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1. Introduction

In [8, 9] Gihler introduced an attractive theory of 2—norm and n—norm on a linear space.
Raymond W. Freese and Y.J. Cho [7] gave as a survey of the latest results on the relations
between linear 2—normed spaces and normed linear spaces and completion of linear 2—normed
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spaces. Later on Misiak [18] had also developed the notion of an n—norm in1989. The concept
on n—inner product spaces is also due to Misiak who had studied the same as early as 1980.
A systematic development of linear n—normed spaces has been extensively made by S.S. Kim
and Y.J. Cho [15] and R. Malceski [17], A. Misiak [18] and Hendra Gunawan and Mashadi
[13]. For related works of n—metric spaces and n—inner product spaces see for example [18],
[11] and [13]. In 2002, Branciari [5] obtained a fixed point theorem for a single mapping
satisfying an analogue of a Banach contraction principle for integral type inequality [4]. After
the paper of Branciari, a lot of research works have been carried out on generalizing contractive
conditions of integral type for diferent contractive mappings satisfying some properties, see for
example [1, 3, 4, 12, 14, 19, 16]. The aim of this paper is to transform the concept of fixed
point in n—Banach spaces into fixed point in n—Banach spaces of integral type by using known
contractive type mapping.We recall some preliminary definitions.

Definition 1.1. [10] let n be a natural number, let X be a real vector space of dimension d > n
(d may be infinity). A real valued function ||.,...,.|| on X" satisfying four properties,

(1) ||x1,...,xs|| = 0 if and only if x, ...,x, are linearly dependent in X,

(2) ||x1,...,x,]|| is invariant under permutation of xj,x3, ..., X,

3) |Ix1y ey Xn—1, 04| = || ||x1, - s Xn—1,%s]|| for every a € R,

@A) ||x1, ey xn—1,y+ 2| < |Ix1y s Xn—1,¥| +||x1, ---sXn—1,2|| for all y and z in X, is called an

n—norm over X and the pair (X, ||.,...,.||) is called a linear n—normed spaces.
Example 1.1. [13]. Let X = R" with the norm ||.,...,.|| on X by
X1 X12 .. Xin
X201 X2 .. X2
||X1,...,an = }Xijl =
Xnl Xn2 .- Xnn
where x; = x;1, Xj2, ..., xin € R" for each i = 1,2,...,n. Then (X,||.,...,.||) is a linear n—normed
space.
Definition 1.2.  [10]. A sequence x; in an n—normed space (X,|.,...,.||) is said to con-

verge to an element x € X (in the n—norm) whenever klim |uty ... ty—1,x, — x|| = O for every
—o0

Uly...,uy_1 €X.
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Definition 1.3. [19]. A sequence x; in an n—normed space (X, ||.,...,.||) is said to be Cauchy
sequence with respect to n—norm if klglolo ||ty .oy tty—1,x — x|| = O for every uy,...,u,—1 € X.
Definition 1.4. [10]. If every Cauchy sequence in X converges to an element, x € X then X
is said to be complete (with respect to the n—norm). A complete n—normed space is called an
n—Banach space.
Definition 1.5. [10]. Let X be a n—Banach space and T be a self mapping of X. T is said to be
continuous at x if for every sequence x; in X, x; — x as k — oo implies Txy —> Tx as k — oo
inX.
Definition 1.6. A function y : [0,00) — [0,00) is called an altering distance function if the
following properties are satisfied:

(i) y is non-decreasing and continuous,

(if) w(t) = 0 if and only if r = 0.
Definition 1.7. An ultra altering distance function is a continuous, nondecreasing mapping
@ : [0,00) — [0,c0) such that @(¢) >0 ,¢ >0 and ¢(0) > 0.

We denote this set with &,
Definition 1.8. [21] A mapping F : [0,00)? — [0,c0) is called cone C-class function if it is

continuous and satisfies following axioms:

(1) F(s,t) <s;

(2) F(s,t) = s implies that either s = 0 or t = 0; for all 5,7 € P.

We denote cone C-class functions as & .

