Available online at http://scik.org

Adv. Fixed Point Theory, 8 (2018), No. 2, 188-204
https://doi.org/10.28919/afpt/3631

ISSN: 1927-6303

DATA DEPENDENCE FOR FOUR-STEP FIXED POINT ITERATIVE SCHEME
ALLOCATING VIA CONTRACTIVE-LIKE OPERATORS

MD. ASADUZZAMAN'* AND ALTAF HOSSAIN?

1Department of Mathematics, Islamic University, Kushtia-7003, Bangladesh

2Department of Statistics, Islamic University, Kushtia-7003, Bangladesh

Copyright (©) 2018 Asaduzzaman and Hossain. This is an open access article distributed under the Creative Commons Attribution License,

which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. Generally, by the data dependence for an iterative scheme means that there exist an estimation by
which one can find the fixed point of an unknown operator from the fixed point of given operator. In this paper,
we have introduced and analyzed the four-step fixed point iterative scheme and established its convergence and
data dependence results by using contractive-like operators. A numerical example is also given, in which instead
of computing the fixed point of an operator, an approximation has been made about the fixed point of that op-
erator through contractive-like one. This work is an extension and improvement of the corresponding works of

Asaduzzaman et al. [10] and other several authors in literature.
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The Mann iterative scheme (one-step iterative scheme) [20], invented in 1953 was used to
prove the convergence of the sequence to a fixed point of many valued mapping for which the
Banach fixed point theorem [12] failed. Later, in 1974 Ishikawa [13] devised a new iterative
scheme known as two-step iterative scheme to establish the convergence of Lipschitzian pscudo-
contractive map when Mann iterative scheme failed to converge. Noor [8, 9] introduced and
analyzed Noor iterative scheme (three-step iterative scheme) to study the approximate solutions
of variational inclusions (inequalities) in Hilbert spaces by using the techniques of updating the
solution and the auxiliary principle. By inspiring the above mentioned works here, we have
introduced and analyzed the four-step fixed point iterative scheme to study the solution of such
problems which are impossible to study by above mentioned iterative schemes.
The data dependence abounds in literature of fixed point theory when dealing with Picard it-
erative scheme, but is quasi-inexistent when dealing with Mann-Ishikawa iterative scheme. In
a paper of Soltuz [15] established a data dependence result concerning Mann-Ishikawa iter-
ative scheme. There, he established the data dependence result of Ishikawa iterative scheme
for contraction mappings. In [16] Soltuz et al. again established a data dependence result of
Ishikawa iterative scheme, but there they used contractive-like operators replacing contraction
mappings. In [10] Asaduzzaman et al. studied the data dependence of Noor iterative scheme by
using contractive-like operators. Normally, Four-step fixed point iterative scheme is more com-
plicated but nevertheless more stable from Mann iterative scheme or Ishikawa iterative scheme
or Noor iterative scheme. It is clear from collected works that in which Mann or Ishikawa
or Noor iterative scheme does not converge while Four-step fixed point iterative scheme does.
From this point of view here, the Four-step fixed point iterative scheme has been considered and

established a data dependence result of that iterative scheme for contractive-like operators.

2. Preliminary Notes

In this section, some definitions and a lemma have been discussed which are used as the tools
of main works.
Throughout this paper N denotes the set of all natural numbers. Let B be a real Banach space

and X be a nonempty, closed and convex subset of B. Let 7,5 : X — X be two maps. For given
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xo,ug € X Four-step fixed point iterative scheme for T and S as follows:
)
Xn+1 = (l - an)xn +anTyy;

Yn = (1 - bn)xn +b,Tzy;

in = (1 _Cn)xn +cnTry;

rn=(1—dp)x,+d,Tx,, Yn €N )

upr1 = (1 —ap)uy + apSvp;

(2.2)
wp = (1 —¢p)up + cpSty;

th = (1 —dy)u, + d,Suy,, Yn € N )
where, the sequences {a,},_, C [0,1], {b,}_o € [0,1], {ca}sy € [0,1] and {d,.};_ C [0,1]

are convergent, such that

lim a, =0, lim b, =0, lim ¢, =0, lim d,, = Oand Z ap = . (2.3)
n—yoo n—soo n—yoeo n—soo =

If we put d, = ¢, = b, = 0 Vn € N in the above stated equations (2.1) and (2.2) then we get
Mann iterative scheme [20] for T and S respectively and if we put d, = ¢, = 0 Vn € N in the
above stated equations (2.1) and (2.2) then we get Ishikawa iterative scheme [13] for 7" and §
respectively and if we put d, = 0 Vn € N in the above stated equations (2.1) and (2.2) then we
get Noor iterative scheme [8, 9] for T and S respectively.

