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Abstract. For the purpose of this article, we are using the concept of equilibrium problem and prove the strong
convergence theorem by the viscosity approximation methods for finding a common element of the set of fixed

points of k;-strictly pseudo-contractive mappings and of a finite family of the set of solutions of equilibrium prob-

lems and variational inequality problems. Furthermore, we apply our main theorem for the numerical examples.
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1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H with the inner product (-, -)
and the norm ||-||. A mapping T : C — C is said to be nonexpansive if ||Tx — Ty|| < ||x—y||, for
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all x,y € C. Recall that T is a k-strictly pseudo-contractive mapping if there exists a constant

k € [0, 1) such that
(1.1 ITx=Ty|* < =3I+ x[[(1 = T)x—= (I =T)|*, Vx.y € C.

If k =0, then (1.1) reduces to nonexpansive mappings.

A point x € C is called a fixed point of T if Tx = x. The set of fixed points of 7" is denoted by
F(T)={xeC:Tx=x}.

Recall that a mapping f : C — C is said to be contractive if there exists a constant 1 € (0, 1)

such that, for all x,y € H
1) =FO < llx—yll-

A mapping A of C into H is called o-inverse-strongly monotone if there exists a positive real

number o such that
(1.2) (x—y,Ax — Ay) > o || Ax — Ay||?, Vx,y € C.

Let A : C — H. The variational inequality problems is to find a point u € C such that
(1.3) (v—u,Auy >0, Vv eC.

The set of solutions of the variational inequality problems is denoted by VI(C,A).

Variational inequalities were introduced and investigated by Stampacchia [8] in 1964. It is
well known that variational inequalities cover as diverse disciplines as partial differential equa-
tions, optimal control, optimization, mathematical programming, mechanics and finance; see
[O]—[11].

Let F : C x C — R be a bifunction. The equilibrium problem for F is to determine its equi-
librium point, that is to find a point x* € C such that F(x*,y) >0, for all y € C.

The set of all solution of equilibrium problem is denoted by
(1.4) EP(F)={xeC:F(x",y) >0,Vy e C}.

The methods which are used to solve equilibrium problems have been applied in solving eco-
nomic problem and some problems in pure and applied science; see [1, 2]. Many authors have

studied an iterative scheme for the equilibrium problems; see, for example, [2]—[5].
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In 2013, Suwannaut and Kangtunyakarn [15] introduced the combination of equilibrium

problem which is to find x € C such that

N
(15) ZaiE(xL);) > Oa Vy € C7
i=1

where F; : C x C — R be bifunction and g; € (0,1) with Zéilai =1, for every i = 1,2,...,N.

The set of solution (1.5) is denoted by

EP(ﬁ‘ia,-F,) = {xE C: <,-

IfF,=F,Vi=1,2,...,N, then (1.5) reduces to (1.4).

N
_laiFi) (x,y) >0,y eC}.

In 2007, Takahashi and Takahashi [5] proved the following theorem.

Theorem 1.1. Let C be a nonempty closed convex subset of H. Let F be a bifunction from
C x C to R satisfying A1) — A4) and let S be a nonexpansive mapping of C into H such that
F(S)NEP(F) # 0. Let f be a contraction of H into itself, let {x,} and {u,} be sequences

generated by x| € H and

1
F(unay)+_ <y_un7un_xn> 2 07 Vy € Ca

n

Xnt+1 = anf(xn) + (1 - an)Sum

forall n € N, where {a,} C [0,1] and {r,} C [0,1] satisfy some control conditions. Then {x,}

and {uy} converge strongly to z € F(S)NEP(F), where z = Pp(s)ngp(r)f (2)-

The explicit viscosity method for nonexpansive mappings generates a sequence {x,} through

the iteration process:
(1.6) Xnt1 = O f(xn) + (1 — ) Txy,, n >0,

where [ is the identity of H and { ¢, } is a sequence in (0, 1). It is well known [6, 7] that under
certain conditions, the sequence {x,} converges in norm to a fixed point ¢ of T which solves

the variational inequality
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where S is the set of fixed points of 7', namely, S = {x € H : Tx = x}.
Many authors proved a strong convergence theorem by using viscosity method; see, for in-
stance, [5, 6].
In 2010, Kangtunyakarn [12] proved a strong convergence theorem of the iterative scheme

(1.9) to a common fixed point of ¢ € ﬂé\;l F(T;).

Theorem 1.2. Let H be a Hilbert space, let f be an a-contraction on H and let A be a strongly
positive linear bounded self-adjoint operator with coefficient 7 > 0. Assume that 0 < ¥ < %
Let {T;}Y_| be a finite family of K;-strict pseudo-contraction of H into itself, for some x; € [0,1)
and Kk =max{x; :i=1,2,...,N}, with ﬂfvzl F(T;) # 0. Let S,, be the S-mappings generated by
Ti,Tovoor, Ty and 0y, 0" ..., ", where o) = (o) 057 04y € Ix I x 1,1 =[0,1], 0"/ +
ch’j#-ag’j =landk<a< af’j,agl’j <b<l,foral j=1,2,...N—1,k<c< ch’N <l,k<

N<d< I,k < Oc;’j <e<|, forall j=1,2,...,N. Fora pointu € H and x| € H, let {x,}
and {yn} be the sequences defined iteratively by

Y = Buxn + (1 — Bn)Snxn,
(1.8)

Xn+1 = O‘n?’(an”‘f’ (1 —an)f(x,,)) + (1 = 0A)yn, n > 1,

where {B,},{on,} and {a,} are sequences in [0,1]. Assume that the following conditions hold:

(i) lim 0 =0, ) o =ooand lim a, =0;
n—oo

n=1

.. = n~|»17' ,
(ii) Z ‘Oc1 / ]