Example 1.2. [21] The following functions F : [0,00)? — [0,0) are elements of ¢, for all

s,t € [0,00):
(1) F(s,t) =s—t,
(2) F(s,t) = ks, where 0<k<1,
(3) F(s,t) =sB(s), where B : [0,00) — [0, 1),

(4) F(s,t) =¥(s), where ¥ : [0,00) — [0,00) ,¥(0) = 0 ,¥(s) > 0 for all s € [0,00) with
s #0and ¥(S) < sforall s € [0,).,
(5) F(s,t) =s— @(s), where @ : [0,00) — [0,0) is a continuous function such that @(¢) =

0<t=0;
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(6) F(s,t) =s—h(s,t), where h: [0,00) X [0,00) — [0,0) is a continuous function such that
h(s,t)=0<t=0forallz,s > 0.
(7) F(s,t) = @(s),F(s,t) =s = s =0, here ¢ : [0,00) — [0,0) is a upper semi continuous
function such that ¢(0) =0 and @(¢) < ¢ forz > 0.
Lemma 1.1. Let y and ¢ are altering distance and ultra altering distance functions respectively

, F € ¢ and {s,} a decreasing sequence in [0,0) such that

V(snt1) < F(W(sn), @(sn)) (3.1)

for all » > 1. Then li_r>n s, = 0.
n—oo
Definition 1.9. [2]. { :[0,00) — [0, 00) is subadditive on each [a,b] C [0, ] if,

a+b

/ C(t)di = / ()t + /b C(1)di
0 0 0

2. Main results

Theorem 2.1. Let X be a n Banach space. Suppose f be a self mapping of X such that

fo_fyauls-“vunfln Hx—y,uh...,unle Hx_fxvulv'“?un*lH+Hy_fy~,”lv-“7un*lH
v [ Swan<Fwe [ tod+p / C(r)dr
0 0 0
lle—fysuarseesttn [+ ly = fos et | le=y,u1,-osttn—1 |
+7 / coan.pe [ r
0 0
lle—fox ettty ||+ = fysaan oo it |
+B / §(t)dt
0

llx—fysut ettt |41y =001 5 sttn—1 ||

+y / (1)) 1)

for each x,y,uy,...,u,—1 € X with non negative reals o +2 +2y < 1. y and ¢ are alter-
ing distance and ultra altering distance functions respectively ,F € ¥ such that y(r +s) <

y (1) + y(s), where § : [0,00) — [0,00) is a Lebesgue integrable mapping which is summable,
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subadditive on each [a,b] C [0, ), non-negative and for each € > 0,

Then f has a unique fixed point in X, with klim f*x, = z for each x, € X.
—>00

Proof. Let x, € X, and define the iterate sequence {x;} by

then by (2.1) and (2.3), we get

v (

HXk_Xk,] ULy Un—1 H

=]

§(r)dr)

IN

€
/ C(t)dt > 0.
0
X1 = frae= frx,
| Fxx—1—fx,ut et |
v / ¢(r)dr)
0
[k —1 =Xk 21 551 |
Fylw [ toa
0
[k —1 =Xk st et |0k — X1 st 1 |
+B / C(r)di
0
[tk —1 = sttt sttt [ Xk — 1 st |
+y / C(o)dr),

0
||k —1 =Xyt 5oyt —1 ||
o@ [ W
0
[l —1 = k1 sttt || o= a1t ||
B / (o)dr
0
llo6k—1 = foisut oo sttn—1 | [k — g 101t |

+ / (1))

(2.2)

(2.3)
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[k 1 =g, 11 tt—1 ||
< Fyle+B+n [ toa
0
(XK —Xp—1 81 sttt |
By [ twa,
0
1k —1 =g 41 e stt—1 ||
oatpty [ cwar
0
[k —Xp— 1,81 eyt —1 |
By [ cwan)
0

[l 1 —Xpestt1 e stt—1 ||

< wl@+p+n [ toa
0
[k —xk— 1,01t —1 ||
By [ cwan
0
[k —xk— 1,01 ttn—1 || [k 1 —Xp 11 eesttn—1 ||
N / C)di < g / C(r)dr

0

o

o+B+y

where ¢ = (m), for each k and for uy,...,u,_; € X.

HXk_Xk,hul,...,un,] H

There exists a real number, say r > 0 such that

||Xk*)€k,1,u17...,un,1 H

lim / C(t)dt = r

n—soo

as n — oo equation (2.4) =

y(r) < F(y(r),o(r))

s0, Y(r) =0 or ¢(r) = 0 which is only possible if » = 0. Thus

”Xk*Xk,l,Ml,...,Mn,] H

fim / C(1)di =0

n—yoo

389

(2.4)

{(¢)dt} is monotonic decreasing and continuous.
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Claim: {x;} is a Cauchy sequence in X. Suppose {x;} is a Cauchy sequence in X.