The map T is called Kannan mapping [11], if there exists B € (0, 1/2) such that
1Tx =Tyl < B ([lx = Tx|[+ lly—Tv[]), (2.4)

for all x, y € X.

Similar mapping is called Chatterjea mapping [14], if there exists y € (0, 1/2) such that
1Tx = Tyl| < y(llx =Tyl +[ly = Tx[]), (2.5)

forall x,y € X.

In [17] Zamfirescu collected these classes and introduced the following definition:

Definition 2.1. [1, 17] The operator T : X — X is called a Zamfirescu operator if it satisfies
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the condition Z (Zamfirescu condition) i.e., if and only if there exist the real numbers «, f3, ¥
satisfying 0 < o < 1, 0 < B, ¥ < 1/2 such that for each pair x, y € X, at least one of the following

three conditions is true:

(z1) ITx =Tyl < etflx—y

)

(z2) 1Tx = Tyl| < B (lx = Tx[ +[ly = Tyl

); (2.6)
(z3) [|Tx =Tyl < y(llx— Tyl + Iy —Tx[);

In [2] Rhoades proved that (z1), (z2) and (z3) are independent conditions.
Consider x,y € X. Since T is a Zamfirescu operator, therefore, at least one of the conditions

(z1), (z2) and (z3) is satisfied by T. If (z2) holds, then
1T = Tyl| < B (llx = Txl| + |ly = Tyl])

< B ([be = Txl[ + ([fy = xl| + [l = Tx[| + [|[Tx = Tyl[)) -

B 2B
= ||Tx—Ty|| < ——<|lx—y|| + ——=|]x — Tx||. 2.7
| vl (1—13)” yll (I—B)H I (2.7)
If (z3) holds, then similarly we obtain
Y 2y
Tx—Ty| < x—y|+ x—Tx||. 2.8
I yll (I—Y)H vl (1_},)” | (2.8)
Let us denote
B {4 }
A =max< «, , . 2.9
{ (1-B) (1-7) &%)

Then we have 0 < A < 1 and in view of (z;), (2.7) and (2.8) we get the following inequality
|Tx=Ty[| < Allx—y[ +2A[x—Tx]], (2.10)

holds Vx,y € X.
Formula (2.10) was obtained as in [18].
Osilike et al. introduced in [7] a more general definition of a quasi-contractive operator, they

considered the operator for which there exists L > 0 and ¢ € (0, 1) such that
1T =Tyl < gllx = yl[ +Llbx = Tx]|, ¥x, y € X. (2.11)

In 2003, Imoru ef al. [4] considered the following more general type of contractive operator but

they are failed to name it. Later in 2008, Soltuz et al. [16] used it as contractive-like operators.
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Definition 2.2.[16] The operator T is called contractive-like operator if there exist a constant
g € (0, 1) and a strictly increasing and continuous function ¢ : [0, o) — [0, e0) with ¢(0) =

such that for each x, y € X
ITx =Tyl < qllx=y[l+¢ ([lx=Tx]), vx,y € X. (2.12)

The inequality (1 —x) < exp(x), Vx > 0 leads the following remark.

Remark 2.3. [10] Let {¢,} be a non-negative sequence such that e, € (0, 1], Vn € N. If

then

1 1
61:1,6225,6325,64

That is the given sequence is

1 11 1
={1hh L)

Hence, it is clear that

> 11 1
Zen— 1 stytg bt =

Now, we have to show that

ﬁ (1—ey) =
n—1

We have

oo

H<1_en>:(1—61).(1—ez).(l—e3).(1_e4)...

n=1

But according to the assumption one of the values of ey, e;, €3, e4, - -- must be equal to 1.
Therefore,(1 —e;).(1 —ep).(1 —e3).(1 —eq) -0 =0.
Which implies that

ﬁ (1—ey) =
n=1

This completes the proof.
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The following lemma is collected from the paper of Park [6].
Lemma 2.4. [6] Let {x, } be a nonnegative sequence for which one supposes there exists ny € N,

such that for all n > ngy one has satisfied the following inequality:

Yi1 < (1 8,) 30+ 5,00 (2.13)
where,
o, € (0, 1), i 0, =o0,and 0, > 0,Vn € N.
n=1
Then
0< r}i_r)rgosupxn < r}i_r}r;sup o, (2.14)

Proof. There exists n; € N such that 0, < lim sup 6,,, Vn > n;. Set n, = {ng, n; } such that the
n—oo

following inequality holds, for all n > n; :
X1l S (L=8,) (1 =684—1)--- (1 — Op ) Xn, +}g§°sup6n. (2.15)

Using the above Remark 2.3 with e, = §,, we get the conclusion. In order to prove (2.14),

consider (2.13) and the induction step:
Xn+2 < (1= 8pt1) Xn1 + Ont 10041
< (1= 6g1) (1 =68,) (1 =8p—1) -+ (1 = 8y ) Xy, + (1 — 5n+1)r}glgosupcn + 814100 +1

= (1= 8,0) (1= 8,) (1= 8,-1) -+ (1= 8y, ) %y + (1= 811) lim sup Gy
(2.16)

This completes the lemma.
3. Convergence of Four-Step Fixed Point Iterative Scheme

In this section, a convergence theorem for Four-step fixed point iterative scheme has been
stated and proved.
Theorem 3.1. Let B be a real Banach space, X a nonempty, closed and convex subset of B,

and T : X — X a contractive-like map with m* being the fixed point. Then for all xo € X, the
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Four-step fixed point iterative scheme {x,} defined by (2.1) converges to the unique fixed point

of T.

Proof. First we prove the uniqueness of the fixed point of 7" . If possible let the mapping 7 has

two distinct fixed points m* and n*. Then by using the definition 2.2 we get
lm” —n*[| = [|Tm" =Tn™|| < gllm* —n*|[+ ¢ ([|m* = Tm"||) = q|lm" —n"]]. (3.1)

This implies that m* = n*.
Hence the fixed point of 7 is unique.

Now, from (2.1) and (2.12) we obtain

X1 —m* || = | (1 = an) Xn + a@nTyn — m”|

< (X =an) |lxa —m"[| + an|| Ty, — Tm"||

< (L =ap) |lxa —m"[| + qanlyn —m"|

< (1 =an) (% = m"[| + gan (1 = bn) |60 —m" || + ganbn|| Tzn — Tm"||

< (1= an) [|xn = m" || +qan (1 = bn) || — m*|| + ¢ anbul|zn —m*||

< (1 —ap) [Pon —m*[| 4 qan (1 = by) |60 —m*|| + P anbn (1 = cp) |n —m”|
+ gPapbpcn||Tr, — Tm* |

< (1= ap) [Pon = m*[| + gan (1= bp) 60 = m*|| + P nbi (1 = ) |ln —m*|
+ @ anbycy||rn —m*|

< (1= an) [[xn = m* || +qan (1= bn) || — m*|| + ¢ anbn (1 = ca) |20 — m"|
+ @ apbpcn (1 —dy) ||x, — m*|| + ¢* anbpcady,||x, — m*||

= (1= an) +qan (1 = bn) + ¢ anbn (1 = ca) + ¢ anbcy (1—dy)
+ g anbpcndy) || xa — m* |

= (1—an (1 =g (1= by) = ¢*bu (1 —cn) — ¢*bucn (1 — dy) — g*bucndy) )

[l = m”|
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= (1—ay (1—q (1 =by+gby (1 —cy) + ¢*bucy (1 —dy) + ¢*bucady)))
|12 — m" |
= (1—ay(1—q(1=by (1 —q(1—cn) —gPca (1 —dy) —>cady)))) Ixn — m*|
q(1=by (1—q (1 —cotqen(1—dy)+q*cndn))))) 1w —m"|
= (1—ay(1—q(1=ba (1—q (1 —ca (1 =g (1 —dy) —g*dy)))))) [[ta —m"|
=1 =a,(1-q(1=by(1=q(1—ca(1—q(1=dn+qdy))))))) llxa —m"|

=(I=an(1=g(1=by(1=g(1—cn(1=g(1=dn(1-9)))))))) lta —m’|

I
—~
[E—
|
N
N}
—~ —~ —~
[S=Y
|

iellxnrr —m*f| < (1—=an(1=g(1=ba(1—q (1 —cn(1—q(1—dn(1—9)))))))) lxn —m"|.
(3.2)