ZWH z|<oo2|ﬁn+1 Bl <o, Z|an+1—an|<oo

(iii) ()< K<B,<6<1, foralln>l forsomeOE (0,1).

n+1 J o
03

< oo, forall j€{1,2,...N} and

Then both {x,} and {y,} strongly converges to q € ﬂ F(T;) which solves the following vari-

ational inequality

N

(1.9) (vf(q)—Aq,p—q) <0, Vpe [ F(T;)
i=1

From Theorem 1.1 [5] and [15], we modify the viscosity methods as following:
For every i = 1,2,...,N, let F; : C x C — R be bifunction which satisfy A1) — A4) and a; €
(0,1) with Zl 1a;=1,T;:C— Cbe K;-strictly pseudo-contractive mapping, foralli=1,2,...,.N
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and k =max{x;:i=1,2,...,N}. Foreach j=1,2,...,N,let o = (alj,a{,o%j) €I x1xI,where

I[=10,1] and alj + Oﬂ{ + ch =1, for x; € C and sequence x, generated by

N

1
ZaiFi(una)’) + P (y = ttn,tty — x) > 0,Vy €C,
i=1

n

(1.10)
Xn+1 = Bn(anf(xn) + (1 - (Xn>an) + (1 - BH)PC(I_ lA)l’tnavn > 1;

where A : C — H is o-inverse-strongly monotone mapping and S : C — C is S-mapping gener-
ated by a finite family of strictly pseudo-contractive mappings and a finite real numbers under
suitable conditions of the parameters {f,},{a,},{r,} €[0,1] and A € (0,2c).

Motivated by the above related literature, we prove a strong convergence theorem by modi-
fying the viscosity methods for finding a common element of the set of solutions of equilibrium
problems and variational inequality problems. Moreover, we apply our main result to obtain a
strong convergence theorem for finding a common element of the set of fixed point of k;-strictly
pseudo-contractive mappings. Finally, we also give a numerical examples to support our main

theorem.

2. Preliminaries

In this section, we use some lemmas that will be used for our main result in the next section.
Let C be a nonempty closed convex subset of a real Hilbert space H. We denote weak and
strong convergence by “ —" and ' —”, respectively, and let Pc be the metric projection of H

onto C, that is, for x € H, Pcx € C satisfies the property
lx — Fex|| = min [|x — y]|
yeC
and it is well-known that, for all x,y € H and ¢ € [0, 1],
2 2 2 2
ltx+ (1 =2)y[|" = ¢ |lxl[" 4+ (L =2) Iy]" = 2(1 =) [[x =y
and P¢ is a firmly nonexpansive mapping of H onto C, that is,

| Pex — Peyl||* < (Pex— Pey,x—y), Vx,y € H.
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Lemma 2.1. ([19]) For given z € H and u € C,
u=Peze (u—z,v—u)>0,VweC.

Lemma 2.2. ([16]) Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence

{xn} C H with x, — x, the inequality
liminf ||x, — x|| < liminf||x, —y||,
n—oo n—oco
holds for every y € H with y # x.

Lemma 2.3. ([18]) Let {s,,} be a sequence of nonnegative real numbers satisfying
Snt1 < (1 - an)sn+ On,Vn > 0,

where {0y, } is a sequence in (0,1) and {8,} is a sequence such that
n=1

5" hnd
2): li — <0 0,| < oo.
?2) 1msupan < orr;| |

n—roo =1

Then, lim s, = 0.
n—soo

Lemma 2.4. ([19]) Let H be a real Hilbert space, let C be a nonempty closed convex subset of
H and let A be a mapping of C into H. Let u € C. Then, for A > 0,

u=Pe(I-AAu<ucVI(C,A),
where F¢ is the metric projection of H onto C.

Lemma 2.5. ([21]) Let C be a nonempty closed convex subset of a real Hilbert space H and
S:C — C be a self-mapping of C. If S is a k-strict pseudo-contractive mapping, then S satisfies

the Lipschitz condition

1+x
[|x —ylI,Vx,y € C.

Sx—Sy|| <
x-Sy < T

For solving the equilibrium problem for a bifunction F' : C x C — R, let us assume that
F : C x C — R satisfy the following conditions:

(A1) F(x,x) =0for all x € C;
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(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 for all x,y € C;
(A3) For each x,y,z € C,

liirgF(fZJr(l —1)x,y) < F(x,y);
2

(A4) For each x € C,y — F(x,y) is convex and lower semicontinuous.

Lemma 2.6. ([15]) Let C be a nonempty closed convex subset of a real Hilbert space H. For
i=1,2,...,N, let F; : C x C — R be bifunctions satisfying (A1) — (A4) with "_; EP(F;) # 0.
Then

N N
EP(Za,-E) = N EP(F),
i=1 i=1
where a; € (0,1), for everyi=1,2,....N and Zﬁ\’:lai =1

Lemma 2.7. [14]) Let C be a nonempty close convex subset of H and F be a bifunction of C x C

into R satisfying (A1) — (A4). Let r > 0 and x € H, then there exists z € C such that

1

F(z,y)+; (y—z,z—x) >0,Vy eC.

Lemma 2.8. ([17]) Assume that F : C x C — R satisfies (A1) — (A4). For r > 0, define a
mapping T, : H — C as follows:

1
T, (x) = {Z €C:F(zy)+—{y—z2-x)20,Vy € C},

for all x € H. Then, the following hold:
(i) T, is single-valued;

(ii) T, is firmly nonexpansive, i.e., for any x,y € H,

I1T(x) = T.0)1> < (To(p) — T1(y),x =)
(i) F(T,) = EP(F);

(iv) EP(F) is closed and convex.

