22 G Tp) = AA(Ta)) = 3 A(Typ) — Ax”)
= 0" Tiyptn) — 24 Tty — x* AT}, — Ax")
=22 (5 (G Tppxa) = RATga)) = (G (Tp)) ATj o = AX°).
< (", Tjpin) — 24| Tjpp0 — 27>
+ 2157 (G Tpsa) = RAT) ) = 7 (J(Tppn) ) AT 00— A
By the 1 —strong monotonicity of A, we obtain that
(Tpgn — X, ATy, — AxX™) > 0| T — x°|1%.
On the other hand, using the fact that each of the mappings 7} are nonextensive, we have that
O ", Tjgn) = (Tix™, Tjgpxn) < @(x", %)
Therefore, substituting these relations into the chain of inequalities above, and using the fact
that A € (0, 2LT,’TL2)’ we obtain:
O (¥ x41) < (8, Thupn) — 227 T — 27|12
+ 242 L1 Lo || Ty xn — |12
< O(x", Tiyn) — AN T — x|
< (", x0) = AN|| Ty — 27|

Thus ¢ (x*,x,) is a monotone non-increasing sequence of real numbers that is bounded below,

and therefore converges. On the otherhand the same inequality yields

(13) AN||Tgn — x| < @ (x*,x0) — 9 (x*, X 41).-
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Taking limits on both sides of the inequality (13), we have that lim 7}, x, = x*. But we have
n—yoo

that

X1 = Typall = 117" G(Tpgxn) — AA(Tpxa)) = 5 G (Tgn) |
< AL || A(Tjpyxn — A7) ||

< )»LZL%HT[n]xn —x*|| =0, asn— oo.

Therefore, we obtain

[t =X < s 1 = Tl 4 [ T — X7

< (1+ALLY) || Thgtn — X7

and thus r}glgo X, = x*. The uniqueness of x* follows from the strong monotonicity of the map-
ping A.
Iin the special case when 7; = I the identity mapping for each k, we have the following result
of Chidume et al. [7]:

Corollary 3.2 Let E =L,,1 < p <2, and E* = L, %—ké =1,and A: E — E* be an
1 —strongly monotone mapping which is also L—Lipschitzian. Assume that A~1(0) # 0. Then

for arbitrary x| € E, the sequence {x, } defined by

(14) sl :j’1<j(xn)—7LA(xn)>,n21

converges to the uniquely existing x* € A~1(0), where A € (0, ﬁ), Ly, L, the Lipschitz con-
1

-1

stants for the mappings A and j~°, respectively.

4. Convergence Theorems in L, spaces, 2 < p < oo.

Theorem4.1LetE=L,, 2<p<eandA:L,— L, %—k}l =1, be an n-strongly monotone
mapping which is also Lipschitzian. For k =1,2,...,N, let T} : L, — L, be a finite family of

nonextensive mappings. Assume that S :=A~1(0)NNY_, Fix(T) # 0. Then for arbitrary x| € E,
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the sequence {x,} defined by
(1) St = 5 (J(Tppn) = AnA(Typ) ) o1 = 1

converges strongly to the unique common solution of the problem VIP*(A, Fix(7})), where
oo oo _P_
Ty = Tumoan and A, € (O, HL> satisfies ¥ A, =, ¥ A/ < oo, L;,L, are the Lips-
2L, Lé”*l n=1 n=1
chitz constants for the mappings A and j—

I respectively.

Proof. Let x* € S. Then the sequence {x,}’ , generated satisfies

0" 30s1) = VI, j(Tp) = A (Tp3))
<V Tpa)) = 2 (5 (G Tptn) = A (Tygn) ) = X, Ay = Ax")
= 0" Tiapn) — 2 Tt = A(Tipn) — Ax”)

+ 2/1n<T[n]xn — X" A(Tjxn) —AX*>

=22 (57 (G Tn) = A (Tpa) ) = 2 A(Typ) — Ax")

= 0" Tiuptn) = 2 Tt = A (Tip) — Ax”)

220 (5 ) = 7 (G (T) = A (T) ) A(Tipi) — Ax* )
< O Tya) = 22 (Tt — ' ATy, — AX )

+ Zln“]_l ((J(T[n}xn) - )LnA(T[n]xn)> - j_l (](T[n]xn)> || ||AT[n]x,l —Ax*”

1

By the strong monotonicity of A, and the Holder continuity of j~', we have

¢(X*vxn+l) < ¢(X*’ T[n]xn) - 2%77 HT[n]xn _X*H
_P_
+ 20 || AT, — Ax*| 77T,
< OO, Tpyxn) — 24 || Ty — 7|

o o
+24, mpL{” ||T[n]xn—x*||P*1.



274 M. E. OKPALA

_pP P
Now, for p > 2, if || T}, x, —x*|| > 1, then, HT[,,]xn—x*Hﬁ < HT[n]xn—x*Hz. S0 24, 'm,Ll || T30 —

x| = < AN||Tjyxn —x* |? Therefore, we have for this case

O (" xnr1) < O(x"xn) — At | T — 27|,

_P_ _P_ _P_ P
Otherwise ||Tj,yx, —x*|| < 1 and thus 24," m,L{™" || Ty, x, — x| 7T < 2AL " m, LY. Thus, in

any case,
00" 1) < OO Tiin) = Aty | Tyin =272
P P
+27an_1 mpLi’_' ]
< (", Ttn) — A (T, )

o
+247 mpL{ .

Using the fact that the mapping 7} are nonextensive we conclude that

_P_ _P_
(p(X*axn—H) < (1 - ln"l)¢(X*, T[n]xn) + 2lnpilmplqpi1

p P

< (1= 2@ (6", x0) + 240 mp LY

Therefore we may conclude by Lemma () that x,, — x*.
Remark The canonical choice for the sequence 4, is A, := ,ll
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