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Abstract. In this article, we consider an implicit iterative scheme for two asymptotically quasi-I-nonexpansive
mappings 7, 75 and two asymptotically quasi-nonexpansive mapping I}, I, in Banach spaces. We prove weak
and strong convergence results for considered iteration to common fixed point of such mappings. Our main results

improve and compliment some known results.
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1. Introduction

Let D be a nonempty subset of a real normed linear space E and let .7 : D — D be a mapping.
Throughout this article, we assume that N is the set of natural numbers, we consider that E is
real Banach space and F(.7) is nonempty. Suppose F (.7 ) denote the set of fixed points of .7

i.e, F(7)={xe€D:7x=x}. Now, let us recall some known definitions.
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Definition 1.1. Let D be a nonempty closed convex subset of real Banach space E. A mapping

Z D — D is said to be:

(i) nonexpansive [4]if | Tx— Ty|| < ||lx—y||, forallx, y € D,
(ii) quasi-nonexpansive [18]if | Tx—q| <|x—¢||,forallx e Dand g € F(.7),

(ii1) uniformly L-Lipschitzian if there exists a constant L > 0 such that,
|7"x = T"y|| < Llx=yll, Vx,y€D, VneN,

(iv) asymptotically nonexpansive [6] with a sequence {k, } C [1,0) and lim,,_, k, = 1 such
that,

Hgnx_gnyu SanX—yH, vx7y€D7 VHEN,

(v) asymptotically quasi-nonexpansive [10] with a sequence {k, } C [1,e) and lim, ok, =

1 such that
|.7"x—q|| <knllx—¢q||VxeD,¥VneNand g€ F(T).

In 1916, Tricomi [18] introduced quasi-nonexpansive for real functions and later studied by
Diaz and Metcalf [2] for mappings in Banach spaces. Ghosh and Debnath [5] established a
necessary and sufficient condition for convergence of Ishikawa iterates of a quasi-nonexpansive
mapping on a closed convex subset of a Banach space. In 1972, the class of asymptotically non-
expansive mappings was introduced as a generalization of the class of nonexpansive mappings
by Goebel and Kirk [6]. In 2001, the class of asymptotically quasi-nonexpansive mapping was
introduced as a generalization of the class of asymptotically nonexpansive mappings by Qihou
[10]. Furthermore, it is easy to observe that, if F(7') # 0, then a nonexpansive mapping must
be quasi-nonexpansive and an asymptotically nonexpansive mapping must be asymptotically

quasi-nonexpansive mapping. But the converse implications need not be true.

There are many methods for approximating fixed point of a nonexpansive mapping. Xu and
ori [19] introduced implicit iteration process to approximate a common fixed point of a finite
family of nonexpansive mappings in a Hilbert space. After two years later, Sun [15] has ex-

tended an implicit iteration process for a finite of nonexpansive mappings, due to Xu and ori
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[19], to the case of asymptotically quasi-nonexpansive mappings in a setting of Banach spaces.

In 2006, Rhodes and Temir [12] are proved strong convergence result of Mann iteration
for I-nonexpansive mapping. Temir and Gul [17] are proved a weakly convergence result for
asymptotically I-nonexpansive mapping in Hilbert space. In [8] weak and strong convergence
of an implicit iteration process for asymptotically quasi I- nonexpansive mapping in Banach
space has been proved. Recently, in [20] implicit iteration process for approximating the com-

mon fixed points of two asymptotically quasi I- nonexpansive mappings were studied.

There are many concepts which generalize a notion of nonexpansive mapping. One of such

is I-nonexpansivity of a mapping .7 [14]. Let us recall some notions.

Definition 1.2. Let D be a nonempty closed convex subset of real Banach space E. A mapping
T, I:D — D be two mappings of nonempty subset D of a real normed linear space E. Then
T is said to be:

(i) I-nonexpansive if for all x,y € D and F(7) = {x € D : T x = x}, the set of fixed points
of 7,

|72 =Tyl < lilx=1yl,

(ii) asymptotically-I-nonexpansive with a sequence {k,} C [1,e) and lim,_,cok, = 1 such

that, for all x, y € D,
| 7" = 75 < kal"x— 1], Y €N,

(iii) asymptotically quasi-I-nonexpansive with a sequence {k,} C [1,0) and lim, ek, = 1

if, forallx e Dand q € F(T) = {x € D : Tx = x}, the set of fixed points of 7,
1.7"x = qll < kul[I"x—q|| Vn € N.