Remark 2.9. From Lemma 2.6 and 2.8, ([15]) prove the following results;
(i) YV, aF; satisfying A1) — A4);
(ii) F(T;) = ML, EP(F).
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where r > 0 and @; € (0,1), forevery i = 1,2,...,N with vazl ai=1.
In 2009, Kangtunyakarn and Suantai ([20]) introduced the S-mapping generated by a finite

family of k;-strictly pseudo-contractions and a finite real numbers. The definition can be seen

below:

Definition 2.1. Let C be a nonempty convex subset of a real Hilbert space. Let {T,}ii | be
a finite family of K;-strictly pseudo-contractions of C into itself. For each j = 1,2,....N, let
o = (OC{,OC{,OCT{) €I x1IxI, where I =10,1]| and a{—l— OC{—I— ch = 1. Define the mapping
S:C — C as follows:

Uy=1,
Uy = o iUy + g Uy + 41,
U, = OC12T2U1 —|—0622U1 —I—(X321,

Us = o T3U> + 5 Us + 051,

N-1 N-1 N-1
Uv-1=0] Tn-1Uv2+0 Uyv2+to3 1,

S=Uy=alTyUy_1 + oY Uy_1 + 1.
This mapping is called an S-mapping generated by T\, 1>, ..., Ty and 0,0, ..., Oly.

Lemma 2.10. ([22]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Let {Tl}f[: | be a finite family of x;-strictly pseudo-contractive mapping of C into itself with

N F(T) # 0 and x = max{x; : i = 1,2,...,N} and let a; = (OC{,OC{,O@{) €I xIx1I, where
1=100,1,0! + o +of = 1,00 € (,1), forall i =1,2,...N — 1 and & € (x,1],0 €
(x, 1],06{ € (x,1], for all j =1,2,....N, let S be the mapping generated by Ty, T», ..., Ty and

a1, 0,..., 0. Then F(S) =Y., F(T;) and S is a nonexpansive mapping.
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3. Main result

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i=1,2,...N, let F; : C x C — R be bifunction with satisfy A1) —A4), T; : C — C be K;-strictly
pseudo-contractive mapping and let A : C — H be o-inverse strongly monotone mapping with
F =N EP(F)NNYF(T;))NVI(C,A) # 0. Let S be S-mapping generated by Ty, T, ..., Ty
and oy, 0, ..., 0y, where olj = (a{,a{,a{) eI xIxI,1=10,1] with a{+ocg+a3j =land x <
ol af <1, foralli=1,2,...N—l,k<al <l,k<ol <1, k<o <1, forall j=1,2,..,N,

where Kk = max{x;:i=1,2,....N}. Let the sequence {x,} generated by x| € C and

N
1
ZaiFi(un,y) +— (y—up,up—x,) > 0,¥y €C,
(3.1) i=1 Tn

Xn+1 = ﬁn(anf(xn) + (1 - an)an) + (1 - ﬁn)PC(I_ )LA)MWV” > 17
where {B,},{ot.} C[0,1] and A € (0,2¢x). Suppose the following conditions hold:

(i) ;an:oo,nlggan:o,
(ii) 0<a< By,rn<b<1, foraln>1,
(iii) f:C — C be n-contraction,
N

(iv) Z a; =1, where a; >0, foralli=1,2,...,N,

n=1

(v) Z |an+1 - an| < oo, Z |Bn+l _ﬂn| < oo,
n=1 n=1

Z [Fn1 — 1| < oo,

n=1

Then {x,} converges strongly to z = Pz f(z).

Proof. First, we show that (I — AA) is a nonexpansive mapping. Let x,y € C. Since A is o-

inverse strongly monotone and A < 2¢, we have

(1= 2A)x— (1= A4 = x— I =24 (x —y, Ax — Ay) + A2 | Ax— Ay
< [[x—ylI? =204 [ Ax—Ay|> + A% | Ax— Ay
= =[P+ A (A —20) [ Ax— Ay

2
< =yl
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Then (I — AA) is a nonexpansive mapping. We will divide our proof into 5 steps.

Step 1: we show that the sequence {x,} is bounded. Since

1

r—<y—un,un—xn> >0,YyeC.
n

N
ZaiFi(umy) +
i=1

Form Remark 2.9, we have u, = T;, x, and ﬂf’zl EP(F) =F(T,,).

Let z € F. By nonexpansiveness of (I —AA) and 7,,, we obtain

xn41 — 2l = || Ba (Qf (xn) + (1 = 06,)Sx,) + (1 — Bu) Pe(I — 2A)uy — 2|
= (1B (0 (xn) + (1 ) S —2) + (1= B) (el — Ad )ty )|
<Bu [0 (Fx0) = 2) + (1= ) (12 = 2)|
(1= Ba) [Be(I = Ad )iy 2]
< B0 1 (o) — £l + 0L £(2) — 2] + (1 — ) |3, — 2] )
+ (1= Bu) [[Pe(I = AA)un — 2|
<P o — 2l + e /(&) — 2l + (1 — @) l1va — 2]
(1= Bo) 2]
=B, (1= (1 =) o — 2l + 0 1£(2) — 2l ) + (1 = Bo) o 2]
1)~z }

§max{ HX] —ZH ,ﬁ

By induction we can prove that {x,} is bounded and so is {u,}.

