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Abstract. This paper we deals with the approximation of fixed point for multi-valued nonexpansive mappings
through a new iterative process which is independent and faster than the iterative processes discussed by Khan and
Yildirim [7], Panyank [14], Sastry and Babu [15], Shahzad and Zegeye [18], Song and Wang [19], and Song and

Cho [20], in uniformly convex Banach spaces. Thus, our results extend and improve the results which appears on

multi-valued and single valued mappings in the contemporary literature.
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1. Introduction

In this paper, N denotes the set of all positive integers and F(T) denotes the set of all fixed
points of T thatis F(T) = {Tx = x;x € K}, where T is a mapping from a nonempty subset of
K of a normed space X. A mapping T : K — K is said to be
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(i) nonexpansive, if |[Tx—Ty| < |x—y|, forall x,y € K,

(ii) quasi-nonexpansive, if |[Tx— p|| < |x—p||, forallx € K and p € F(T).

Many nonlinear equations are naturally formulated as fixed point problems,

(1.1) x=Tx,

where 7', the fixed point mapping, may be nonlinear. A solution x* of the problem (1.1) is called

a fixed point of the mapping 7. Consider a fixed point iteration, which is given by

(1.2) Xn+1 = Txp.

The iterative method (1.2) is also known as Picard iteration. For the Banach contraction map-
ping theorem, the Picard iteration converges at unique fixed point of 7', but it fails to approxi-
mate fixed point for nonexpansive mappings, even when the existence of a fixed point of 7 is
known. Thus, when a fixed point of nonexpansive mappings exists, other approximation tech-
niques are needed to approximate it. In the last fifty years the numerous numbers of researchers
have been attracted in this direction and developed iterative processes have been investigated
to approximate fixed point for not only nonexpansive mapping, but also for some wider class
of nonexpansive mappings (see e.g., Agarwal et al. [2], Ishikawa [5], Krasnosel’skii [8], Mann

[9], Noor [12], Schaefer [16]), and compare which one is faster.

In 2007, Agarwal et al. [2] introduced a new iterative process whose rate of convergence is
faster than the iteration processes cited in above paragraph. Motivation of the results of Agarwal
et al. [2] several researches work in this direction and developed new iteration processes whose
rate of convergence are faster than S iteration process (see e.g., Abbas ef al. [1] Kadioglu and
Yildirim [6], Thakur et al. [21],) and approximate the fixed points, for nonexpansive in Banach

spaces.

Recently, the following iteration process developed by Thakur et al.[21] for approximating
the fixed point for nonexpansive mapping and establish some strong and weak convergence

theorems in uniformly convex Banach spaces (see e. g. Thakur et al.[21, Theorem 2.3]).
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For K a convex subset of normed space X and a nonlinear mapping 7 of K into itself, for

each x( € K, the sequence {x,} in K is defined by

(

Xn+1 = (1 - O‘n)Txn + o, Ty,

(1.3) Yn = (1 - ﬁn)zn ‘|’ﬁnTZn

Zn=(1=%)xn+¥Tx,, n €N,

\

where {a, },{B,} and {7,} are the real sequences in (0, 1).

On the other hand the approximation of fixed points for multi-valued nonexpansive maps
using Hausdorff metric was initiated by Markin [10] (see also [11]). Later, an interesting and
rich fixed point theory for such maps was developed which has applications in control theory,
convex optimization, differential inclusion and economics (see [4] and references cited therein).
The theory of multi-valued nonexpansive mappings are harder than the corresponding theory of
single valued nonexpansive maps. Different iterative processes have been used to approximate
the fixed points of multi-valued nonexpansive mappings (see e.g, Khan and Yildirim [7], Pa-
nyank [14], Sastry and Babu [15], Shahzad and Zegeye [18], Song and Wang [19], and Song
and Cho [20]).

A subset K C X # ¢ is said to be proximal, if for each x € X, there exists an element y € K

such that

d(x,y) = dist(x,K) = inf{||x — z|| : z € K}.
It is well known that each weakly compact convex subset of a Banach space is proximal, as
well as each closed convex subset of a uniformly convex Banach space is also proximal.

Let CB(K) and P(K), the collection of all nonempty and closed bounded subsets, and the

collection of all nonempty proximal bounded and closed subsets of K, respectively.

Let H(.,.) be the Hausdorff distance on CB(K), is define by

H(A,B) = max { supdist(x, B),supdist(y,A) }, forall A,B € CB(X).
x€A YEB

Let T : K — 2K be multi-valued mapping. An element x € K is said to be fixed point of T, if
x € Tx. The set of fixed points of T will be denoted by Q(7').
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Definition 1.1. A multi-valued mapping 7 : K — CB(K) is said to be

(1) nonexpansive, if
H(Tx,Ty) <d(x,y), forall x,y € K,
(ii) quasi-nonexpansive, if Q(T) # ¢ and

H(Tx,Tp)) <d(x,p), forall x€ K, andall p e Q(T).