Remark 1.1. If F(.7)NF(I) is nonempty then an asymptotically I-nonexpansive mapping is
a asymptotically quasi-I-nonexpansive. But, there exists a nonlinear continuous asymptotically

quasi I-nonexpansive mappings which is asymptotically I-nonexpansive.
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Let ¢ be a bifunction of D x D into R, where R is the set of real numbers. The equilibrium

problem for ¢ : D x D — R is to find x € D such that
(1.1) o(x,y)>0,VyeD.

The set of solutions of (1.1) is denoted by EP(¢). Given a mapping 7 : D — D, let ¢(x, y) =
(Zx, y—x) forall x, y € D. For solving the equilibrium problem for a bifunction ¢ : D x D — R,

let us assume that ¢ satisfies the following conditions :

(C1) ¢(x, x) =0 forall x € D,
(C2) ¢ is monotone, that is, ¢ (x, y) + ¢ (y, x) <0 forall x, y € D,
(C3) foreach x, y, z€ D,

ltiJ/r(r)1¢(tz+ (1=1)x, y) < 9(x, y),

(C4) foreach x € D, y — @ (x, y) is convex and lower semicontinuous.

Motivated by above works, in this paper, we proposed a new implicit iteration scheme for ap-
proximating the common fixed points of asymptotically quasi [-nonexpansive mappings .71, %,

asymptotically quasi-nonexpansive mapping /1, I and equilibrium problem :

(

X0 €D,

(1.2) Xp = ApXp—1+ bnznyn + Cnl?xna

\yn = (j;zxn +bn%nxn + C/;ngn-

where {a,}, {bn}, {ca}, {an}, {bn}, {6} are six real sequences in (0, 1) satisfying a, + b, +

en=1=ap+by+6.

2. Preliminaries

Recall that a Banach space E is said to satisfy Opial condition [9] if for each sequence {x,} in

E such that {x, } converges weakly to x implies that

@.1) lim inf||x, —x|| < lim inf|x, —y||
n—oo n—oo
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for all y € E with y # x. It is well know that [3] inequality (2.1) is equivalent to
(2.2) nli_r)gsupH%—xH <r}i_r>rgosup|]xn—y\|.

Definition 2.1. Let E be a closed subset of a real Banach space E and let 7 : D — D be a
mapping.

(1) A mapping 7 is said to be semi-closed(demi-closed) at zero, if for each bounded se-
quence {x,} in D, the conditions x, converges weakly to x € D and T x, converges
strongly to zero imply 7 x = 0.

(ii) A mapping 7 is said to be semicompact, if for any bounded sequence {x,} in D such
that || x, — T xp|| — 0, n — oo, then there exists a subsequence {x,,} C {x,} such that

Xp, = x* € D strongly.
We restate the following lemmas which play key roles in our proofs.

Lemma 2.1. [1] Let D be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E and ¢ be a bifunction of D x D into R satisfying (C1) - (C4), let r > 0 and

x € E. Then, there exists z € D such that

1
0(z, y) +;<y—z, Jz—Jx) >0V yeD.
Lemma 2.2. [11] Let D be a closed convex subset of a uniformly smooth, strictly convex and

reflexive Banach space E and ¢ be a bifunction of D x D into R satisfying (Cl) - (C4). For
r > 0and x € E, define a mapping S, : E — D as follows:

1
S ={z€D:0(z ) +—{y—2 Jz—Jx), Yy e D}
for all x € E. Then, the following hold:
(1) S, is single-valued,

(2) S, is firmly nonexpansive-type mapping i. e., forall x, y € E,
(Syx — Sy, JSx —JS,y) < (Spx—S8,y, Jx—Jy),

(3) 9(S;) = EP(9),
(4) EP(9) is closed and convex.
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Lemma 2.3. [7] Let E be a uniformly convex Banach space satisfying the Opial’s condition,
D be a nonempty closed subset of E and . : D — D an asymptotically nonexpansive map-
ping. If the sequence {x,} C D is a weakly convergent sequence with the weak limit p and if

im0 || X7 — x| = 0, then ./ p = p.

Lemma 2.4. [13] Let D be a uniformly convex Banach space and let 0 < B <y < 1. Suppose

that {t,} is a sequence in [B, Y] and {x,}, {yn} are two sequence in D such that
23 Tim [, + (1 1)y | = . Tim suplf, | <., Tim sup|ly | <.
holds some d > 0. Then lim,,_,o ||x, — yu|| = 0.