Step 2: we will show that limy,_,e ||x,+1 — X, || = 0. By definition of x,,, we have

[Xn11 —2xal| = H <Bn(anf(xn) + (1 - an)an) + (1 - ﬁn)PC(I_AA)un>
- (Bn—l (1 f(xn—1) + (1 — Ctp—1)Sxp—1)
+(1 —Bn_l)PC(I—QLA)un_l) H

(3.2)

153
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B || (@ f (xn) 4+ (1 = 042)Sxn) — (Qu1 f (K1) + (1 = 1) St ) |
+ 1B = Ba—1l @1 (xn—1) + (1 = 1) Sxn1 |
+ (1= B) | Pe(T = AA)un — Pe(I — AA)up—1 |
+ Bt = Bul [[Pe(I — AA)un—1 ||
<Bu (0 |1.f (xn) = =) || + [0 — Ot | | f (n1) |
+ (1= ) [|Sx0 = Sxu—t || + [0n—1 — | [[Sx—1 | )
+ By = Bu-1] (@1 [|f (1) |+ (1 = 1) [| S -11])
+ (1= Bn) [Pc(I — AA)up — Pc(I — AA )y |
+ Bt — Bl [[Pe(I — AA)up—1 ||
<Bo (oM [l — X1 ]| + |0 — Ot | | f (n—1) |
+ (1= 0t) P = xn—1 || + [G—1 — 0t [|Sxn—1 ]| )
+1Br = Bt | (01 [1f (a0l + (1 = 1) [|S2n1 ] )
+ (1= B) ltn — un—1 ]|+ |Ba—1 = Bal IPc(I = AA)un—1 ||
<P — -1 M+ et = M+ (1= (1 =) o =01 )
+|Bn — Bl (0tn—1M + (1 — 04— )M) 4 (1 = B) ||ty — 41 |
+Bu—1— Bu|M
=B (2M e — 01|+ (1= (1= ) llva =501
(3.3) +2M (B — Ba—1| 4+ (1 = Bu) llutn — un—1 ],

where M = max,en { || £ (x0)], [|Sxall , [[Pc(I — AA)un]| }.

Since u,, = T,, x, and definition of 7}, , we obtain

N
1
(3.4) Z aiFi(Ty,xn,y) + - (v =T %n, T, %0 — x) > 0,¥y € C
i=1 n
and
N 1
(3.5) Y iFi(Try5ne133) (= T Z s T ¥t =) 2 0.
i=1 n+
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From (3.4) and (3.5). It follow that

N

1
(3.6) aiFi(Trnxm Trnﬂxn—b—l) + I’_ <Trn+1xn+1 - Trnxn; Trnxn _xn> >0
i=1 n
and
ul 1
(3.7) Z aiE'(TronnJrlaTrnxn) + et <Tr,,xn - Trn+1xn+17Tr,,+1xn+1 _xn+l> > 0.
i=1 n+

N
From (3.6),(3.7) and the fact that Z a;F; satisfies (A2), we have
i=1

1
- <Tr,,+,Xn+1 —T1,,%, T}, xpn —xn>
n
1
+ . <Tr,,xn - Tr,,Hxn—i—l;Tr,,Hxn—i—l _xn—|—1> > 0.
n+1

Which implies that

T Xns1 = Xni1 T Xn —xn> > 0.

<Trnxn - Tr,H_lanrl s
41 T'n

It follows that

I'n
(3.3) <Tr,,+1xn+1 — Ty, %0, Ty X0 — Trn+1xn+l + Trn+1xn+1 —Xn — r_(TrHlxn—i-l _xn+1)> > 0.
n+1
From (3.8), we obtain
2 'n
||Tr,1+1xn+1 - Tr,,an < Tr,,“xn—i—l — T, xn, Tr,,+1xn+1 —Xn— r_(Tr,,Hxn—H _xn—i—l)
n+1
I'n
= Trnﬂxn—i—l =Ty X Xn1 — Xn + (1 - - )(Trn+1xn+l _xn—H)
n+1

<|T s = Tl | s =l 4 |1 = |
Tn+1

X HTronn—H — Xn+1 Hi|
1
= HTron’H‘l - Trnxn” [”xn—H _an + _‘rn—i-l — Ty
T'n+1
X HTronn—H _xn—HM
1
< HTronn—H - Trnxn” [Hxn—o—l _an + 3|’"n+1 —Tn

||
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which yields

1
(3.9) letasr =l < Wit =25l + Zlrmser =7l tnsr = xnt |l
From (3.9), we have

1
(3.10) [tn — -1 || < {1350 = X011 -+ = [ra = ra1| || ttn — x| -

d

By substituting (3.10) into (3.2), we have

1 =% ll B (2M10 = 01|+ (1= (1= 1) bt =51 )
+2M By — Bu1| + (1 — Bn) llttn — un—1 ||
<Bu(2M]0 = G|+ (1= 0u(1= 1)) [0 — a1 ]
2M1By— B (1= B) (o — 511w =l =)
=(1= B0ty (1=1)) [l — X1 +2M |0ty — 1|

1
(3.11) +2M|By — Bp—1] + (1 — ﬁn)g\rn — Fp—1]| ||tn — xn]| -
From (3.11), conditions (i),(v) and lemma 2.3, we obtain
(3.12) r}i_r>£10|]xn+1 — x| =0.

Step 3: We will show that lim ||u, —x,|| = lim ||Pc(I — AA)u, — x,|| = lim ||Sx, — x,|| = 0.
n—oo n—o0 n—oo
Since 7, is a firmly nonexpansive mapping, then we obtain
lz— Trnxn||2 =T,z — Trnxn||2
< <TrnZ — Ty Xn,2— Xn)
1

:E( HTrnxn _ZHZ + Hxn _ZH2 - HTrnxn _anz)v

which yields

(3.13) it — 2||* < [|x — 21> = [t — x>
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By nonexpansiveness of Pc(I — AA),(3.13) and definition of x,, we have

Pon 1 — 2lI> = | Ba (06 f () + (1 = 06) S — 2) + (1 = Ba) (Pe(I — AA)up — 2) ||

<Bo | o0 (f () —2) + (1 = ) (S0 —2) ||

+ (1= Ba) | Pc(I = AA)un — 2|
< Bt [ £ (i) — 2> + Ba(1 = &) b — 2% + (1 = B [lutn — 21>
<B || () = 2l* + Ba(1 = o) a2