Then there exist an € > 0 and sub sequence {n;} and {m;} such that m; < n; < m;,

”xmi_xnﬂulv“wunfl || mei_xniaulr'wunfl H
C(t)di > € and / C()di < e
0 0
||xmi—xni7u1,...,un_1 H |’x,ni—xni717u17...7un,1H |’xni71—xni7u17...,un,1H
e< [ Cwars / L) + / E(r)dr
0 0 0
Hxnzi_x11l-7u17--~7un—l H
therefore lim i f(t)yd=¢
11— 0
now
metfl xnl 1 JUL e Up—1 H meifl _xmiyul-,“-y“nfl H mei —Xni7bt17...,un71 H

£ < / C(1)dt < / ¢(1)dt + / ¢(1)dt

(e}
()
(e}

by taking limit i — o we get,

Hx’”i—l_x”i—l 7“1’“'7“"*1"
lim / C(t)di =€
1—yoo
0
from (2.4) and (2.1) we get,
mei—xn,.,ul.,...,un,l H fo’"iH —fan_l UL eyl 1 H
ver vl [ S =y / G (e)dr)
0 0

< F(W(J(xmi = Xn;, Ul "'7’/[”*1))7 qD(J(mel _x'lifwul?""”n*l)))

where implies

v(e) < F(y(J (Xm _xnwula"-7”n—1>)>(p(~](xmi—1 _'x"i—l7u17"'7un_1))) (2.5)

mei —)Cni,l/ll,.u,l/ln71 H
J (X, — Xy Ul s ooy Up—1) = O E(r)dt
0
||xmi_fxmi7u17'“7un71||+||xni_fxni7u17"'7un71||

B / C(t)dr
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||xmi_fxni7u17'“7un71 ||+||xni_fxmi7”17~~~~,un71 ||
+y / L(t)d
0

Hx’”i 7X,1i,ul,...,un,1 ||

_ / C(t)de

0
i =gy 1t [| =gy 1t |
+B / §(t)dt
0
=gy sttt || ] i =gy 1t |
+v / E(r)dt
0

Taking limit as i — oo we get,

lim J (X, — Xy, 1,5 ..., Up—1) = QE+ 0+ Ye
i—yo0

Hm J (X, — Xy, 15 ooy p—1) < €

i—so00
Therefore from (2.5) we have, y(g) < F(y(€),9(€)) so, y(e) =0 or ¢(e) =0. That is a
contraction because € > 0. Therefore {x,} is a Cauchy sequence in X. Hence {x,} is a Cauchy
sequence. There exists a point z in X such that I}iigokao =zeXanduy,...,u,_ 1 €X
To prove the uniqueness of z, suppose that (z # w) be another fixed point of f, then from (2.1),

we get

|‘Z7Wau1~,~~7u1171” ”fszwaulwwunflu

v [ cwa = v [ cway

0 0
lz=wup s sttn—1]|
< Fly(a L)t
0
lz=fztttseosttn | [lw=fwer sttt |
+B / C(t)dt
0

lz—fwytr ooyttt ||+ W—FZ,11 5o stin—1 ||

+ / C(e)dr)
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lz=woatr,..ttn—1 | llz—fzot1eeesttn—1 ||+ || W= fw,ur .. sttn—1 ]|
ol [ Cwar+p / C(e)dr
0 0
lz—fwyursecoutn1 ||+ w—Fz,u1,eettn—1 ||
+7 / £(t)dr)
0
|‘Z7W7u17~"7”)171‘| HZ*W,L{17...,M",1H
< Fyla+2) [ toanele+2n [ gwan
0 0
Hszvulwwunfll‘
< vi@+) [ toa
0
llz=wsatr,....tn-1 | lz—wyut1y.eesttn—1 ||
= / C(r)dr < (a+2y) / ¢ (r)dr
0 0

which is a contradiction.Since & + 27y < 1. Therefore z = w. Hence z is a unique fixed point of

f.
Remark 2.1.

(1) On setting §(¢) = 1 over R™, the contractive condition of integral type transform into a
general contractive condition not involving integral.

