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Abstract. In this paper, we prove a common fixed point theorem in complex valued metric spaces satisfying
rational inequality using compatible and weakly compatible mappings. Our result generalizes the recent result of
Nashine et al. [6] and Azam et al. [2].
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1. Introduction.

Jungck[3] proved a common fixed point theorem for commuting maps generalizing the Banach’s
fixed point theorem. Sessa[9] defined weak commutativity and proved common fixed point
theorem for weakly commuting mappings.

Further, Jungck[4] introduced the notion of compatibility, which is more general than that of
weak commutativity, then various fixed point theorems for compatible mappings satisfying
contractive type conditions and assuming continuity of at least one of the mappings, have been
obtained by many authors. In 1998, Jungck and Rhoades[5] introduced the notion of weak
compatibility and showed that compatible maps are weakly compatible but the converse need not
to be true. In 2011, Azam et al.[2], introduced the notion of complex valued metric spaces and
established some fixed point results for a pair of mappings for contraction condition satisfying a
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rational expression. Though complex valued metric spaces form a special class of cone metric
space, yet this idea is intended to define rational expressions which are not meaningful in cone
metric spaces and thus many results of analysis cannot be generalized to cone metric spaces.
Indeed the definition of a cone metric space banks on the underlying Banach space which is not a
division Ring. However, in complex valued metric spaces, one can study improvements of a host
of result of analysis involving division. One can refer related results in [8,10]. Recently Ahmad
et al. [1] prove some common fixed results for the mappings satisfying rational expressions on a
closed ball in complex valued metric spaces and Rafiq et al.[7] prove some common fixed point
theorems of weakly compatible mappings in complex valued metric spaces.
The aim of paper is to prove a common fixed point theorem using compatible and weakly
compatible mappings and continuity in complex valued metric spaces.
2. Basic definitions and preliminaries.
We recall some notations and definitions that will be utilize in our subsequent discussion.
The following definition is recently introduced by Azam et al. [2].
Let C be the set of complex numbers and z1,z2 € C . Define a partial order < on C as follows:
z1 S zzif and only if Re(z1) < Re(z2), Im(z1) < Im(z2).
Consequently, one can infer that z: < z» if one of the following conditions is satisfied:

(i) Re(z1) = Re(z2), Im(z1) < Im(z2),

(i)  Re(z1) <Re(z2), Im(z1) = Im(z2),

(i)  Re(z1) < Re(Z2), Im(z1) < Im(z2),

(iv)  Re(z1) = Re(z2), Im(z1) = Im(z2).
In particular, we write z1 < 72 if z1 # z> and one of (i), (ii), and (iii) is satisfied and we write 21
< zo ifonly (iii) is satisfied. Notice that0 < z1 £ 2z, = |z;| < |z,| and
71 S, <23=> 1< I3,
Definition 2.1[2]. Let X be a nonempty set, whereas C be the set of complex numbers. Suppose
that the mapping d : X x X— C, satisfies the following conditions:

(d1) 0 = d(x,y) for all x,y € X and d(x,y) =0 ifand only if x = y;

(d2) d(x,y) =d(y,x) forall x,y € X;

(d3) d(x,y) 2 d(x,z) +d(z,y) forall x,y, z € X.

Then d is called a complex valued metric on X, and (X,d) is called a complex valued metric

space.
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Definition 2.2[2]. Let (X, d) be a complex valued matric space and B € X.
Q) b € B is called an interior point of a set B whenever there is 0 < r € C such that
N(b, r) € B, where N(b, r) ={y € X: d(b,y) < r }.
(i) A point x € X is called a limit point of B whenever for every 0 <recC,
N(x, 1) N (B\{X}) # ¢.
(i)  Asubset A € X is called open whenever each element of A is an interior point of A
whereas a subset B € X is called closed whenever each limit point of B belongs to B.
The family
F={N(x,r):x€eX,0 < r}
is a sub-basis for a topology on X. We denote this complex topology by ¢ . Indeed, the topology
Tc Is Hausdorff.
Definition 2.3[2]. Let (X, d) be a complex valued metric space and {x,, }»>1 be a sequence in X
and x € X. We say that
Q) the sequence {x,, }»>1 converges to x if for everyc € C with0 < cthereisng € N

such that for all n > ng, d(x,,, X) < c.We denote this by lim x,, or x,, — x, as n — oo,
n

(i) the sequence {x,}n>1 is Cauchy sequence if for every c € C with 0 < cthereisno €
N such that for all n > no, d(x,,, X, +m) <C,
(iii)  the metric space (X, d) is a complete complex valued metric space if every Cauchy
sequence is convergent.
Definition 2.4. If f and g are mappings from a metric space (X,d) into itself, are called
commuting on X, if d(fgx, gfx) =0 forall x € X.
Definition 2.5[9]. If f and g are mappings from a metric space (X,d) into itself, are called weakly
commuting on X, if d(fgx,gfx) < d(fx,gx) for all x € X,
Definition 2.6[4]. If f and g are mappings from a metric space (X,d) into itself, are called

compatible on X, if lim d(fgx, gfx,) = 0, whenever {x,} is a sequence in X such that
n—->oo

lim fx, = lim gx, =X, for some point x € X.