+ (1= Ba) (10 = 21* = 1t — x|

<P || f(xn) _ZHZ + || _ZHZ — (1= Bn) [Jun _anZ7

which implies that

(1—PBn) H“n _an2 <Bnt: ||f(xn) _Z”2+ ||xn _Z||2 - ||xn+1 _ZHZ

(3.14) <B | (n) = 2l 4 (10— 2ll + %1 = 2l1) [Pn1 =%l
By (3.12),(3.14), conditions (i) and (ii), we have

(3.15) lim |y — x| = 0.
—>00

n

Put w, = a,,f(x,) + (1 — 04,)Sx,. By definition of x,,, we have

||xn+1 _ZHZ = ||ann+ (1 _ﬁn)PC(I_AA)un _Z||2
=||Ba(Wn —2) + (1 = Bu) (Pc(I — AA)uy —2) |
<Bullwn _ZH2+ (1= Bn) [Pc(I — AA)uy _ZHZ — Bu(1—Bn)

X || wp — Po(I — AA)up||*

2

157
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=B [0 f (30) + (1= 06)Sx0 — 2>+ (1= B) [ Pe(T = AA ), — 2|
— Bu(1 = o) [[wa — Pe(I = AA)uy ||

B (0 | () = 217 + (1 = 00) [ S0 = 2l[*) + (1 = Bo) [l — 21>
— Ba(1 = Ba) lwn — Pe(l — AA)u||®

=Bt || £ (i) — 217 + Bu(1 = &) [l — 2>+ (1 = Bo) 1w — 2|
— Bu(1 = Ba) l[wa — Pe(I = AA)uy ||

< Bt | () = 2l1* + Ba(1 = &) [[xn —2l|* + (1 = Bo) [l — 2]
— Ba(1 = By) lwn — Pe(l — AA)u||®

=Bt [|.f () — 21> + (1 = i) |0 — 2> = Bu(1— B)
X [[wn = Pe(I = AA)uy|*

<Buin f (en) =2l 4 v — 21> = Ba(1 = Bu) [l — Pe(l = 2A)un .

Which yields

Bu(1—Ba) [[wn _PC(I_AA)”nHZ <Bnt || f (xn) _ZH2+ [E _Z||2 — [|%n41 _ZH2
Sanan ||f(xn) _ZHZ

(3.16) (o =2l + o1 =20 st =l
By (3.12),(3.16), conditions (i) and (ii), we have
(3.17) lim [[wy — Pc (I — AA)uy|| = 0.

n

By the definition of x,, we obtain

Xnt1— Po(I — AA)uy =Bawy — BuPc(I — AA)uy,

(3.18) =Bu(wWn—Pc(I—AA)uy).
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By (3.18), we have
1% — Po(I — AA)xp || = |xn — Xnt1 +Xnt1 — Pe(I — AA)uy + Po(I — AA)uy — Po(I — AA)x, ||
<l = X1 [l 4 lon 1 = Pl = AA)un |
+[[Pc(I — AA)up — Po(I — AA) x|
< = X1 [+ Bu [lwn — Pe(I — AA)un|| + [|tn — xall
Form (3.12),(3.15) and (3.17), we have
(3.19) lim [, — Po(I = AA)x,|| = 0.
Since
%0 = Pe(l = AA)up|| = [[xn — Pc(I — AA)xp + Po(I — AA)xy — Po(I — AA)up||
<|Jxn — Pc(I — AA)xy|| + [|Pc(I — AA)xy, — Po(I — AA)uy||
<||xn — Pe(I — AA) x| + || xn — tn]| -
From (3.15) and (3.19), we have
(3.20) lim ||, — Pc(I — AA)u,|| = 0.

n—soo

By the definition of x,, we obtain
Xn1 = Xn =0 (f (6n) —xn) + B (1 — ) (S0 — %)
(3.21) + (1= Bu) (Pc(I — AA)up — xp) .
It follows that
Ba (1 — o) [[Sx0 — x| <Bn 0t [1f (o) — x|
+ (1= B) [ Fe( = AA)up — X | + |41 — 2| -
By (3.12),(3.20), conditions (i) and (ii), we have

(3.22) lim || Sx, — x| = 0.
n—soo
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Step 4: We will show that limsup (f(z) — z,x, —z) < 0, where z = Pz f(z).

n—soo
To show this, choose a subsequence {x,, } of {x,} such that

(3.23) limsup (f(z) — z,x, —z) = limsup (f(z) — 2, %, —2) -

n—yoo k—so0
Without loss of generality, we can assume that x,,, — ® as k — oo, where @ € C.
From (3.15), we obtain u,, — @ as k — oo.
Assume that ® ¢ VI(C,A). Since VI(C,A) = F (Pc(I — AA)), we have @ # Pc(I — LA) .

By nonexpansiveness of Pc(I — AA),(3.19) and Opial’s condition, we have
liminf ||x,, — o|| <liminf||x,, —Pc(I —AA) 0|
k—>oo k—o0
zlilgnianxnk — Pc(I — lA)xnk —|—Pc(l - )LA)xnk - Pc(l — QLA)(DH
—»00
<liminf||x,, —Pc(I —AA)x,,||
k—yo0
+ lilgninf”Pc(I — lA)xnk — Pc(l — )LA)(DH
—»00
<liminf -0 .
<liminf|}x, — ol
This is a contradiction. Then we have
(3.24) weVI(C,A).