In this paper, we define a multi-valued version of iterative scheme (1.3) and deals with the
approximation of fixed point for multi-valued nonexpansive mappings through a new itera-
tive process which is independent and faster than the iterative schemes discussed by Khan and
Yildirim [7], Panyank [14], Sastry and Babu [15], Shahzad and Zegeye [18], Song and Wang
[19], and Song and Cho [20], in uniformly convex Banach spaces. Thus, our results extend and
improve the results appears on multi-valued and single valued mappings in the contemporary

literature.

2. Preliminaries

Definition 2.1. Let a sequence {x, } in X is said to be Fejer monotone with respect to subset K

of X if
[xnp = Pl < [0 = p

forallpe K, n>1.

Definition 2.2. A Banach space X is said to satisfy Opial’s condition [13], if for any sequnce

X, in X, x,, — x implies that

limsup ||x, — x|| < limsup ||x, — y||,
n—oo n—roo

for all y € E with y # x.

Examples of Banach spaces satisfying the Opial’s condition are Hilbert spaces and all ¢”

spaces (1 < p < o). On the other hand, L?[0,27] with 1 < p # 2 fail to satisfy Opial’s condition.
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Definition 2.3. A multi-valued mapping 7 : K — P(X) is called demiclosed at y € K if for any
sequence {x,} in K weakly convergent to an element x and y, € Tx, strongly convergent to y,

we have y € Tx.
The following is the multi-valued version of condition(I) of Senter and Dotson [17].

Definition 2.4. A multi-valued nonexpansive mapping 7 : K — CB(K), where K a subset of X
is said to satisfy condition (I) if there exists a nondecreasing function f : [0,00) — [0,00) with

f(0)=0, f(r) >0 forall r € (0,e) such that d(x,Tx) > f(d(x,F(T))) forall x € K.

Lemma 2.5. [3, Lemma 2.3] Let T : K — P(K) be a multi-valued mapping with Q(T) # ¢ and

let Pr : K — 2X be a multi-valued mapping defined by
(2.1 Pr(x) = {yeTx:|x—y|=d(x,Tx)}, xeK.

Then the following conclusions is hold:

(1) Q(T)=Q(Pr);

(2) Pr(p) = {p}, for each p € Q(T);

(3) for each x € K, Pr(x) is a closed subset of T (x) and so it is compact;
(4) d(x,Tx) =d(x,Pr(x)), for each x € K,

(5) Pr is a multi-valued mapping from K to P(K).

Lemma 2.6. [7, Lemma 3] Let X be a uniformly convex Banach space and 0 < p <t, < g < 1
forall n € N. Suppose that {x,} and {y,} are two sequences of X such that limsup ||x,|| < r and

n—soo

limsup ||y,|| < rand lim ||tyx, + (1 —t,)y,|| = r hold for some r > 0. Then lim ||x, — y,|| = 0.
Heso0 n—soo n—soo

3. Main results

We now define multi-valued version of iterative process of (1.3).
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Let K be a nonempty closed and convex subset of X and 7 : K — P(K) be a multi-valued

mappings. Let {x,} in K defined by

(3.1)

(

\

Xn+1 = (1 - an)yn + 0 Vy
Yn= (1 _ﬁn)zn +ann

in = (1 _Yn)xn+j/nuna neN,

where u, € Pr(x,),V, € Pr(y,) and wy, € Pr(z,) and {a,},{B.} and {y,} are sequences in

0,1).

We start with the following couple of Lemmas.

Lemma 3.1. Let X be a normed space and K be a nonempty closed convex subset of X. Let T :

K — P(K) be a multi-valued mapping such that Q(T) # ¢ and Pr is a nonexpansive mapping.