Lemma 2.5. [16] Let {a, } and {P,} be two sequences of nonnegative real numbers with

Y Bn < oo. If one of the following conditions is satisfied:

(2) Opy1 < (1+Bu) 0, n > 1,

then the limit lim,,_.. 04, exists.

3. Main Results

Lemma 3.1. Let E be a real Banach space and let D be a nonempty closed convex subset of
E. Let 71, 9 : D — D be two asymptotically quasi-I-nonexpansive mapping with a sequences
{kn}, {hn} C[1, o) and I}, I, be two asymptotically quasi-nonexpansive self mapping of D
with a sequence {g,}, {t,} C[1, o). Let U, = max,en {kn, hn, gn, t,} and we assume that
R=sup,(1—a,), # =sup, u> > 1 such that F = F(F)N\F (%) NF (I,) F (I) is nonempty
and q* € F. And {a,}, {bn}, {cn}, {an}, {l;;l}, {¢n} are six real sequences in (0, 1) which

satisfy the following conditions :

(i) R(AM +.#%) < 1,
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(1) Xy (1= an) (pty + 7 — 1) < eo.
If {x,} is the implicit iterative sequence defined by (1.2), then
(1) limy,_se0 || X, — q*|| exists for each q* € F.

(2) The sequence {x,} generated by (1.2) converges strongly to common fixed point in F if

and only if liminf, .. d(x,, F) =0.
Proof. As g* € F, it follows from (1.2) that

%0 — ¢"[| = [lanxn—1 +ba T\ "y + cnlixn — 4|
< anllxn—1 =G ||+ bull A" yn — a" |+ cull l{xn — 47|
< anlxn—1 = q"[| + bk ||} yn — q"[| + cngnllxa — 4"
< anllxn—1 = ¢ ||+ (1 —an— cu)kngnllyn — ¢"[| + (1 — @n — bn)gnllxn — 4"

(3.1 < ap|lxp-1—q"||+(1 _an).u;%”)’n —q'|[+(1 —a,,)u,f”xn Al
Again from (1.2), we obtain

[yn = q" || = l|@nxn + bp T xn + Enlixn — q" |
< @lln — q" || + buha 1150 — " | + Gt |60 — 47|
< anllxn — g | + bubntn||xn — q" || + Entn X0 — ¢ ||
~ 2 * 2 * ~ 2 *
< anlty |1 Xn — " || + baty [ %0 — G| + Cnty [[xn — g7

(3.2) < 1% —g*||

Then from (3.1), we get

Pn — (1 < anlxn—1 = [ + (1 = an) bty xn = q" ||+ (1 = @) 15 6w — 4|

< dpln-1 = g1+ (1= an) (g + ) 20 — 7|
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This implies that

(3.3) [1— (1 —an) (1t + D2 — g [| < anllxn—1 — |

By condition (i) we obtain (1 —a,)(ut + u?) < sup(l —a,)sup(ut +u2) = R(A*+.4) < 1,

and therefore
1—(1—ay)(uf+u2) > 1—R(A*+.4) > 0.
Therefore (3.3) we take

ap

b=l < el 4
e
<[l ] g
<[ e -

_ (I—an) (5 —1)
Let Bu = kiiv.0m

. Then the last inequality can be written as follows :

(3.4) [0 = ¢"[| < (14 Ba) [oen—1 — g7

From condition (ii) we find

- . _ . )
;;ﬁn_l—R(,///+///2)Z(l n) (W, + 1y —1) <oo.

n=1

Now taking oy, = ||x,—1 — ¢*|| in (3.4) we obtain

01 < (1+Bn) ot
and according to Lemma 2.5 the limit lim,,—,. ¢, exists. This means the limit
(3 lim 15, — ¢’ =

exists, where d > 0 is a constant.
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It follows from (3.4) that
d(xy, F) < (14 By)d(xy—1, F).

So from Lemma 2.5, we obtain lim,,_,.. d(x,, F) exists. Furthermore, since liminf,,_,c d(x,, F) =
0, then lim,,_, d(x,, F') = 0. Next we show that {x,} is a Cauchy sequence in D. Let € > 0 be

arbitrarily chosen. Since lim,_,d(x,, F) = 0, there exists a positive integer mg such that
£
d(x,, F) < 5 YV n > my.

In particular, inf{||x,, —q¢|| : ¢ € F} < %. Thus there must exists g € F such that

Now, for all m, n > mg, we have

mtn =2l < Nomtn = gl + [0 — 4|

< 22, — 4|
<2(3)-e

Therefore {x,} is a Cauchy sequence in a closed subset D of a Banach space E and so it must
converge to a point ¢* in D. And lim, . d(x,, F) = 0 gives that d(¢*, F) = 0. By the routine
proof, we know F is a closed subset of D. Thus g* € F. This completes the proof.

