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1. Introduction and Preliminaries

Fuzzy set was defined by Zadeh [18] in 1965 which is a mathematical framework to
vagueness or uncertainity in daily life. Kramosil and Michalek [11] introduced fuzzy metric spaces
and this concept was modified by George and Veeramani in 1994[8].The concept of fuzzy
mappings was first introduced by Heilpern [10]. Bose and Sahani [2], Chang and Huang [6], Chang
[4], Som and Mukherjee [17] studied fixed point theorems for fuzzy mappings. Bose and Sahani
[2] have extended the result of Heilperns for a pair of generalized fuzzy contraction mappings. A
fixed point theorem was described by Lee and Cho [12] for contractive type fuzzy mappings which
is generalization of Heilperns [10] result. Park [14] introduced the notion of intuitionistic fuzzy

metric space in 2004. Several common fixed point theorems for contractive type mappings have

*Corresponding author
E-mail address: neenavijay09@gmail.com
Received August 20, 2017
221



222
INTUITIONISTIC FUZZY METRIC SPACES

been proved by many authors in the recent years. In this paper we have proved fixed point for
mapping under contractive conditions using fuzzy metric triangular inequality [7].
Definition 1.1 [16]: A binary operation *: [0,1] x [0,1] = [0,1] is continuous t-norm if * is
satisfying the following conditions:
Q) * IS commutative and associative;
(i) * IS continuous;
(iii)) ax*1=aforall ae [0,1];
(iv)  a*b <cx*dwhenevera < candb < dforalla,b,c,de|[01].
Definition 1.2 [16]: A binary operation ¢: [0,1] x [0,1] — [0,1] is continuous t-norm if ¢ is
satisfying the following conditions:
(i) 0 is commutative and associative;
(i) ¢ is continuous;
(iii) a0 0=aforallae[0,1];
(iv) a¢b <c ¢ dwhenevera < candb < dforalla,b,c,de[0,1]
Definition 1.3 [1]: A 5 — tuple (X, M, N,x,9 ) is said to be an intuitionistic fuzzy metric space
(shortly IFM- space) if X is an arbitrary set, * is a continuous t- norm , ¢ is a continuous t-conorm
and M, N are fuzzy sets on X?x (0,) satisfying the following conditions for all x,y,z e X
andt,s > 0,
(i) M(x,y,t) + N(x,y,t) < 1;forall x,yeXand t > 0
(ii) M(x,y,0) = 0; forall x,y € X;
(iii) M(x,y,t) =1 forallt > 0ifandonly x = y;
(iv) M(x,y,t) = M(y,x,t); forall x,yeXandt > 0;
(v) M(x,y,t)* M(y,z,5) < M(x,z,t+s) forall x,y,ze Xand s, t > 0;
(vi)  M(x,y,.):[0,00) - [0,1] is continuous;
(vii)  lim_ M(x,y,t) = 1forallx,yin X and t > 0;
(viii)  N(x,y,0) = 1forall x,y € X;
(ix) N(x,y,t)=0forallx,yeXandt > 0ifandonlyifx = y;
(x) N(x,y,t) = N(y,x,t) forallx,ye Xandt > 0;
(xi) N(x,y,t) 0 N(y,z,s) = N(x,z,t+s)forall x,y,ze X and s,t > 0;
(xii) N(x,y,.):[0,0) — [0,1] is continuous for all x,y € X ;
(xiii) lim;,,N(x,y,t) =0 forall x,ye Xandt > 0;
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Then (M, N) is called an intuitionistic fuzzy metric space. The functions M (x, y,t) and N(x, y, t)
denote the degree of nearness and the degree of non-nearness between x and y with respect to ¢,
respectively.

Definition 1.4 [14,16]: A sequence {x,} in an intuitionistic fuzzy metric space (X, M, N,x,0 ) is
said to be Cauchy sequence is convergent with respect to the topology y, x).