But, according to the supposition we can write

(I—=an(1=q(1=by(1—=q(1 —ca(1—q(1—=du(1—q))))))) <(1—an(l—gq)). (3.3)
Combining (3.2) and (3.3) we get

X1 —m"[| < (1= an (1= q)) |lxa —m"||
<(1=an(1=9) (1 =an1(1=9)) Pxn1 —m’

< (1 —an (1= ) (1 —yr (1 =) (1 —tpz (1 — @) [ — ]| O

<o < [H(l—ak(l—Q))] [[xo —m"]].
k=0
Since,Y, ;a, = oo, hence Y~ a, (1 —q) =V g€ (0,1). Now, by the Remark 2.3 we can

write

lim [ﬁ(l—ak(l—q))] = 0. (3.5)

n—yoo =0

From (3.4) and (3.5) we get
lim ||x,41 —m*|| = 0= lim ||x, —m"|| = 0.
n—yo0 n—oo

This completes the proof.
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4. Data Dependence for Four-Step Fixed Point Iterative Scheme in Banach

Spaces

In this section, the data dependence result for Four-step fixed point iterative scheme has been
established.
Theorem 4.1. Let B be a real Banach space, X be a nonempty, closed and convex subset of
B and let € > 0 be a fixed number. Suppose T : X — X is a contractive-like operator with the
fixed point x* and S : X — X is an operator with the fixed point u*, (supposed nearest to x* ). If
Four-step fixed point iterative schemes (2.1) and (2.2) are defined for T and S respectively, and

the following relation is satisfied:
ITz—Sz|| <€, VzeX, (4.1)

then,

I —u*]l <

ﬁ, Vg e (0,1). (4.2)

Proof. From the definition of Four-step fixed point iterative scheme defined by (2.1) and (2.2),

we can write
Xnt1 — Un+1 = (1 —an) (X0 — ) + an (Tyn —Svy) . (4.3)
Now, taking norm on both sides of (4.3), we have

1 = tna [| = [ (1= an) (%0 — ttn) + @ (Tyn = Sva) |
< (L=an) |lxn — unl| + anl|Tyn — Sva|
< (1 —=ap) ||lxn — un|| + anl|Tyn — Tvy + Tvy — Svy |
< (1 =an) [lxn — un|| + anl| TV = Svall + an|| Tvi — Tyal

< (1 =an) [|x0 = ttn|| + an€ + qan|[yn = vall +@n® (|[yn — Tyal|)
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< (1 —=ap) |[xn — un|| + an€ + gan (1 — by) [|Xn — un|| + ganbn || Tzn — Swa|
+an (|[yn—Tyal)
< (1= an) [|xn = tn | + an€ + qan (1 = by) || xn — |
+ qanby, || Swp — Twy +Twy — Tz, || 4+ @n® (|| yn — Tyal|)
< (1 —ap) ||%n — un|| + an€ + qan (1 — by) ||xn — tn|| + ganbn€ + ganby, || Tz — Twy ||
+an (|[yn —Tyal)
< (1= ap) X0 = ttn ]| + an€ + gan (1 = by) X0 — ttn|| + ganbn€ + G*anbul|zn — wall
+ qanbn (||zn — Tznl|) + and ([yn — Tyall)
< (1 —ap) ||xn — tn|| + an€ + qan (1 — by) || X0 — tn|| + ganbn€
+ qPanby (1= cn) [0 — thn]| + @Panbucn|| Tro — Stal| + qanbnd (|| 20 — Tza]|)
+an (|[yn —Tyal)
< (1 —ayp) ||xn — un|| + an€ + qan (1 — by) || %0 — un|| + ganbne
+ ¢*anby, (1 —cp) ||xn — un| —I—qzanbnanStn —Tty+ Tty —Trul| + ganbn@ (|20 — Tznl|)
+and ([lyn — Tynl|)
< (1 —an) [[xn — tn|| + an€ + gan (1 — by) ||xn — un || + ganbne
+ P anbn (1 —cp) 1% — tn|| + G2 anbucn€ + G anbpc, || Trn — Tty|| + ganbn® (|22 — Tza|)
+and (|lyn — Tynl|)
< (1 —ap) ||Xn — un|| + an€ + qan (1 — by) ||xn — un|| + ganbne
+ qzanbn (1 —cp) |0 — un| + GPanbpcne + q3anbncn|]rn —t|| + qzanbncn(p (llrn— Tryl|)
+qanbn@ ([zn — Tznll) + a@nd (Ilyn — Tynl))
< (1 —ayp) ||xn — un|| + an€ + qan (1 — by) || %0 — un|| + ganbne
+ @%by (1= cn) ||Xn — tn|| + G*@nbucn€ + @ anbucy (1 — dy) [ X0 — uy
+q3anbncndn]|Txn — Suy|| + G2 anbpcnd (lrn = Trall) + ganbun®d (|20 — Tzn||)