O

Theorem 3.2. Let E be a real uniformly convex Banach space and let D be a nonempty closed
convex subset of E. Let ¢ : D x D — R be a bifunction which satisfy the conditions (CI)-
(C4).Let 71, Z5 : D — D be two uniformly Ly and L,- Lipschitizian asymptotically quasi-I-
nonexpansive mapping with a sequences {k,}, {h,} C [1, «) and I, I, be two uniformly L3
and L4- Lipschitizian asymptotically quasi-nonexpansive self mapping of D with a sequence
{gn}, {ta} C [, o). Let p, = max,en {kn, hn, &n, ta} and we assume that R = sup, (1 —
a), M =sup, U2 > 1 suchthat F = F(7)NF(%)NF (L) NF(L)NEP(¢) is nonempty and

q* € F. For an initial point xy € D, generate a sequence {x,} by v, € D such that
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e

OV, )+ (y— v, Jvy—Jx,) >0, VyeD,

'n

(3.6) Xp = pXp—1+by f%nyn + Cnl?xna

| n = nXn + bAn%”xn +cplixy, Vn > 1,
where {an}, {bn}, {cn}, {@n}, {bu}, {&} are six real sequences in (0, 1) satisfying an -+ b, +
en=1=ayp+by+é and {rn} C [p, o) for p > 0, which satisfy the following conditions :

(i) R(A + %) < 1,

(if) Tyry (1= an) (1 + 7 — 1) < oo,
(iii) liminf,, . 1, > 0.

Then the implicit iterative sequence {x,} defined by (3.6), satisfies the following :
lim ||x, — J1x,|| = lim ||x, — Z5x,|| = lim ||x, — I1x,|| = lim ||x, — Lx,|| = 0.
n—soo n—soo n—soo n—soo

Proof. We divide the proof into two steps.

Step 1. First, we will prove that
lim ||x, — Z}"x,|| = lim ||x, — 25 x,|| = lim ||x, — I{x,|| = lim ||x, — Bx,|| = 0.
n—eo n—oo n—oo n—oo

According to Lemma 3.1, we know that lim,_. ||x, — ¢*| exists for any ¢* € F. We have sup-

pose that lim,_ ||x, — ¢*|| = d. It follows from (3.6) that
lim ||x, — ¢*|| = im [|apx,—1 + bp T v + cnlixn — ¢ ||
n—yoo n—oo

= lim [la,(x,-1 —¢") +bn (A" yn —q") +Cn(li1xn —q")|l

n—soo
:r}grolo an(xn—l_q )+(1_an>[1_nan(‘%nyn_q )

Cn

3.7 +
1—a,

(zfxn—q*)] H —d.
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It follows from lim,_,e ||x, — ¢*|| = d that lim,_ ||x,—1 — ¢*|| = d. Taking limsup on both

sides, we have
(3.8) lim sup ||x,—; —g*|| = 0.
n—soo

In addition, from (3.7), we have

. b * (& *
11msupH1 " (A —q")+ ——T[x, —q")

n—oo —ay l_an

< lim sup— bn | yn —q" || + Cn |Iix —q*H}
T n—eo L1 —a, bon l—ay e

< timsup [ 2y g+ 22l — g
T n—eo L1 —a, i I —ay " "

< lim sup_ b wHlx, —q* || + En 1y || —q*H]
T n—oeo [1—a, " " l—a, " "

o oud
< r}iilgosup 1 _nan (bn+cn)llXn — 47|
(3.9) = lim sup . ||x, — ¢*|| = d.
n—yoo

From (3.7), (3.8), (3.9) and Lemma 2.4, we get

. * bn n * Cn n *
tim (|51 = ) = [ 77 (9= 47+ 2 =) |

= lim (= )11 =) (o1 = 4") = ba( F'ya = 0") = callia— ")

n

1
— lim ( >||xn—xn_1|| —0.

n—e \1—ay

Since the sequence {a,} in (0, 1), there are some constants a, b € (0, 1) such that

0<a<a, <b<1. Therefore, we have
(3.10) lim ||x, —x,—1|| = 0.
n—soo

On the other hand, from (3.7), we have

: K — 1 n X _ Qn X
tim [1x, — g = Jim ([ ("y0 )+ (1 =) [ 5 — ")
(3.11) +1i”b (Ifx,l—q*)”‘ —d.
n
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Since 7] is uniformly L;-Lipschitizian asymptotically quasi-nonexpansive mapping, we have
Tim || 7y =g || < 13 lyn = a7 || < s lln = 47