Let (X,M,N,*,0) be an intuitionistic fuzzy metric space. According to [7], the fuzzy metric

(M, N) is called triangular whenever

1 1 1
M(x,y,t) = M(x,z,t) -1+ M(z,y,t) -
And

N(x,y,t) < N(x,z,t) + N(z,y,t)
Forall x,y,ze X and t > 0.

2. Main Results
Theorem 2.1: Let (X,M,N,x,0) be a complete triangular intuitionistic fuzzy metric space,

k €(0,1) and let G: X — X be a continuous mapping satisfying the contractive condition

1
M(Gx,Gy,t)

1 1 1 1
1< kmax (5 o5~ bioes ~ Vinss Y 1) .1

Forall x,y e X. Then G has a fixed point.
Proof: Let x, eX.Putx; = Gx, and x,,,;, = G"*1x, foralln > 1.
If Gx,, = x,,,, for some n, then we have nothing to prove.

Assume that x,, # x,44 forall n. Then

; — 1 — 1 _ 1
M(xn41,Xn,t) M(Gxyn,Gxp_1,t)
1 1 1 1
Skmax( —1, —1, ~1, —1)
M (xn,Gxn,t) M(xn-1,Gxn-1,t) M (xn,GXn-1,t) M(xn,xn-1,t)
Now for each n, put
1 1 1 1
tn - max (M(xn’Gxn’t) B 1’M(xn—1'Gxﬂ—1't) B 1' M(xpn,GXpn—1,t) B 1' M (Xn,Xn-1,t) N 1)
1
Casel: Ift, = ————1, then

M (x7,GxXp,t)

<kt —1) =k (—— 1)
M(xn+1’xn't) M(xn'Gxn't) M(xn'xn+1vt)

which is a contradiction.
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1
M(xn—l:Gxn—l:t)

Casell: If t,, = — 1, then

1 1 1
M(Xpn+1.Xn.t) —lsk (M(xn_l,Gxn_l,t) B 1) =k (M(xn_l,xn,t) N 1)
1 1

But M (xp,xn-1,t) —l= M(Gxn—1,GXn—2,t) -1
1 1 1 1
S k max (M(xn—l'Gxn—lrt) B 1’ M(xn—Z’Gxn—z’t) B 1’ M(xn—l'GxTL—Z't) B 1' M(xn—l,xn—z’t) B 1)
1 1 1 1
S k max (M(xn—lrxn't) B 1, M(xn—Z'xTL—lﬁt) B 1’ M(xn—l'xn—l’t) B 1’ M(xn—l’xn—z,t) B 1)
1 1
oD 1<k (—M oD 1) for all n.
_r __r g (— 1
Thus, M (Xp41,X0.t) 1<k (M(xn,xn_l,t) 1) =k (M(xl,xo,t) 1)
Case lll: If t,, = — . _1,then

- M(x5,GXp—1,t)

oo 1Sk G~ ) =k G )

which is a contradiction .

1
M (xpn,Xpn—1,t)

Case lV:Ift, = — 1, then

1 1
— 1 <k(——-1
M(xn+1’xnvt) - k (M(xn’xn—lvt) )

1 1

But Mo LT MGt T
< k max (M(xn_l,lGxn-l't) -1 M(xn_z,lc;xn_z,t) -1 M(xn_l,laxn_z,t) - L M(Xn—ll.JCn—Zrt) B 1)
< kmax (M(xn_ll,xn,t) B 1'M(xn—21,xn_1,t) B 1’M(xn_11,xn_1,t) ~L M(Xn—ll.JCn—Zrt) - 1)
m—l < k(m—l) for all n.
Ths, s — 1k (s = 1) = K (s — U

Hence, for eachn > m, we obtain
w1 = Gemms U Gemmss ~ U+ G — )
< (k™14 kM2 4 k™) (m — 1)

Therefore, {x,} is a Cauchy sequence and so there exists x*e X such that x,, —» x*. Since G is

*

continuous, x,,+; = Gx,, = Gx* and so x* = Gx™.
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Theorem 2.2: Let (X,M,N,x¢) be a complete triangular intuitionistic fuzzy metric space,

k €(0,1) and let G: X — X be a selfmap which satisfies the contractive condition

1 1
M(Gx,Gy,t) B 1 S k (M(x’y,t) B 1) ---(2.2.1)

For all x,y € X. Then G has a fixed point.