Next, we will show that @ € Y, F(T;).
By Lemma 2.10, we have F(S) = Y, F(T;). Assume that @ # Sw. Using Opial’s condition,
(3.22), we obtain

lilgnianxnk — o|| <liminf||x,, — S|
—yo0 k—yoo
:h,fgii}f”x”k — Sxp, + Sx,, — S|
§li]£i£f||xnk — Sxp, || +1ilgi°£1f||5xnk —So||
<liminf||x,, — ®||.
k—>yoo

This is a contradiction. Then we have

N
(3.25) w € F(S)=()F(T;).
i=1
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Next, we will show that @ € Y| EP(F}).

N N
1
Since Z aiF;(up,y) + — (y — ttn,up — x,) > 0,¥y € C and Z a;F; satisfies condition (A1)-(A4),
i=1 "'n i=1
we obtain
1 N

r—(y—un,un—xn) > Y aiFi(y,u,),Vy € C.
A :

—

1

In particular, it follows that

=

I
—

(3.26) <y—wwﬁ%;fﬁ>z aiFi(y,un),Vy € C.
ng

1

From (3.15),(3.26) and (A4), we have

(3.27) aiFi(y, ) < 0,Vy € C.

=

—

l

Put y, :=ty+ (1 —t)w, for all t € (0, 1], we have y, € C. By using (Al),(A4) and (3.27), we

have

0

a;l; ()’ta)’t)

i=1

™M= l[\nﬂz

~
—_

aiE‘(%aW"‘ (1 _t)w)

1

N
<t Y aiFi(y,y)+(1-1) Y aiFi(y,, 0)
i=1

N
<t Y aiFi(y:,y)-
i=1
It implies that

(3.28) 0<

=

I
—_

aiFi(ty+(1-1),y),

1

forallz € (0,1] and y € C.

From (3.28), taking # — 0" and using (A3), we can conclude that

0 < lim (ﬁaiFi(tY"_(l —IWW))

—+
=0\ 5

N
<Y aiFi(,y),Vy €C.
=1

1
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N N N
Therefore, @ € EP( aiFi> . By Lemma 2.6, we obtain EP( a,-F,-) = ﬂ EP(F). It follows
= = i=1

i=1 i=1

that

N
(3.29) o € (| EP(F).
i=1

From (3.24),(3.25) and (3.29), we can deduce that w € .%.

Since x,, — ® € % and Lemma 2.1, we can conclude that

limsup (f(z) — z,%, —z) =limsup (f(z) — 2, %, — 2)
n—oo k—yoo

=(f(z) —z,0—72)

(3.30) <0,

where z = Py f(z).

Step 5: Finally, we will show that the sequence {x, } converges strongly to z = Pz f(z).

By nonexpansive of S and Po(I — AA), we have

st = 2% = || Ba (0 f (5) + (1 — 0)Sx2) + (1 = Bo) Pe(I = AA)uy — 2|
= [| Bt (f () —2) + Bu(1 = ) (S0 — )+ (1 = o) (Bl —~ At —2) ||
<[1Ba(1 — 06) (S —2) + (1 = Bu) (Bl ~ A —2) |
2B (%) — %01 —2)
<(Ba(1 = o) [0 — 2 + (1 = Bo) [|Pe( = AA)un — 2] )

+ 2B (f (%) = 2,Xn 11 — 2)
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<((1 = Buota) la — 21 ) + 2Bt (f () — £(2) Xn 1 —2)
+2B106:(f(2) — 2,%n+1 — 2)
<((1 = Buw) lxn —2l1 )+ 2Bt |1£ () — £ 01— 2]
+2Bn 0 (f(2) — 2, X011 —2)
<(1— B [Pxn — 21 + 2B 01 |5 — 2] [Py — 2]
+2B106:,(f(2) — 2,%n+1 — 2)
<(1— Buoi) [0 — 2lI* + Buou [0 — 2l1* + Buou a1 — 2l

4+ 2B 0 (f(2) — 2, Xns1 —2).

Which implies that
i — 2l <2 =P = L2 g2
b f(2) 2t 2
(1R 2B
(@)~ 2t )
(1= Y b= alP o P o 2P

+2(f(z) — 2,%n41—2))-

Applying the conditions (ii),(3.30) and Lemma 2.3, we have the sequence {x,} converges
strongly to z = Pz f(z). From (3.15), we obtain {u,} converges strongly to z = P f(z). This

completes the proof. 0

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F :
C x C — R be a bifunction with satisfy A1) —A4), T; : C — C be x;-strictly pseudo-contractive
mapping, for all i = 1,2,....N and let A : C — H be o-inverse strongly monotone mapping
with F = EP(F)NNY, F(T;) "\VI(C,A) # 0. Let S be S-mapping generated by Ty, T», ..., Ty

and 0,00, ..., 0y, where o = (a{,a{,ag) eI xIxI,1=10,1] with a{+oc{+a3j: 1 and x <
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ol af <1, foralli=1,2,...N—l,k<al <l,k<ol <1, k<o <1, forall j=1,2,..,N,

where kK = max{k; :i =1,2,....N}. Let the sequence {x,} generated by x| € C and

1
F(unvy)+_<y_un7un_xn> > Ovvy € Ca
(3.31) 'n

Xng1 = B (G f (xn) + (1 = &) Sxs) + (1 = Bu) Pe(I — AA)u,,Vn > 1,

where {B,},{ot,} C[0,1] and A € (0,2¢x). Suppose the following conditions hold:

(i) Zan_oo lim o, =0,
(lz)0<a<ﬁn,rn<b<1f0ralln>1
(iii) f:C — C be n-contraction,

(iv) Y 101 — 0| < o0, Y [Bry1 — Bl < oo,
n=1 n=1

Z [Fpp1 — 1| < oo

n=1

Then {x,} converges strongly to z = Pz f(z).
Proof. Take F = F;,Vi=1,2,...,N. By Theorem 3.1, we obtain the desired conclusion. O