Taking lim sup on both sides, we take

(3.12) lim sup || 77"y, — ¢*|| < d,
n—oo
and
. a * c *
,}ggsur)Hl_"bn (%2 —q") + 1_"bn(1?xn—q )

. [ an * Cn 2 * i|
< _ _
_}}E;Igosup_l—bn(xn q)+1_bnll’l’l’l||xn CI”
< lim sup |+ 2%, — g"l|+ o —
e L1 —p, " 1—b, """

_ 'uZ
< lim sup | 17 (an - 6) v~
(3.13) = lim sup u2||x, — q*|| = d.
n—soo

From (3.11), (3.12), (3.13) and Lemma 2.4, we have
(3.14) lim ||x, — Z}"yn|| = 0.
n—oo
Similarly, we obtain
(3.15) lim ||x,, — I x,|| = 0.
n—soo
From (3.10) and (3.14), we take
(3.16) lim ||x,—1 — 2} yn|| < lim ||x,—1 — X, || + lim ||x, — Z"yn|| = 0.
n—oo n—oo n—oo
Consider

%01 = q" || < %1 = A"yl + | 7" yn — 4"
< n—1 = Tyl + kngnllyn — 4"l

< fon1 = Fyull + 157 ya = 41
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this implies that, we have
xn—1 = " | = %=1 — F"Yull < iy llxn — q*].
From (3.7) and (3.16) with Squeeze theorem yield
(3.17) lim ||y, =g = d
Again from (3.6), we can see that

lim [y, — ¢*|| = Hm ||@xn + bn 5% + Enlixn — g |
n—oo n—oo

= 1im (% — ¢7) +ba( 5% — 4°) + G (B30 — ¢°) |

n—yoo
= lim @ (0 ") (1 =) [T (7' —4")
(3.18) +- Cn_ (ngn—q*)] H —d.
—Un
In addition, from (3.18), we get
. @ .
lim sup | (00— )+ 7= (B =)
. G
< lim sup | | 0 — |+ B g
: [ Z 2 2 *
< Jim sup | gt o — |+ o 4
TR
s
< Jim sup | 7=~ (bn+ )l — 7|
(3.19) = lim sup ;[ — || = d
n—roo

From (3.5), (3.18), (3.19) and Lemma 2.4, we get

lim || (6, —q%) = [ = 2z = (T ¢)+ )|

n—oo

. 1 ~ * o * o~ *
— lim ( A)H<1—an><xn—q )= bal T~ 4) = o — ")
n—eo \1—a

N——

10 = yull = O

=<
—Un

13
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Since the sequence {a,} in (0, 1), there are some constants a, b € (0, 1) such that

0 <a<a, <b< 1. Therefore, we have
(3.20) lim ||x,, — yn|| = 0.
n—oo

In a similar way, we obtain

(3.21) lim ||x, — Z5"x,|| = 0.
n—oo
and
(3.22) lim ||x, — I3 x,|| = 0.
n—oo

From (3.10), (3.16) and (3.20), we take
nlgrolo [[xn — T x| < ,}g{}o[Hxn = Xp—1 || + Xn—1 = A yull + | " yn — " xall]
(3.23) < lim [l =201 | =+ [|¥—1 = F"yul + Lt [lyn — 2 [[] = 0.
Consider, from (3.10) and (3.21), we take
(3.24) lim ||x,—1 — 25", || < Hm ||x,—1 — x| + lim ||x, — Z5"x,]| = 0.
n—oo n—oo n—oo
From (3.10) and (3.15), we take
(3.25) lim ||x,—1 — I7x,|| < lim ||x,—1 — x| + lim ||x, — I{x,]| = 0.
n—oo Nn—yoo n—oo
and by (3.10) and (3.22), we take
(3.26) lim ||x,—1 — B3x || < lim ||x,—1 — x| + lim ||x, — I3 x,|| = 0.
n—oo n—oo n—oo
Finally, we get

120 = T2l < lloen = x|l + |- 2750 — 1260 |
< |Jxn = F"xall + La ”LG—lxn — Xn||
< Jw = Tl +Li [ 7" o = F e [ 1 et = Xt |+ 21— 2 ]
< fta = Fxall A+ Li [La ot — 1 |+ 17 et = Xt [+ 1 — 0]