Proof: Let x,e X . Define the sequence {x,} by x,,,,= Gx,, for all n. Then

1 1

M(xp+1,%0,t) M(Gxpn,GXp—1,t)

<k(rams—1)

<k (o 1)

-1

< k”(;— 1) forallnand t > 0.
M(x1,%0,t)

Therefore, ( is a non- increasing sequence and so it is convergent to some z > 0.

1
M(xp,Xn-1,t) N 1)
Hence {x,,} is a Cauchy sequence and so it converges to some z € X. We claim z is a fixed point
of G.

Since

_r =1

M(xn+1,Gz,t) - M(Gxy,Gz,t)

1
<k (M(xn,z,t) N 1)
1
M(z,Gz,t) —1=0
But———1>0
M(z,Gzt)
Thus —1=0
M(z,Gz,t)

= Gz = z therefore z is a fixed point of G.

Example 2.1 Let X = (0,+/3 — 1) endowed with the usual distance (x,y) = |x — y|. Consider

=—° — Ay -
M(x,y,t) = PV and N(x,y,t) = P forall x,y e X and t > 0. Define the selfmap G
on X by
Gx—{o x€e(0,4/3-1)
V3-1), x=+3-1
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It is easy to check that G satisfies the conditions of Theorem 2.2
Theorem 2.3: Let (X,M,N,*,0) be a complete triangular intuitionistic fuzzy metric space,
a,Be(0,1) with a + 8 <1 and let G: X — X be a continuous mapping which satisfies the

contractive condition

1 (M(lext) 1){M(ylGxt) 1=M(ley t) }
M R Iy ——— +ﬁ(M( 5 1) .(2.3.1)
(6x,Gy,0) M(x,Gx,t) 1'M(x,y,i:) 1 XY,

For all x,y € X. Then G has a unique fixed point in X.
Proof: Letx, eX.Putx; = Gx, and x4, = G"*1x, foralln > 1.
If Gx,, = x,,,, for some n, then we have nothing to prove.

Assume that x,, # x,,, for all n. Then

1 1

M(Xn41,Xn,t) M(Gxyn,Gxp_1,t)

<a M (x9,Gxn,t) M(xXp—1,GXn,.t) M(xn,Gxn—1.t) + ﬁ ( I 1)
- : 14 L M(xn Xn-1,t)
M(xn,Gxn,t) M(xpn,xn—1.t)

] 1
M(xn.xn+1‘t) ' M(xn-xn—ljt)

- 1 1 . 1
< (M(xn,xn+1,t) 1){M(xn_1,xn+1,t) 1'M(xn,xn,t) 1}
<a T + [ —M(x S 1
nXn-1

IA
R

- 1 1 . 1 1
(M(xn.xn+1.t> 1){M(xn_1,xn,t> I M Gmme D 1) +p _1
1 M(xn Xn—1,t)

M(xnxn+1,t) — M@Enxn—1.t)

(M<xnxn+1t> ) +8(iams 1)
s 1= (E) oo

< (I%)n (m — 1) for all n.

By using the triangular inequality, for each m > n, we obtain

! <— 1t — 4 —T 1

M(xn’xm't) - M(xn'xn+1't) M(xn+1'xn+zjt) M(xm—l:xm:t)

< (A" 4 A e ) (2

<5 Gams 1)

where h = Thus {x,} is a Cauchy sequence, therefore it converges to some x*e X. Since G

I/\

IA

IA

M(x1 X0, t) 1)

is continuous, it follows Gx* = x*, hence x* is a fixed point of G.