Let {x, } be the sequence as defined in (3.1), then {x,} is a Fejer monotone with respect to Q(T)

and li_r>n ||xn — p|| exists for all p € Q(T).
n—roo

Proof. Let p € Q(T), then by using Lemma 2.5, we have p € Pr = . It follows from
p y g p p p

(3.1), we have

X1 = pl|

(3.2)

from (3.1), we have

(3.3)

v — Pl

= ||(1 = o) yn+ 0tV — p|

< (1= 04)|lyn — pll + 0| Ve — P

< (1= 0w)llyn = pll + cuH (Pr(yn), Pr(p))

< (1= 00)llyn = pll + aallyn = pll;

IN

IN

IN

1(1 = B)zn + Buwn — p

(1= Ba)llzn = Pl + Ballwn — pll
(1=Bu)llza = pll + BuH (Pr(zn), Pr(p))
(1= Bu)llzn = Pl + Bullzn — Pl

lzo — pll,
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again from (3.1), we have

lza=pll = [[(1=%)%n + Yattn — p||
< (1 =%) %0 = pll + Yallun — pl|
< (I=m)lxa—pll+ mH(Pr(xa), Pr(p))
< (I=%)lxn—pll+ tllx — pll

(3.4) < |xn—pll-
Hence, from (3.2), (3.3) and (3.4), we have
(3.5 [xns1 =pll <l —pll-

This shows that {x,} is a Fejer monotone with respect to Q(7'). Notice from (3.5) that ||x,+1 —
pll < ||x, — p|| for all n > 1. This implies that {||x, — p||} is bounded and decreasing. Hence

lgn ||x, — p|| exists for each p € Q(T). O
n—oo

Lemma 3.2. Let X be uniformly convex Banach space and K be a nonempty closed convex
subset of X. Let T : K — P(K) be a multi-valued mapping such that Q(T) # ¢ and Pr is

nonexpansive mapping. Let {x,} be the sequence as defined in (3.1), then 1i_r>n d(x,,Tx,) = 0.
n—roco

Proof. By Lemma 3.1, lgn ||lx, — pl| exists, for p € Q(T). Let it be ILm |, — pll =c>0.1If
n—oo n—oo

¢ =0, then

d(xnuTxn) < Hxn _)’nH

The conclusion holds for ¢ = 0. If ¢ > 0, taking lim sup both the sides of (3.4), we have

(3.6) limsup|lz,—p|| < ¢,

n—yoo

taking limsup both the sides of (3.3), we have

(3.7) limsup ||y, — p|| < limsup||z, — p|| <c.

n—soo n—oo
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In addition to

limsup ||y, — p|| < limsupH(Pr(x,),Pr(p))

n—yoo n—oo
(3.8) < limsup ||x, — p|| < ¢,
n—yeo

and using (3.7), we have

limsup |[v, —p|| < limsupH(Pr(ya),Pr(p))

n—oo n—oo
(3.9) < limsuplly, - p|| < c.

n—oo

Since lim ||x,41 — p|| = ¢, therefore from (3.8), (3.9) and applying Lemma (2.6), we have
n—oo

(3.10) ,}gI;Hyn—vnH = 0.

On the other hand, from (3.1), we have

[xnr1—pll = ||(1—04)yn+ v — p
< (1—a)|lyn—pll+aullve —pl

< (1= a)|lxa = pll 4 Qallyn — pll

%2 — Pl = [[%at1 — Pl
Il —pll < = +lyn—pll,
ay
taking liminf both the sides, we get
(3.11) ¢ < liminf|ly, — p|l.
n—o0

Hence from (3.7) and (3.11), we have

lim [y, —pl| = ¢,

n—oo

by Lemma 2.6, we have

(3.12) lim ||z, —wa|| = 0.
n—o0



APPROXIMATION OF FIXED POINT FOR MULTI-VALUED NONEXPANSIVE MAPPING 139

Since

[yn=pll = (1 =Ba)zn~+ Bawn—pll
< (1=Bu)llzn = pll+ Ballwn —pll
< Nz =Pl 4 Ballwn —zall,
applying (3.12) and taking liminf both the sides, we get
(3.13) ¢ < liminf|z, — pl,
using (3.6) and (3.13), we have
lim [z, —pll = ¢,

hence, applying Lemma 2.6, we have
(3.14) lim [, — v = 0,
since

d(xn, Txn) < [0 = yall,

therefore, taking lim as n — oo both the sides of the above inequality, we have

lim d(x,, Tx,) = 0.

n—oo

O

Next, we approximate fixed points of the mapping T through weak convergence of the se-

quence {x,} defined by (3.1).

Theorem 3.3. Let X be a uniformly convex Banach space satisfying Opial’s condition and K a
nonempty closed convex subset of X. Let T : K — P(K) be a multi-valued mapping such that
Q(T) # ¢ and Pr is a nonexpansive mapping. Let {x,} be the sequence defined in (3.1). Let

I — Pr be demiclosed with respect to zero, then {x,} converges weakly to a fixed point of T .