<l = F %l + Lo (Ly + 1) = xn-all 4 Li | 7 2t = x|



CONVERGENCE RESULTS FOR TWO ASYMPTOTICALLY QUASI-I-NONEXPANSIVE MAPPINGS

with (3.10) and (3.23), we obtain

(3.27) lim ||x, — Z1x,]| = 0.
n—so0

Analogously, one has

bin = Tl < [ln = T x| + Lo (Lo A 1) tn = w1 |+ L2l 5" ot =20

120 = T | < {30 — 1|} + L3 (L3 + 1) [lxa — X1 | +L3HI?_1)Cn*1 —Xn—-1]l;
and
260 — D2 | < [0 — x| + La(La + 1) |30 — X1 | +L4||I£l_1xn*1 —Xn—1l],

which with (3.10), (3.15), (3.21) and (3.22) imply

(3.28) lim ||x, — Z5x,|| =0
n—yoo

(3.29) lim ||x, — I1x,|| =0
n—yoo

and

(3.30) lim ||x, — Lx,|| = 0.
n—oo

15

Step 2. Assume z* € F = F () NF(%)NF(I))NF (L) NEP(¢). From the definition of nota-

tion 7, in Lemma 2.2, we know that v, = T}, x,,. So, it follows that

V=2l = 1720 = T, 2" || < [l = 27

Since {v,} is bounded, there exists a subsequence {v,, } of {v,} such that {v, } converges

weakly to z* € D when z* = J~!w* for some w* € J(D). By (3.4), we have that {x,, } converges

weakly to z* € D and from (3.20), we also have that {y,, } converges weakly to z* € D. Also,
from (3.15), (3.21), (3.22),(3.23) and Lemma 2.3, we obtain z* € F(Z)NF(%)NF([})N

F(b).
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Next, we show that z* € EP(¢), that is Jz* = w* € J(EP(9)). By v, = T, x,, since J is

uniformly norm-to-norm continuous on bounded subset of E, it follows that
(3.31) lim ||Jx, — Jv,|| = 0.
n—oo

From the assumption r, € [p, o), one sees

(3.32) iy X = Jvall _

n—oo Tn

0.

Since {x,} is bounded and so is {Jx,}, there exists a subsequence {Jx, } of {Jx,} such that
{Jx, — w*}. Since {v,} is bounded, by (3.40), we also obtain {Jv, — w*}. Noticing that

vp = T, x,, we obtain

1
(P(Vm y)+—<y—Vn7 Jvn_an> 207 yeDa

T'n

(3.33) OV, ¥)+ =,

Jvp, —Jxy,

T'ny

J Vi, —ank

According to (3.40), we obtain lim;_,.. [ ] — 0. Then, from (C2), we find

g

1
_<y_vn7 JVn_an> > _(D(Vna y)7

Vn
Jv, —JIx,

n

(3.34) (y = vn, )= 0y, va).
Since w — 0 and {Jv, = w*}, we obtain

(3.35) ¢(y, w') <0yeD.

Fort with0<r<landye€D,lety, =ty+ (1 —t)w". Since y € D and w* € D, we have y, € D

and hence ¢ (y;, w*) <0. So from condition (C1) and (C3), we have
(3.36) 0=00n y) <190z, y)+ (1 =) (3, w*) <19 (v, ¥),
and hence 0 < ¢(y;, y). From (C3), we have

0<¢(w", y),VyeD,

and hence w* € EP(¢). This completes the proof.
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Theorem 3.3. Let E be a real uniformly convex Banach space satisfying Opial condition and
let D be a nonempty closed convex subset of E. Suppose X : E — E is an identity map-
ping, let 71, 7> : D — D be two uniformly Ly and Ly-Lipschitizian asymptotically quasi-I-
nonexpansive mapping with a sequences {k,}, {h,} C [1, «) and I, I, be two uniformly L3
and Ly-Lipschitizian asymptotically quasi-nonexpansive self mapping of D with a sequence
{gn}, {ta} C [, o). Let n, = max,en {kn, hn, &n, ta} and we assume that R = sup, (1 —
ay), M = sup, u2 > 1 such that F = F(7)NF(%)NF(I;) N F(L) is nonempty and q* € F.
And {a,}, {bn}, {ca}, {@n}, {bn}, {G} are six real sequences in (0, 1) which satisfy the fol-

lowing conditions :
(i) R(AM + %) < 1,

(ii) Xor_y (1 — an) (Mg + 7 — 1) < oo,

If the mappings X — 7, X — %, X — I}, X — I, are semiclosed at zero, then the implicitly

iterative sequence {x,} defined by (1.2) converges weakly to common fixed point of F.