Now, suppose that G has another fixed point y* # x*. Then we have
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1 1 1
M(x*y*t) M(Gx*,Gy*t)

<a [(M(x*,zx*,t) 1){M(y*,1Gx*,t) 1=M(x*,le*,i:) 1}] + ﬁ( 1 . 1)

1 1
, M(x*y*t
M (x*,Gx*t) 1 M(x*y*,t) 1 SR

= (s~ 1) <Ay 1)

which is a contradiction. Hence G has a unique fixed point.

Theorem 2.4: Let (X,M,N,*,0) be a complete triangular intuitionistic fuzzy metric space,
a, Be(0,1) with 3a + 2 < 1 and let G: X — X be a continuous mapping which satisfies the
contractive condition For all x,y € X

1 1 1

1 —1<aq My.exd T Maernn L MxGyD
= 1 1 1
M(Gx,Gy,t) 1+(M(y,Gx,t) 1)(M(x,Gx,t) 1)(M(x,Gy,t) 1)
1 14 1 14 1 1
+ﬁ Mxyt) = M@Gyt ~— MGyt (241)

4 (wmyn Ve e
Then G has a unique fixed point in X.
Proof: Letx, eX.Putx; = Gx, and x,,,; = G"*1x, foralln > 1.
If Gx,, = x,,,, for some n, then we have nothing to prove.

Assume that x,, # x,,, for all n. Then

: l=—————1

M(xXn41,Xn,t) M(Gxn,Gxn-1,t)

1 1 1

1
<a MGn—1xnt1t) ~ MOnxpit) — MGpxpt)

1+(M(xn—11.xn+1.t) 1)(M(xn.;n+1't) )(M(an.xn't) 1)

1 1 1

M(Gpxpn—1t) ~ MG&p_1xpbd) ~ MGEpxpd
+p -
+

1 1 1
(M(xn,xn_l,t) )(M(xn_l,xn,t) )(M(xn,xn,t) 1)
1 14 1 1 1 . 1
M(xn—1.Xn+1,t) — M@nxn+it M, xn—1,t "M(xn—1,xn,t
<a n—1.Xn+1 - nXn+1.t) +ﬁ(nn1) 1(n1n)

ey ) Rl Crremmwr k) B/ Crememmyy i)

= (m -1)< (535)) (Mcxn_ll,xn,t) -1)

1 _ _ (a+2P)
1<k (M(xn_l,xn,t) 1) Letk = 1-2a)’

Therefore

M (xpn,Xn+1,t)

Continuing this process n times, we get

! 1Sk"(; 1)

M(xpn,Xn+1,t) M(xg,%x1,t)
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By using the triangular inequality, for each m > n, we obtain
1 _1<;_1+;_1+...+;_1

M(xn'xm't) - M(anxn+1't) M(xn+ 1,xn+2,t) M(xm—lrxmrt)

< (k™ + k™ 4 oo 4 ML) (—1 1)

M(xl,xo,t) -
n
Ty
1-k M(xlrxo't)

Thus {x,,} is a Cauchy sequence, therefore it converges to some x*e X. Since G is continuous, it
follows Gx* = x*, hence x* is a fixed point of G.

Now, suppose that G has another fixed point y* # x*. Then we have

1 1
— —1=—1
M(x*y*t) M(Gx*,Gy*t)

1 1 1

T 1+ prars 1+ — 1
<a M(y*,Gx*t) M(x*Gx*,t) M(x*,Gy*t)

1-'—(M(y*,lc?x*,t) 1)(M(x*,16x*,t) 1)(M(x",le",t) 1)
1 1 1

i MGy Mot ey Stmar ey

1+(M(x*1,y*,t) 1)(M(y*,16y*,t) 1)(M(x*,1Gy*,t) 1)

—1S(2a+2[>’)(; 1)

M y5 )

1
M(x*,y*t)

Which is a contradiction. Hence G has a unique fixed point.