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H. T; : C —
C be K;-strictly pseudo-contractive mapping, for all i = 1,2,....N and let A : C — H be o-
inverse strongly monotone mapping with F = EP(F)NNY, F(T;)NVI(C,A) # 0. Let S be S-
mapping generated by T1,T»,..., Ty and o, 0, ..., Gy, where Olj = (al,a27oc3) celxIxII=
[0,1] with o/ + o + o) =1 and x < o ;o <1, foralli=1,2,...N—1,k <ol <1,k <
Océv <l,xk< a{ <1, forall j=1,2,....N, where Kk = max{x; : i = 1,2,...,N}. Let the sequence

{xn} generated by x| € C and
(3.32) X1 = Ba( 0 f (xn) + (1= 04,)8x,) + (1 = Bu) Pe(I — AA)x,,Yn > 1,

where {B,},{ot,} C[0,1] and A € (0,2¢x). Suppose the following conditions hold:

(i) Zan_oo lim o, =0,
n=1

(ii) 0<a<B,,rn<b<1, foraln>1,

(iii) f:C — C be n-contraction,
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(iv) Z |01 — Q| <o, Z Bt — Bl < oo,
n=1 n=1

[ee]
Z |Fu1 — 1| < oo.

n=1

Then {x,} converges strongly to z = Pz f(2).

Proof. Put F; =0,Vi=1,2,...,N. Then we have u, = Pcx, = x,,Vn € N. Therefore the conclu-

sion of Corollary 3.3 can be obtained by Theorem 3.1. UJ

4. Application

In this section, we apply our main theorem to prove strong convergence theorems involving
optimization problem.

Let us recall the standard constrained convex optimization problem as follows:

4.1) find x* € C such that g(x*) = mig g(x),
xe

where g : C — R is a convex, Frechet differentiable function, C is closed-convex subset of H.
The set of all solutions of (4.1) is denoted by €,.

The following lemmas is important to prove Theorem 4.2.

Lemma 4.1. ([23]) (Optimality condition) A necessary condition of optimality for a point x* € C

to be a solution of the minimization problem (4.1) is that x* solves the variational inequality
4.2) (Vg(x*),x—x*) >0, Vx € C.
Equivalently, x* € C solves the fixed point equation

X" =Pe(x" = AVg(x")),

for every constant A > 0. if, in addition, g is convex, then the optimality condition (4.2) is also

sufficient.

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i=1,2,...,N, let F; : C x C — R be bifunction with satisfy A1) — A4), g : C — R be a real value

convex function with gradient Vg is -inverse strongly monotone and continuous function for
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all L > 0. Assume that % = ﬂfyzl EP(F)N ﬂévzl F(T;) N Qg # 0. Let S be S-mapping generated
by Ty, Ts, ..., Ty and 0y, @, ..., Oy, where ot = (ot 0 o) € I x I < I,1=[0,1] with o] + o +
of =land x < al,of <1, foralli=12,. . N-lLk<al<l,x<ad <l,x<af <1,
forall j=1,2,....N, where x = max{k;:i = 1,2,....N}. Let the sequence {x,} generated by
x1 € C and

N
1
ZaiE(uﬂuy) +— <y_unaun _xn> Z O;Vy € C?
(4.3) i=1 Tn

Xn+1 = Bn(anf(xn) + (1 - an)an) + (1 - ﬁn)PC(I_ AVg)”mvn > 1,
where {B,},{a,} C [0,1] and A € (0,%). Suppose the following conditions hold:

(ii) 0<a< B,,rn<b< 1, foraln>1,
(iii) f:C — C be n-contraction,
N

(iv) Z a;j =1, where a; > 0, foralli=1,2,....N,

n=1

(v) Z ’anJrl - an| < oo, Z ‘BnJrl _Bn| < oo,
n=1 n=1

Z [Fpp1 — 1| < oo

n=1

Then {x,} converges strongly to 7z = Pz f(2).

Proof. The conclusion of Theorem 4.2 can be obtained from Theorem 3.1 and Lemma 4.1. [J

5. Example and Numerical Results
In this section, two examples are given to support Theorem 3.1 and Theorem 4.2, repectively.

Example 5.1. Let R be the set of real numbers and let the mapping A : R — R defined by
Ax = 27"‘,‘v’x €R. Foralli=1,2,...,N, let the mapping 7; : R — R defined by

Tix = %x, Vx e R
and let F; : R x R — R defined by

Fi(x,y) = i(—7x* +xy+6y?),Vx,y € R.

Furthermore, let a; = % + ﬁ foreveryi=1,2,...,N. Then we have
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N N
6 N 5 ) , .
i;aiFi(x,y) = ,_Zi <%+N_7N>l(_7x +xy+6y°) = E(—7x"+xy+6y°),

N
6 1
where E = Z (? + W)i’ it is easy to check that YN | a;F; satisfies all the conditions of
i=1

Theorem 3.1. By the definition of F;, we have

N
1
0< Za,-F,-(un,y) + — (y— Up, Up _xn>

i=1 n

1
:E(—7x2 +xy+ 6y2) + r—(y —up) (up —x,)

n
=E(=7 +xy+6y°) + r—ln(yun — Y — Uy — i Xy
=

0 <Er,(—=Tx> +xy+6y%) + (yity — yXp — U2 — ttpx,)
:6Er,1y2 + Euyryy — 7Eu%rn + yu, — yx, — uﬁ — UpXy,

:6Er,,y2 + (ty — X+ Euyry)y + (—7Eu%r,, — u,% — UpXp).