Proof. Let ¢* € F, then according to Lemma 3.1 the sequence {|[x, — ¢*||} converges. This
provides that {x,} is bounded sequence. Since E be a uniformly convex, then every bounded
subset of E is weakly compact. Since {x,} is bounded sequence in D, then there exists a
subsequence {x,,} C {x,} such that {x, } converges weakly to g € D. Therefore, from (3.27),
(3.28), (3.29) and (3.30) it follows that

(3.37)

nlrgnoo ||xnr - <7ixnr H = n{}l}noo Hxnr - %xnr || = n{,ll)rloo ||xnr - Il'xnr H = nlrli)noo Hxnr - sznr H =0.

Since the mapping X — 71, X — %, X —I; and X — I, are semiclosed at zero, hence, we find

Nq=q, 2q=q, I1q=qand g = q whichmeans g € F = F(Z7)NF(%)NF(I})NF(L).

Finally, let us prove that {x,} converges weakly to ¢g. In fact, suppose the contrary, that is,

there exists some subsequence {x,.} C {x,} such that {x, } converges weakly to ¢; € D and
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q1 # q. Then by the same method as given above, we can also prove that g € F = F(.9]) N
F(Z)NF()NF (D).
From Lemma 3.1, we can prove that the lim,,_ ||x, — ¢|| and lim,_,« ||x, — g1 || exist, and we

have

(339) lim lx, —g]| = d. lim |, =g ]| = .

where d and d; are two nonnegative numbers. By asset of the Opial condition of E, we take
d= lim sup|lx, —q| < Jim sup|x, g1l =i

(3.39) = lim sup|xs, —qu| < lim sup|jx,, —qll.

This is a contradiction. Therefore ¢; = ¢. This implies that {x,} converges weakly to ¢g. This

completes the proof.

Now we formulate next results concerning strong convergence of the sequence {xn}

Theorem 3.4. Let E be a real uniformly convex Banach space and let D, 71, %, I}, L, {x,}
be same as in Theorem 3.3. Suppose that the conditions in Theorem 3.3 is satisfied. If at least
one mapping of the mappings 71, , I, and I, are semicompact, then an explicitly iterative

sequence {x,} defined by (1.2) converges strongly to a common fixed point in F.

Proof. Without any loss of generality, we may assume the .77, %, I| and I, are semicompact.

Then from (3.27), (3.28), (3.29) and (3.30), we have
lim ||x, — Z1x,]| = lim ||x, — Z5x,|| = lim ||x, — 1x,|| = lim ||x, — Lx,|| = 0.
n—soo n—soo n—soo n—soo

From the semicompactness .77, %, I1 and I, there exists a subsequence {x,, } C {x,} such that

Xn, — q converges strongly to a g € D. Again, using (3.27), (3.28), (3.29) and (3.30), we obtain
lim [|x,, — Z1x, || = g — Z14]| =0, lim |\x,, — Zox, || = |lg — Z24]| =0,
ny—roo nyp—>o0

tim [}, — 5, | = llg—Iigll =0, tim [lx,, — B, | = g L2g]l =0.
ny—>o0 nyp—soo



CONVERGENCE RESULTS FOR TWO ASYMPTOTICALLY QUASI-I-NONEXPANSIVE MAPPINGS 19
This shows that g € F = F(7) NF(%)NF(I}) NF(L). According to Lemma 3.1 the limit

lim, e | X, — || exists. Then
r}gl}o [0 —ql| = nlrli}noo [, — gl =0,

which means that {x,} converges to ¢ € F. This completes the proof.

We give example for equilibrium problem as follows :

Example 3.5. Let E =R and D = [—100, 100]. The equilibrium problem is to find x € D such

that
(3.40) o(x,y)>0,VyeD,

where we define
O(x, ) = —2% +xy+y°.

Now, we can easily know that ¢ satisfy the conditions (C1)-(C4) as follows:

(C1) ¢(x, x) = —2x> +x*+x*> =0, V x € [-100, 100],
(C2) ¢(x, y)+0(y, x) = —(x—y)> <0, YVx, y € [-100, 100],
(C3) forall x, y, z € [—100, 100],

lim¢(tz+ (1 —1)x, y) =lim¢(x+1(z—x), y)

t10 t10

=lim[-2(x+1(z — )+ (x+1(z—x))y+y]

=1ti¢r(r)1¢>(x4rf(z—x)7 y)

= lim[~2(x-+ (5 —x))7+ (y+1(z—x)y+y°)]

=2 +xy+y* < 9(x, y),

(C4) for each x € [—-100, 100], ¢(x, y) = —2x% +xy +y? is convex and weakly lower semicon-

tinuous.