Theorem 2.5: Let (X,M,N,*,0) be a complete triangular intuitionistic fuzzy metric space,
a,fe(0,1) with a < % & B <1 and let G: X — X be a continuous mapping which satisfies the

contractive condition

1 max{(M(x,lGx,t) 1)(M(y.10x,t) 1)’(M(x,1Gy,t) 1)(M(y,1Gy,t) 1)}

T I 1 1
(Gx,Gy,b) M (x,Gx,t) 1'M(x,Gy,t) 1

+B (M(x,lfy,t) 1)I(M(yilcx.t) 1 .(25.1)

M(x,Gx,t) ~ M(xGyt)

For all x,y € X. Then G has a unique fixed point in X.
Proof: Letx, e X. Putx; = Gxg and x,,.; = G™1x, foralln > 1.
If Gx,, = x,,,, for some n, then we have nothing to prove.

Assume that x,, # x,4, forall n. Then

1 1
- 1=— 1
M(xn+1'xn't) M(Gxn'Gxn—l't)

amax{(M(xn,lGxn,t) 1)(M(xn_1,Gxn,t) 1)’(M(xn,61xn_1,t) 1)(M(xn_1,16xn_1,t) 1)}
1 1

IA

Min,Gind MG Gan_10
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1 1
(M(xn,Gxn_l,t) 1)(M(xn_1,Gxn,t) 1)
+B T , ;
M(xn,Gxnt) — M(xn,Gxp—1.t) 1

< amax{(M(xn,;nH,t) 1)(M(xn111,xn+1,t) 1)’(1\;1(xn1,xn,t) 1)(M(xn_11,xn,t) 1)}
M(xnxn+1.t) : M(xn,xn,t)

1 1

(M(xn,xn,t) 1)(M(xn_1,xn+1,t) 1)

L R ———
Mxnxnt+1t) — MGpxnt)

amax{(M(xn,;nH,t) 1)(M(xn_11,xn+1,t) 1)'0}

MGnxnt1t)

(M(xn 1Xn+1,t) 1)

1
= (s~ 1)
M(xn+1:xn,t)

ol e SR Y X | ey ) R Cromewery ik O
= Gierms ) <= Giomas )

1 1 a
(M(xn,xn+1,t) N 1) =k (M(xn_l,xn,t) - 1) Letk = 1-a <1l
Continue this process n times we can easily

Gomms Vs Gamen V)

By using the triangular inequality, for each m > n, we obtain
1 1 1 1
M (xp,%m,t) —1s M(xnXn+1,t) -t M(xn+1,Xn+2,t) It

< (K™ 4 K e ) (2

<5 Gmss

Thus {x,,} is a Cauchy sequence, therefore it converges to some x*e X. Since G is continuous, it

IA
Q

IA

I/\

M(xXm-1,Xmt)

M(xl X0, t) 1)

follows Gx* = x*, hence x* is a fixed point of G.

Now, suppose that G has another fixed point y* # x*. Then we have
1 =
M(x*,y*,t) - M(Gx*,Gy*t)

amax{(M(x*,lGx*,t) 1)(M(y*,1Gx*,t) 1)’(M(x*,1Gy*,t) 1)(M(y*,t§y*,t) 1)}

= z 14 1
M(x*,Gx*,t) — M(x*Gy*t)

1 1
+ﬁ (M(x*,fy*,t) 11)I(M(y*ti*,t) 1)
M(x*,Gx*,t) — M(x*Gy*t)
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S amax{(M(x*l,x*,t) 1)(M(il*1,x*,t) 1)‘(M(x*1,y*,t) 1)(M(y*1,y*,t) 1)}

1 1
Ma o0 tuee L

1) (51
+B (M(xly ,t) )(M(yl,x ,t) 1)

1
MO x0T MOty D)

S B(M(x*ly*,t) 1)(M(y*1,x*,t) 1)

1
MG yhn L

1 1
M(x*,y*,t) —1= ﬁ M(x*,y*t) -1

This is a contradiction.