(2) From Condition 2.1 of integral type several contractive mappings of integral type can
be obtained. Now, our next theorem is the extension of the Theorem 2.1 for a pair of

mappings

Theorem 2.2. Let X be a n Banach space. Let f and g be a self mappings of X

fo_gyvuh'”ﬂun*“l Hx—y.,ul,....,un,lﬂ Hx_fx'rulv'“vunflH+Hy_gyvu|7-"a”nf|H
v ( Of C(t)dr) < F(y(a Of C(t)dt+p Of C(r)dt
Hx_gy7ul yeeesUn—1 H+Hy_fxvulv--'ﬂ”n*1 H Hx_yvul yeesln—1 H
+y / Swdn.ea [
0 0 (2.6)
lloe—focsatseoesttn |y —8yste1 sttt | =gyt eeosttn—t I [ly—foxuersesttn |
B / Loy +y / ¢ (1))
0 0

for each x,y,uy,...,u,—1 € X with non negative reals o +2 +2y < 1. y and ¢ are altering dis-
tance and ultra altering distance functions respectively ,FF € € such that y(r+s) < y(r)+ y(s),

where § : [0,00) — [0,0) is a Lebesgue integrable mapping which is summable, subadditive
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on each [a,b] C [0,e0), non-negative and for each € > 0,
£
/ {(t)dr > 0.
0

Then f and g have a unique common fixed point in X, with klim f*x, = z for each x, € X.
—>00

Proof. Let x, € X, and define the iterate sequence x; by

Xok+1 = fxr and xpp 42 = gXp41

Then by (2.6), we have

[lxX2r4 1 —Xok 12,8150 sttn 1 | Il fxon—gxoks 151155t |
v [ ey = v [ oy
0 0

[l 2k —X2k41,881 - 1 |

Fy@ E(r)dr
0

VAN

lloe2k —22k-4- 1581 oot —1 | X2 1 =22k 4 281 5ot 1 |

1B / C(t)dt

[0k —X2k+ 25015 1 | ][ X2kt 1 =Xkt 15815 1 |
+y / (),
0
[loe2k =Xkt 1504155t —1 |
o [ cwar
0
2k =214 1501 sttn— 1 | ([ X2 1 =X 2,01 sttn—1 |
B / ¢(1)dt
0
[k =2k 2,15ttt ||| X2k 1 X2k 121 51 |

+ / ¢ (r)ar)

0
by simple calculation, we get
21 =221 oot —1 | LB+ (2% =Xkt 1,015t |
o Y
Car< (S0 [ toa
0 L=p-v 0
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by exactly the same argument we produce

||x2k_x2k+l SUL e Up—1 H H'x2k—l X2k UL 5 Up—1 ||
Cwar<q [ cwar
0 0

for all uy,...,u,—1 € X and for all k, we get

(X —Xpe 1501 - sttn—1 || [k —1 =20 241 -t 1| [lxk—o—2k— 1,841 -t 1|
Swar < g [ twasg [ gwar
0 0 0

HXO—XhM] yeesln—1 H
<.<dq / C(r)d,
0

by the same steps of Theorem 2.1 one can reaches to conclude that x; is a Cauchy in X, and let

l}im x =z € X.Now, for uy,...,u,—1 € X, by (2.6), we have
—> 00

lX2k+1 =820 1 5n e ttn—1 || | fxok—gzsut1 sttt |

v [ way = v [ toay

o
(e}

szkizﬂ'tlv"'vun*l H

< Fye [ S
0

ok =X2kq1,41 5+ ttn—1 || 2= 82,11 - ttn—1 |

+B / C(t)dt
0
ok =821 1 55ty —1 |-l 2= X2k 1,81 -5t —1 |
+Y / ¢ (r)dr),
0

HXZkfz,ul geeeylp—1 ||
o@ [ cwar
0

ok —X2kq1,11 5+ ttn—1 | |2— 82,11 oo st 1 |

+B / C(t)dt
0

szkigzyulw"vun*l ||+Hzi'x2k+l sUL e Up—1 H

+ / ¢ (r)dr).
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Taking the limit as k — oo, gives

llz—gzu1 e sttn—1|| llz—gz,ut1 e sttn—1 ||
Cwar<B+y [ toa
0 0

HZ*gZ,Ml seeln—1 ”

since (B+7 < 1) we get i {(¢t)dt =0,. gz = z. Similarly, we can show that, fz =z
0
and hence z is a common fixed point of f and g. Next, suppose that (z # w) be another fixed