Proof. Let p € Q(T) = Q(Pr), from Lemma 3.1, we have lim ||x, — p|| exists. Now we prove
n—oo
that {x,} has a unique weak sequential limit in (7). For this let z; and z, be weak limits of

the subsequences {x,,} and {x,;} of {x,} respectively. By (3.14) there exists y, € Tx, such
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that ||x, — yn|| = 0. Since I — Pr is demiclosed with respect to zero, therefore we obtained
71 € Q(Pr) = Q(T). In the same way, we can prove that zp € Q(T).
Next, we prove that uniqueness. For this, suppose that z; # z. Then by Opial’s condition,
we have
lim |, —z1] = Tim o, —zi]
n—oo nj—oo
< lim [l 2]
nj—
— tim [, — 2]
n—eo

= i i, 2]

< Jim o, 2

= lim [x, — 2z,
n—soo

which is a contradiction. Hence {x,} converges weakly to a point in Q(7"). This completes the

proof. (]

Next we give some strong convergence theorems, our first strong convergence theorem is
valid in the setting of general Banach spaces, then we apply this theorem to obtain a strong

convergence theorem in the setting of uniformly convex Banach spaces.

Theorem 3.4. Let X be a real Banach space and K a nonepmty closed convex subset of X.
Let T : K — P(K) be a multi-valued mapping such that Q(T) # ¢ and Pr is a nonexpansive
mapping. Let {x,} be the sequence as defined in (3.1), then {x,} converges strongly to a point

of Q(T), if and only if liminfd (x,,Q(T)) = 0.
n—o0
Proof. The necessity is obvious. Conversely, suppose that the
lim inf d(x,,Q(T)) = 0.
n—soo

By Lemma 3.1, sequence {x,} is a Fejer monotone, that is

[t =pll < e =pll;
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it gives that
d(xp+1,2(T)) < d(x,,Q(T)).

This implies that li_r}n d(x,,Q(T)) exists and so by hypothesis, lirr_1>inf d(x,,Q(T)) = 0. There-
fore, we must have 1i_r>n d(x,,Q(T))) =0.
Next, we suppose that {x,} is a Cauchy sequence in K . Let € > 0 be arbitrarily chosen.

Since lgn d(x,,Q(T)) = 0, there exists a constant ng such that for all n > ng , we have
)
€
In particular, inf{xo — p|| : p € Q(T)} < 7 There must exists a p* € Q(T') such that

by =7l < 5

Now for m,n > ng, we have
%t = Xnll < Xt — P || + 120 — P

< 2fxag =7

(9

Hence, {x,} is a cauchy sequence in a closed subset of K of a Banach space E, and so it must
convergence in K. Let lim x;,, = g. Now
n—yoo
d(q,Pr(q)) < |lxn—qll+d(x, Pr(x))+H(Pr(x),Pr(q))
< en = gll 4 lloen = yal[ 4 lloen — 4]
—0asn— oo,

which gives that d(q, Pr(q)) = 0. But Pr is a nonexpansive mappings, so that F (Pr) is closed.
Therefore, g € Q(Pr) = Q(T). This completes the proof. O

Theorem 3.5. Let X be a real Banach space and K a nonepmty closed convex subset of X.
Let T : K — P(K) be a multi-valued mapping such that Q(T) # ¢ and Pr is a nonexpansive
mapping. If T satisfies condition (I) with respect to sequence {x, } and r}l_t}lgo d(x,,Tx,) =0, then
,}Elgod(xn,Q(T)) =0.
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Proof. By the assumption, we can find a nondecreasing function f : [0,00) — [0,0) with f(0) =

0 and f(r) > 0 for r € (0,0) such that f(d(x,,Q(T))) < d(x,,Tx,) for all n € N, so we have

lim d(x,, Q(T))) < limd(xy, Tx,) = 0.

n—oo n—oo

Therefore, lim d(x,,Q(T)) = 0. This completes the proof. O
n—oo

Theorem 3.6. Let X be uniformly convex Banach space and Ka nonempty closed convex subset
of X. Let T : K — P(K) be a multi-valued mapping with Q(T) # ¢ and Pr is nonexpansive
mapping. Assume that T satisfies condition(I), then Let {x,} be a sequence as defined by (3.1)

converges strongly to a point Q(T).

Proof. By Lemma 3.1, sequence {x,} is bounded and by Lemma 3.2, we have lim d(x,, Tx,)
n—oo

0. Since T satisfies condition(I) with respect to {x, }. Then by Theorem 3.5, lim d(x,,Q(T))
n—oo

O

0, therefore the rest of the result follows by Theorem 3.4. This completes the proof.

Remark 3.7. Our Theorems 3.3 and 3.6 specially improves Theorems 1 and 2 of Khan and
Yildirim [7], and iterative processes discussed by Panyank [14], Sastry and Babu [15], Shahzad
and Zegeye [18], Song and Wang [19], and Song and Cho [20], in the sense of faster iterative

processes.
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