1 .
:m—1_0 Since g < 1.
= x* = y* Hence the fixed point of G is unique.
Theorem 2.6: Let (X,M,N,*,0) be a complete triangular intuitionistic fuzzy metric space,

a,B,7€(0,1) with a + 8 +y <1 and let G: X — X be a continuous mapping which satisfies the
contractive condition

m_lga(m;y.ﬂ_l)-l-ﬁ(m_l)

_I_y (M(y,le,t) 1)[1 :M(x,le,t) 11 : M(y,lGx,t) 1]

1 1 1
14 M(x,Gx,t) 4 M(y,Gy,t)

(2.6.1)

For all x,y € X. Then G has a unique fixed point in X.
Proof: Let x, eX.Putx; = Gx, and x,,,;, = G"*1x, foralln > 1.
If Gx,, = x,,,, for some n, then we have nothing to prove.

Assume that x,, # x,44 forall n. Then

1 1

M(x1l+1lx1l't) M(Gxn’Gxn—lvt)

= (oo~ ) (s~ Y

1 1 1
1)|14 14 1
+y (M(xn_1,xn,t) )[ M (xpn,xn,t) M(xp—1.Xn+1,t) ]
1
14 14
M(xnxn+1.t) M(xp—1,xn,t)

= (G~ ) (s~ 1)

1 1
1)1+ 1
+ (M(xn—an,t) )[ M(xp—1%Xn+1t) ]
Y/ T » 1
"MGnxns1t) © M(p—1.xn.b)

= (G~ ) (s~ 1)

-1




231
NEENA VIJAYWARGI, VIUAY GUPTA, RAJESH SHRIVASTAVA

1 1 1
1)[1- 14 1
(M(xn—lrxn,t) M(xn—1,%n.t) M(xnXn+1.t)

+y ——y—

1 1
"M(xpxn+t)  M(xp—1.xnt)

Sa(;—1)+ﬁ(;—1)+y(m—l)

M(xn,xn+ 1,t)

M(anxn—Jt)
_r aty 1 _
M(xni1.Xn,t) = 1-p (M(xn_l,xn,t) 1)
_r 1 _ _ a+y
(M(x‘l’l'xn+1Jt) 1) S k (M(xn_l’xn‘t) 1) Let k B < 1

Continue this process n times we can easily

__r n(_1 _
(M(xn,xn+1,t) 1) S k (M(XO,xl,t) 1)

By using the triangular inequality, for each m > n, we obtain
! —r 1 {4+ —1 1

T M(xpxn41t) M(Xn+1,Xn+2,t) M(Xm—1,%m,t)

n n+1 m—1
< (K™ + k™ et ke )(—M(xl'xmt) 1)

k™ 1
e it

Thus {x,,} is a Cauchy sequence, therefore it converges to some x*e X. Since G is continuous, it

M(xn:xm't)

follows Gx* = x*, hence x* is a fixed point of G.
Now, suppose that G has another fixed point y* # x*. Then we have

1 1= 1
M(x*y*t) T M(Gx*,Gy*b)

Sa(m )+'B(M(x Gx*,t) 1)

1 | 1 , 1
+y (M(y*,Gy*,t) 1)[1'M(x*,cy*,t) 1'M(y*,Gx*,t) 1]
Il 1 } 1

14 MG,Gx*,0) 4 M(y*,Gy*t)

< @ (s~ U+ A ieers )

M(x*,y*t)
1 . 1 . 1
(M(y*,y*,t) 1)[1 "Myt 14 M(y*,x*,t) 1]
+y 1 P 1

e R Ve

SOl(+ )+‘B(M(xxt)_1)

M(x*,y*t)

1 L1 L1
(M(y*,y*,t) 1)[1 " M(x*y* ) 4 M(y*,x*,t) 1]
+y 11 11
"TM(x* a0 T MOyt R0
1 1
—— 1< a(—5-1)
M(x*y*t) = ¢ M(x*y*,t)

This is a contradiction
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5>5———1=0 Sincea < 1
M(x*,y*t)

= x* = y* Hence the fixed point of G is unique.
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