Let G(y) = 6Eryy* + (un(1 +Ery) —x,)y — TEuZr, — i — upXn. G(y) is a quadratic function of
y with coefficient a = 6Er,, b = u,(1 +Er,) — x, and ¢ = —7TEu’r, — u’ — u,x,. Determine the

discriminant A of G as follows:

A =b* —4ac
=(un(1+Ery) —x,,)z —4(6Er,) (=TEur, — u* — upxy,)
=1 (1 +Ery)? = 2upx,(14+ Ery) +x2 4+ 168E%u>r2 4+ 24Eu2r,, — 24Eupx,1y
:ui + 2Eu,21r,, + Ezuﬁr,% —2upxy — 2Eupx,ry -l-x,zl + 168E2u%r,21 + 24Eu%rn
— 24Eu,x,ry,
:u,% + 26Eu,%rn + 169E2u,%r,% — 2uux, — 26Eu,x,1, +xﬁ
=(up+ 13Eu,,r,,)2 —2x (up + 13Eu,ry) —|—x,%

=(up + 13Eu,ry —xn)z.
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We know that G(y) > 0,Vy € R. If it has at most one solution in R, then A < 0, so we obtain

Xn

(5.1 Uy = e .
1+ 1321':1 <? + W)l}’n

, forall n € N.

. J_ 1 oJ_3j=1 Jj_ 13j-7 C— (L 31 137
For every j =1,2,...,N, let of = 77> 0 = g7 03 = —167 - Then o; = 270167 0 16 )°

for all j =1,2,...,N. Let S-mapping generated by 71,73,...,Ty and Q;,0p,...,0y. From the

definition 7;, A and F;, we have

(0} = ﬁv] EP(F)N ﬁ F(T) NVI(C,A).
i=1 i=1

Put oy, = 31—n, B = %, Iy = #H’ flx) = 35—x and A = 1, Vn € N. From (5.1) we rewrite (3.1)
as follows:
dn+2 1 1
() (e (1))
Ant1 ( 17n ) (3nf(x )+ ( 3n ~

(5.2) —|—<1—4’;;2>(1—A) . Z” 1 >l
1133, (5 + 7 )i

It is clear that the sequence {a, }, {B,} and {r, } satisfy all the conditions of Theorem 3.1. From

Theorem 3.1, we can conclude that the sequence {x, } and {u,} converges strongly to 0.

Table 1 shows that values of sequences {x,} and {u,}, where x; = —5 and x; =5 and n =

N = 14.



MODIFICATION OF VISCOSITY METHOD FOR STRICTLY PSEUDO-CONTRACTIVE MAPPING 169

xp=-5 x1 =5

n Un Xn Un Xn

—

-0.825688  -5.000000 0.825688  5.000000
2 -0.241546 -1.706927 0.241546  1.706927

W

-0.070026  -0.525198 0.070026  0.525198
4 -0.019977 -0.154636 0.019977 0.154636

W

-0.005630 -0.044447  0.005630  0.044447

oo

-0.000120  -0.000980  0.000120  0.000980

11 -0.000002 -0.000020 0.000002  0.000020
12 -0.000001 -0.000006 0.000001 0.000006
13 -0.000000 -0.000002 0.000000  0.000002
14 -0.000000 -0.000000 0.000000  0.000000

TABLE 1. The values of {u,} and {x,} where n = 14.

- ———U
n n

(A)x; =-5 (B)x; =5

FIGURE 1. The convergence comparison of the sequences {x,} and {u,} with

different initial values x;.

Example 5.2. In this example, we consider the same mappings and parameters as in Example

5.1 except the following mapping g : R — R be defined by gx = 2x? + 1. It is clear that

(0} = N EPEIN(FT N
i=1 '
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Put A = %. From (5.1), we rewrite (4.3) as follows:

(5.3)

4n—+2 1 1
i =(T,0) (/o) + (1-5,)8m)
An+2 1
+(1— nt )(I——Vg) n n>1.
17n 8 N o6 1\,
1+13;<$+W>”‘n

It is clear that the sequence {o, }, {B,} and {r,} satisfy all the conditions of Theorem 4.2. From

Theorem 4.2, we can conclude that the sequence {x, } and {u,} converges strongly to 0.

Table 2 shows that values of sequences {x,} and {u,}, where x; = —5 and x; =5 and n =

N =

xp=-5 x; =5

n Uy Xn Uy Xn

—

-0.825688  -5.000000 0.825688  5.000000
2 -0.254147 -1.795972  0.254147 1.795972

w

-0.077666  -0.582496 0.077666  0.582496
4 -0.023370 -0.180898 0.023370 0.180898

W

-0.006949  -0.054859  0.006949  0.054859

oo

-0.000175 -0.001422  0.000175  0.001422

11 -0.000004 -0.000035 0.000004  0.000035
12 -0.000001 -0.000010 0.000001 0.000010
13 -0.000000 -0.000003  0.000000  0.000003
14 -0.000000 -0.000001  0.000000  0.000001

TABLE 2. The values of {u,} and {x,} where n = 14.
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T
ny

(A)x; =-5 (B)x; =5

FIGURE 2. The convergence comparison of the sequences {x,} and {u,} with

different initial values x;.

Conclusion

(1) Table 1 and Figure 1 show that {x,} and {u, } converges to 0, where {0} € ¥, EP(F;)N
¥ | F(T;)NVI(C,A). The convergence of {x,} and {u,} of Example 5.1 can be guar-
anteed by Theorem 3.1.
(2) Table 2 and Figure 2 show that {x, } and {u, } converges to 0, where {0} € ¥, EP(F;)N
MY, F(T;) N Q. The convergence of {x,} and {u,} of Example 5.2 can be guaranteed
by Theorem 4.2.
(3) From these Example, we obtain that the sequence {x,} in Example 5.1 converges faster

than the sequence {x,} in Example 5.2.
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