n—->oo n—-oo

Definition 2.6[5]. Let f and g be two self-maps defined on a set X, then f and g are said to be
weakly compatible if they commute at coincidence point.
Lemma 2.1 [2]. Let (X, d) be a complex valued metric space and {x,, }be a sequence in X. Then

{x,,} converges to x if and only if |d(x,,, X)|— 0 as n—co.
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Lemma 2.2 [2]. Let (X, d) be a complex valued metric space and {x,, }be a sequence in X. Then
{x,,} is a Cauchy sequence if and only if |d(x,, Xp+m)|— 0 as n, m—oo.
Lemma 2.3 [4]. Let f and g be compatible mappings from a metric space (X, d) into itself.

Suppose that lim fx, = lim gx, = x for some x € X.
n—-oo n—oo
Then lim gfx, = fx, if f is continuous.
n—-oo

3. Main Results.
Our result generalizes the recent result of Nashine et al. [6] and Azam et al. [2].
Theorem 3.1. Let (X, d) be a complete complex valued metric space and mappings
f, g, S and T:X— X satisfying

(311 Scg, Tcf;

d(fx,Sx)d T
(3.1.2) and d(Sx, Ty) S ad(fx, 9y)+f3{d(fx,Tyffd<;y,s%y+dy&x,gy)}

for all x,y in X such that x#£y, d(fx, Ty)+d(gy, Sx)+d(fx, gy) # 0 where a , 8 are nonnegative
realswitha + g < 1.
(3.1.3) Suppose that one of S or f is continuous, pair (S, f) is compatible and (T, g) is weak
compatible,
(3.1.4) or one of T or g is continuous, pair (S, f) is weak compatible and (T, g) is compatible.
Then f, g, S and T have a unique common fixed point in X.
Proof. Suppose x, be an arbitrary point in X. We define a sequence {y,,}in X such that
Yoan = SX2n = Xon+1
Vont1 = TXzn1 = Yotz ;n=0,1,2,...
Then,
d(Van, Yan+1) = d(Sxzn, Tx2n41)

A(fX2n,S%2n) A(GX2n+1,TX2n+1)
< +
@ d(fon, gx2n+1) '8 {d(fxzn,Tx2n+1)+ d(gxan+1,5%2n)+ d(fxzn, 9X2n+1)

d(Yan-1,Y2n)dV2nY2n+1) }
<ad _ + { ' '
(yZn 1,}/2n) 'B d(J/Zn—1,YZn+1)+ A(y2n,Y2n)+ dWan-1,Y2n)

A(y2n-1,Y2n)d(V2nY2n+1)
S a d(Yzn-1,Y2n) + 'B{ - dl(yzzn)Yan-l) - }

5 a d()’Zn—l, yZn) + ﬁd(yZn—l, yZn)

d(Van, Yan+1) 3 (@ + B) d(y2n-1, Y2n)
similarly, we can show that
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d(V2nt1 Yans2) 3 (@ + B) d(Van Yan+1)-
If (a+pB) =6<1,then
|[d(V2n+1, Yona2)| 3 5|d(3’2n,3’2n+1)| NI 52n+1|d(3’0'3’1)|
so that for any m > n,
l[dan Y2m)| R 1dV2n, Y2ne1) + AV2nt1, Yanz) *ooo + dVam-1, Yom)l
S 3+ 8"+ L+ 87 |d(yo,p1)]

52n
S 1-s |d(3’0,3’1)| — 0 asm, n — oo.

Hence {y,,} is a cauchy sequence and since X is complete, sequence {y,, }converges to point t
in X and its subsequences Sxu,, TX2p41, X2n42, and gx,, 41 Of sequence {y,,} also converges
to point t.

Let f is continuous and since S and f are compatible on X. Then by lemma (2.3), we have
f?x,, and Sf x,,—ft as n—o.

Consider

d(f2x2n, Sfx2n) d(9X2n+1,TX2n+1)
d(Sfx,,, Tx < a d(fPx,,, gx + { : : }
( n 2n+1) ( 2n.9 2n+1) ﬁ d(f2xzn Txon+1)+ A(GX2n+1,.5f%2n)+ d(f? Xzn, 9X2sn+1)

Letting n—oo, we get

d(ft,ft)d(t,t)
<
d(ft,t) < a d(ftt) + 8 { d(ft,t)+d(t.ft>+d(ft,t>}

(1-a)d(ft,t) < 0'so that ft = t.

Again consider
A(SLTonen) S € A(ft Gon i) + 6 |
Letting n—o0, we get

diSt,t) Sad(t,t)+p { a(t,std(et) }

d(t,t)+d(t,t)+d(t,t)

d(ft:St) d(gx2n+1,Tx2n+1) }
d(ft,Txon1)+ d(gX2n41,5t)+d(ft,9%2m41) )’

d(St, t) < 0so that St =t.