20 VINOD KUMAR SAHU

Conflict of Interests

The authors declare that there is no conflict of interests.

Acknowledgements

The research of the author is supported by UGC Teacher fellowship Bhopal F. No. : 24 - 02/(12)
14 - 15/ (TRF/CRO).

REFERENCES

[1] E. Blum, W. Oettli, From optimization and variational ineqalities to equilibrium problems, Math. Student
63 (1994), 123-145.

[2] J. B. Diaz, F. B. Metcalf, On the structure of the set of subsequential limit points of succeessive approxima-
tion, Bull. Amer. Math. Soc. 73 (1967), 516-519.

[3] E. Lami Dozo, Multivalued nonexpansive mappings and Opial’s condition, Proc. Amer. Math. Soc. 38
(1973), 286-292.

[4] M. Edelstein, On nonexpansive mappings, Proc. Amer. Math. Soc. 15 (1964), 689-695.

[5] M. K. Ghosh, L. Debnath, Convergence of Ishikawa iterates of quasi-nonexpansive mappings, J. Math. Anal.
Appl. 207 (1997), 96-103.

[6] K. Goebel, W. A. Kirk, A fixed points theorem for asymptotically nonexpansive mappings, Proc. Amer. Math.
Soc. 35 (1972), 171-174.

[7] J. Gornicki, Weak convergence theorems for asymptotically nonexpansive mappings in uniformly convex
Banach spaces, Comment. Math. Univ. Carolin. 30 (2) (1989), 249 - 252.

[8] F. Mukhamedov and M. Saburov, Weak and strong convergence of an implicit iteration process for an asymp-
totically quasi I-nonexpansive mapping in Banach space, Fixed Point Theory and Appl. 2010 (2010), Article
ID 719631, 13 pages.

[9] Z. Opial, Weak convergence of the sequence of successive approximations for nonexpansive mappings, Bull.
Amer. Math. Soc. 73 (1967), 591-597.

[10] L. Qihou, Iterative sequences for asymptotically quasi-nonexpansive mappings, J. Math. Anal. and Appl.
259 (2001), 1-7.
[11] X. Qin, Y. J. Cho, S. M. Kang, Convergence theorems of common elements for equilibrium problems and

fixed point problems in Banach spaces, J. Comput. Appl. Math. 225 (2009), 20-30.



CONVERGENCE RESULTS FOR TWO ASYMPTOTICALLY QUASI-I-NONEXPANSIVE MAPPINGS 21

[12] B. H. Rhodes and S. Temir, Convergence theorems for I-nonexpansive mapping, Int. J. Mathematics and
Mathematical Sciences 2006 (2006), Article ID 63435, 4 pages.

[13] J. Schu, Weak and strong convergence to fixed points of asymptotically nonexpansive mappings, Bull. Aus-
tralian Math. Soc. 43(1) (1991), 153-159.

[14] N. Shahzad, Generalized I-nonexpansive maps and best approximations in Banach spaces, Demonstration
Mathemaica 37(3) (2004), 597-600.

[15] Z. H. Sun, Strong convergence of an implicit iteration process for a finite family of asymptotically quasi-
nonexpansive mappings J. Math. Anal. Appl. 286(1) (2003), 351-358.

[16] K. K. Tan and H. K. Xu, Approximating fixed points of nonexpansive mapping by the Ishikawa iteration
process, J. Math. Anal. Appl. 178(2) (1993), 301-308.

[17] S. Temir and O. Gul, Convergence theorems for I- asymptotically quasi-nonexpansive mapping in Hilbert
space, J. Math. Anal. Appl. 329(2) (2007), 759-765.

[18] F. Tricomi, Un teorema sull convergenza delle successioni formate delle successive iterate di una funzione di
una variable reale, Giorn. Mat. Battaglini 54 (1916), 1-9.

[19] H. K. Xu and R. G. Ori, An implicit iteration process for nonexpansive mappings, Numerical Functional
Analysis and Optimization 22(5-6) (2001), 767 - 773.

[20] I. Yildirin, On the convergence theorems of an implicit iteration process for asymptotically quasi I-

nonexpansive mappings, Hacettepe J. of Mathematics and Statistics 42(6) (2013), 617-626.