+an¢ (Hyn - Tyn”)



198 MD. ASADUZZAMAN AND ALTAF HOSSAIN
< (1 —ayp) ||xn — un|| + an€ + qan (1 — by) || %y — un|| + ganbne
+ P anbn (1= cn) || %0 — || + G anbucn€ + G anbpcy (1—dy) || %0 — un||
+ @ anbyndy || Txn — Tty + Ttty — Stty || + @ anbcnd (||rn — Trul|) + qanbn@ (|2 — Tzul|)
+an® ([yn — Tynl|)
< (1 —an+qan (1 —by) ~|—q2anbn (1—cy) +q3anbncn (1— dn)) || — ttn |
+ an€ + qanbp€ + P anbpcn€ + ¢ anbpcndne + q*apbpcnd, || — un|
+ ¢ anbnndn (|| — Toxal|) + ¢ anbucad (|rn — Tral))
+ qanbn® (|20 — Tznll) + and (|lyn — Tynll)
< (1 —ay+qa, (1—>by,)+ qzanbn (1—cy)+ q3anbncn (1—d,)+ q4anbncndn) || — un ||
~+ an€ + qan,b,€ + qzanbncns + q3anbncna’n8
+ ¢ anbncndn (|| — Toxal|) + G anbucad (|ra = Tral)
+qanbp (|20 — Tznll) + and (|[yn — Tyal)
S =an(1=qn(1—g(1—cn(1=q(1=dn(1—9)))))))) llxn— unl
+ @ anbucndn® (%0 — Txal)) + ¢ anbncnd (|1 — Trall) + qanbn® (||za — Tzal)
+and (lyn = Tynll) + an€ + qanbn€ + ¢*anbncn€ + q° anbpcndne
< (1=an(1—q))lxn — unl
+ an (@ ncndnd (%0 — Txul|) + G bucn® (|11 — Trall) + qbu® (|12 — Tzall) + ¢ (yn — Tynll))
+ay (€ + gbu€ + ¢*bucn€ + ¢ bucndy€)
< (I=an(1—q))[lxn —
T buCndn® (|60 — Txall) + @*bacn® (11w = Trall) + bud (|12 — Tzal)

+ (P (Hyn - Tyn”) +€&+qby€ +q2bncn8 +q3bncndn£
(1—q)

+an(1—q)
(4.4)
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It is clear that

1im 0o~ Txl}) = 1im ¢y~ Tyal) = Tim ¢l — Tza)) = lim 9 — Tra[) =0,

because of ¢ is a continuous function and {x,}, {y.}, {z.} and {r,} all are converge to the
fixed point of 7.

Now, if we put
6n = an(l _Q)
@ buCndnd (150 — T |) + @ bucnd (|| — Trall) + qbn (lzn — Tzal])

+ ¢ (|[yn — Tyall) + € + gbn€ + G*bucn€ + ¢ bucadye
(1—q)

Gn —
then, from the Lemma 2.4 we get
lim sup||x, — uy||
n—oo
Cl3bncndn¢ ([]26n — Txal|) +q2bncn¢ ([[rn = Trall) + qbnd (|20 — Tzall)

+¢ (Hyn - Tyn”) +&+gbne+ qzbncns + q3bncndn8
< lim sup
neo (I—q)
Hence from (4.4), we get

This completes the theorem.

Corollary 4.2.

(1) Ifd, =0,Vn € N, arise in Theorem 4.1, then the data dependence for Noor iterative scheme
[8, 9] obtain.

(i) If c, = d, = 0,Vn € N, arise in Theorem 4.1, then the data dependence for Ishikawa itera-
tive scheme [13] obtain.

(i) b, = c, =d, = 0,Vn € N, arise in Theorem 4.1, then the data dependence for Mann itera-
tive scheme [20] obtain.