Now since S c g and there exists another point u in X, such that t = St = gu.
Consider

d(t, Tu) = d(St, Tu)

d(ft,st)d(gu,Tu)
<
d(t’ TU) ~a d(ﬂ' gu) * B {d(ft,Tu)+ d(gu,St)+d(ft,gu)}

d(t,t)d(t,Tu)
<
dit, Tu) 3 ad(t. ) + § {d(t,Tu)+d(t,t)+d(t,t)}
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d(t,Tu) S 0sothat Tu =t.

Since T and g are weak compatible on X and Tu=gu and Tgu =gTu.
Consider

d(t, gt)=d(St, Tt)

d(ft,St)d(gt,Tt)
<
d(t, gt) = ad(ft gt) + B {d(ft,Tt)+d(gt,St)+d(ft,gt)}

d(t,t)d(gt,Tt)
<
d(t' gt) ~a d(t' gt) t B {d(t,Tt)+d(gt,t)+d(t,gt)}

(1- @) d(t, gt) S Osothat gt =t.
Henceft=gt=St=Tt=1t.

Thus t is a common fixed point of f, g, Sand T.
Similarly, we can show that t is a common fixed point of f, g, S and T, when S is
continuous.
For the ‘or ’part, let T is continuous and since T and g are compatible on X. Then by
lemma (2.3) we have
T? x5, and gTx,, =Tt asn— oo,

Consider

2 < d(fx2n,SX2n )A(gTX2n,T*X2n)
Ad(Sx2n, T %2,) S a d(fxyy,, gTx,y,) + {d(fon,szZn)+ A(GTXamSXam)+ A(f X2 gTXam) )

Letting n—oo, we get

da;n)ﬁada;ny+ﬁ{ d(EDarLry) }

d(t,Tt)+d(Tt,t)+d(t,Tt)
(1- @) d(t, Tt) S O so that Tt =t.
Now since Tc f, there exists a point v in X, such thatt= Tt = fv.

Consider

2 < d(fv,5v)d(gTxzm, T?X2m)
d(SV' T X2n) ~a d(fV, ngZn) B {d(fv,TZxZn)+ d(gTxan SV)+ d(fv, gTxan )~

Letting n—oo, we get

d@wTOSad@TO+ﬁ{ d(t,Sv)a(TLTE) }

d(t,Tt)+d(Tt,Sv)+d(t,Tt)

d(Sv,t) = ad(t,t)

d(Sv, t) < 0sothat Sv =t.

Since S and f are weakly compatible on X and Sv = fv and Sfv = fSv
impiles that St = Sfv = fSv = ft.
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Now consider

d(ft,St)d(gx2n+1 Tx2n+1)
< ,
d(St’ Tx2n+1) ~a d(ft’ gx2n+1) th {d(ff, Tx2n+1)+d(gXan+1, SO+A(fL, 9x2n+1)}'

Letting n—oo, we get

d(st,st) d(tt)
<
d(St, t) =« d(St! t) + :8 {d(St,t)+d(t,5t)+d(St't)}

(1- @) d(St, t) S Osothat St=t.

Now since S c g, there exists a point w in X, such that t = St = gw.

Now
d(t, Tw) =d(St, Tw)

d(ft,st)d(gw,Tw)
<
S ad(ft, gw) + B { d(ft,Tw)+d(gw,St)+d(ft,gw)}

d(t,t)d(t,Tw)
<
Sadto+p { d(t,Tw)+d(t,t)+d(t,t)}

d(t, Tw) S 0sothatt=Tw.

Since T and g are compatible on X and Tw=gw =t and d(gTw, Tgw) =0

impiles that gt = gTw = Tgw = Tt.

Hence St=Tt=ft=gt =1t.

Therefore, t is common fixed point of f, g, Sand T.

Similarly, we can show that t is also common fixed point of f, g, S and T, when g is continuous.
Now, we prove the uniqueness of t.

Suppose that w #t be another common fixed point of f, g, Sand T.

Then

d(t, w) = d(St, Tw)

d(ft,st)d(gw,Tw)
<
d(t’ W) ~a d(ﬂ' gW) *B {d(ft,Tw)+d(gw,St)+d(ft,gw)}

d(tt) d(w,w)
<
S ad(tw) +p { d(t,w)+d(W,t)+d(t:W)}

d(t, w) < ad(t,w)

(1-a)d(t, w) = 0, which is a contradiction. Hence t = w.

Therefore, t is unique common fixed point of f, g, Sand T.

By setting f = g = | we get the following corollary:

Corollary 3.2. Let (X, d) be a complete complex valued metric space and mappings S, T:X = X
satisfy:
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(3.2.1) ScT

d(x,Sx) d(y,T
(3.2.2) and d(Sx,Ty) = ad(x,y) + {dwy;;@’ s(,f)fd)(x,y)}

for all x,y in X such that x#y, d(X, Ty)+d(y,Sx)+d(x,y) # 0.where a, § are nonnegative reals with
a+ B <1 If pair (S, T) is weakly compatible. Then S and T have unique common fixed point in
X.
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