(iv) If is replaceable the contractive-like operator by Zamfirescu operator or Chatterjea map-
ping or Kannan mapping in the Theorem 4.1 then the Theorem 4.1, remains true for all of these

operators.
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Proof of Corollary 4.2. From the definition of Four-step fixed point iterative scheme defined
by (2.1), we have

Xpe1 = (1= ap)xn+ anTyn;

Yn = (1 - bn)xn +b,Tzy;

Zn=(1—cp)xn+cnTry;

rn= (1 —dy)x,+d,Tx,, Yn € N )
where, the sequences {a,};_, C [0,1], {b,}5_o C [0,1], {ca}sy € [0,1] and {d,};_, C [0,1]

are convergent, such that

lim a, = 0, lim b, =0, lim ¢, = 0, lim d, = Oand Y a, = oo.

n—voo n—yoo n—seo n—yeo o
Now, if we putd,, =0,Vn e N, ¢, =d, =0,VneN, b, =c, =d, =0,Vn € N in the above
equation, then we obtain the Noor iterative scheme

Xn+1 = (1 —an)x, +anTyn;

Yn = (1=bp)xn + bnT 2p; (4.5)

Zn=(1—cp)xn+cpTxy, Yn €N

where, the sequences {a,}; _, C [0,1], {b,};r_, € [0,1], and {c,};7_, € [0,1] are convergent,

such that

o0
lima, =0, lim b, =0, lim ¢, =0, and Y a, = o,
n—yco n—oco n—yoco =0

the Ishikawa iterative scheme
Xn+1 = (1 —an)xn+anTyn;
(4.6)
yn = (1=by)xy+byTx,, Vn €N

where, the sequences {a,}>_, C [0,1], and {b,}>_, C [0, 1] are convergent, such that
lim a, =0, lim b, =0,and )_ a, = oo,

n—soo n—
n=0

and the Mann iterative scheme

Xn+1 = (1 —ap)xy+anTx,, Vn €N (4.7)
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where, the sequence {a,}_, C [0,1] is convergent, such that lim,_,.a, =0, and ¥ ja, = o
respectively.
Hence, it is easily verified that, if we replace the Four-step fixed point iterative scheme by Noor
iterative scheme defined by (4.5), Ishikawa iterative scheme defined by (4.6), Mann Iterative
scheme defined by (4.7) in the Theorem 4.1, then we get the data dependence for Noor iterative
scheme, Ishikawa iterative scheme and Mann iterative scheme respectively.
This proves (1), (i1) and (iii).
To prove (iv), First we observe the equations (2.4), (2.5), (2.6) and (2.12) and after that observa-
tion we can comment that, the contractive-like operator is a general operator among contractive-
like operator, Zamfirescu operator, Chatterjea mapping and Kannan mapping. Now since, the
theorem 4.1 is true for the general operator (contractive-like operator), hence, it will must be

true for all other above mentioned operators.

5. Numerical example

In this section, a numerical example has been discussed which shows the application of The-
orem 4.1.

Example 5.1. Let 7 : R — R be a mapping defined by

2; whenx € (—oo, 4]
Tx= (5.1)
—2.5; whenx € (4, +),

where, R denotes the set of real numbers. Then, it is clear that 7 is contractive-like operator
with ¢ = 0.01 and ¢ is an identity function and x = 2 is the unique fixed point of 7.

Now, we consider an arbitrary mapping S : R — R, which is defined as follows:

3; whenx € (—oo, 4]
Sx = (5.2)
—3.5; whenx € (4, +o0).

It is clear that x = 3 is the unique fixed point of S.
Now, we cheek it by applying Four-step fixed point iterative scheme defined by (2.2) and form
an estimation by applying the Theorem 4.1.

If we take the initial approximation as uy = 2 and a, = b, = ¢, = d, = 1/(n+2), then for S the
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Four-step fixed point iterative scheme defined by (2.2) gives the following result:

Iterative Step (n) | Obtained value by Four-step fixed point iterative scheme

n=1 2.500000
n=>2 2.666667
n=>5 2.833333
n=10 2.909091

n =100 2.990099

n =200 2.995025
n— oo 3

TABLE 1. Computation of fixed point by Four-step fixed point iterative scheme.

The above computations have been obtained by using a MATLAB-7 program. This computation
conclude that Four-step fixed point iterative scheme (2.2) defined for S converges to fixed point
u* = 3, which is the unique fixed point of S.

Take € to be the distance between the two maps as follows:
|Sx—=Tx|| <1,VxeR,ie,e=1.

Ultimately, we can see that the distance between the fixed points of 7 and S is 1. Actually,
without knowing the fixed point of S and without computing it, with the Theorem 4.1, we can

formulate the following estimate for it:

1 1
X" — || < =000~ 099~ 1.01010101.

That is the distance between the fixed points of 7" and S must be less than 1.01010101.
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6. Conclusion

The result established in this paper is an extension and improvement of the results of Asaduz-
zaman et al. [10], the result of Soltuz et al. [15, 16] and Karakaya et al. [19]. Here, the data
dependence for more general Four-step fixed point iterative scheme defined by (2.1)has been
established. By applying the Theorem 4.1 one can estimate the unknown fixed point of an arbi-
trary mapping without computing fixed point of it. The data dependence of Four-step fixed point
iterative scheme generate the data dependence of Mann, Ishikawa and Noor iterative schemes,
because from the data dependence of Four-step fixed point iterative scheme, it can easily be

accessible the data dependence of Mann, Ishikawa and Noor iterative schemes.

Conflict of Interests

The authors declare that there is no conflict of interests.

REFERENCES

[1] B. E. Rhoades, Fixed point iterations using infinite matrices, Trans. Amer. Math. Soc., 196(1974), 161-176.

[2] B. E. Rhoades, A comparison of various definitions of contractive mappings, Trans. Amer. Math. Soc.,
226(1977), 257-290.

[3] C.E. Chidume and S. A. Mutangadura, An example of the Mann iteration method for Lipschitz Pseudocon-
tractions, Proc. Amer. Math. Soc., 129(2001), no. 8, 2359-2363.

[4] C. O. Imoru and M. O. Olatinwo, On the stability of Picard and Mann iteration processes, Carpathian J. of
Math., 19(2003), no. 2, 155-160.

[5] D.R. Smart, Fixed point theorems, Cambridge University Press,(1974).

[6] J. A. Park, Mann-iteration process for the fixed point of strictly pseudo-contractive mapping in some Banach
spaces, J. Kor. Math. Soc., 31(1994), no. 3, 333-337.

[71 M. O. Osilike and A. Udomene, Short proofs of stability results for fixed point iteration procedures for a class
of contractive-type mappings, Ind. J. Pure and Applied Math., 30(1999), no. 12, 1229-1234.

[8] M. A. Noor, New approximation schemes for general variational inequalities, J. Math. Anal. Appl.,
251(2000), 217-229.

[9] M. A. Noor, Three-step iterative algorithms for multivalued variational inclusions, J. Math. Anal. Appl.,

255(2001), 589-604.



204 MD. ASADUZZAMAN AND ALTAF HOSSAIN

[10] Md. Asaduzzaman and M. Zulfikar Ali, Data Dependence for Noor Iterative Scheme Dealing with
Contractive-Like Operators, GANIT J. Bangladesh Math. Soc. 33(2013), 13-24.

[11] R. Kannan, Some results on fixed points, Bull. Cal. Math. Soc., 60(1968, 71-76.

[12] S. Banach, Sur les operations dans les ensembles assembles abstraits et leur Applications aux equations
integrals, Fund. Math. 3(1922), pp 133-181.

[13] S. Ishikawa, Fixed points by a new iteration method, Proc. Amer. Math. Soc. 44(1974), 147-150.

[14] S. K. Chatterjea, Fixed-point theorems, C. R. Acad. Bulgare Sci., 25(1972), 727-730.

[15] S. M. Soltuz, Data dependence for Ishikawa iteration, Lecturas Matematicas, 25(2004), no. 2, 149-155.

[16] S. M. Soltuz and Teodor Grosan, Data Dependence for Ishikawa Iteration When Dealing with Contractive-
Like Operators, Fixed Point Theory Appl., 2008(2008), Article ID 242916.

[17] T. Zamfirescu, Fix point theorems in metric spaces, Archiv Math., 23(1972), no. 1, 292-298.

[18] V. Berinde, On the convergence of the Ishikawa iteration in the class of quasi contractive operators, Acta
Math. Univ. Comen., 73(2004), no. 1, 119-126.

[19] V. Karakaya, Faik Grsoy, Mzeyyen Ertrk, Some convergence and data dependence results for various fixed
point iterative methods, Kuwait J. Sci. 43(1)(2016), 112-128.

[20] W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4(1953), pp 506-510.