point of f and g then from (2.6), we get

lz—wyutq e sttn—1 || I fz—gwyut1 s stty—1]|
4 ({ E(r)dt) = y( bf E(r)dt)
HZ_W7MI7“'7MH71H HZ—fZ,Ml,...,Mn71H+Hw—gW7M17...,Mn71H
O O I (o)ds
||Z_gW71/l],...7l/ln71||+HW_fZ7M]7...7un,1|| HZ—W7M]7...7M,,,]H
+y { C(r)dt), o(o Of C(r)dt
”Z*fZ,Ml?...,un,]||+HW*8W,M17...7M”,1H HZ*gW,Ml,...,Mn,IH+HW*‘]CZ,M17...7M”,1H
+B 6f C(r)dt+vy g (r)dr))
‘|Z—W,ld1,...,un71” ||Z_W7M],..‘,Mn,]H
v( ({ C(r)dr) < (a+2y) g C(r)dt,
||Z_W,M],...,Mn_1||
since ot + 27y < 1, we get a contradiction, therefore S {(¢t)dt = 0,, we obtain that

0
z = w. Therefore z is a unique common fixed point of f and g. The proof is complete.Finally,

we extend the result for a sequence of mappings.
Theorem 2.3.Let X be n—Banach space with f: X — X and f; : X — X, be a sequence of

mappings such that

et | llx—=y,u1 sttt | [lx—frx et seeestin1 [y = fiysttt et |
(@ f E(r)dt < F(y(a J E(t)dt+ f E(r)dr
0 0 0
[lx—feyser sttt |-l y—fix,ur 5ot || [lx=yyr sttt ||
+y / G (r)dr). 9(c g(e)dr
0 0
fokaﬂulr“’unflH+Hy7fky:ulvw7un—l”
+B / ¢(1)dt 2.7)
0

llx—fiystarseeesttn—1 ||| y—fix a1 st |

+y / C(r)ar)
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(i1) ]}im fix = fx for each x € X for each x,y,uy,...,u,_1 € X with non negative reals a +2f + 2y <
—»00
1, where ( : [0,00] — [0,00] is a Lebesgue integrable mapping which is summable, subadditive

€
on each [a,b] C [0,e], non-negative and for each € > 0, [ {(¢)dt > 0.
0

Then f has a unique fixed point in X, such that klim Zr = 2, 2k being the unique fixed point of
—>00

fik=1,2,..

Proof. If we take the limit in (2.7), we have

| fx—fyur,...sn_1]] lx—y,ut,e..tn—1]|
v( [ twa) < Fyle [ toa
0 0
lx—fxuar .oty |+ |ly—fy,ut sty 1]
+B / L (t)dr
0
lx—fysutseestn—t ||+ y—fx,ut sy —1 ||
+y / E(e)dr),
0

HX*)@M] yeemslpn—1 H

ol [ Cwar

0
lx—fx gty |1y —Fy,ur,tn—1|]
+B / L (1)dr
0
lx—fyut s osttn—1 ||+ |ly—f 2,015ttt |
+y / L(1)dr))
0

for all x,y,uy,...,u,—1 € X and hence f satisfies (2.7). Hence by Theorem (2.1), f has a unique

fixed point say z € X. Now for all x,y,uy,...,u,—1 € X

||Z_Zk7u17"~7un*1 || ||fz_szk7ul seeln—1 ”
Swdr= [ Lo
0 0
| fz— fiz,ut ettt | | fiez— frzicstt 1 enesttn—1|
< / C(t)dt + / (r)dr, (2.6)

=)
o)
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again from (2.7), we obtain

| fiz— fiziott1 oo s ttn—1]| llz—zk,u1 sttt ||
v( [ twa) < Fyle [ Gl
0 0
llz=ficzotarsesttn1 ||+ |25 — fiziwr oo sttn—1 |
+B / £ (1)t
0
= fizkottseeosttn—1 ||+ |2k — fizsur oo sttn—1 |
+y / E(t)dr),
0
llz=zsttts-o i1 |
¢(a C(t)dt
0
2= frzsureosttn—1 |4 |25 — frzitt s osttn—1 ||
B / ¢ (o)
0
llz—fiziwt oo sttn—1 |+ llzk— fezsur oo sttn—1 |
+y / (0)dr))
0

then, by the condition (ii) of this theorem and taking the limit as k — oo, we get

kaziszhula"wun*lH ||Z*Zka“1w~~a“nfl|| HZ*ka,M],...,Mnfl‘l

v( [ wans Fye [ toarp [ Do,
0

(=)
(=)

HZ_Zkﬂll yeesln—1 H+||Zk_ka7M] yersln—1 H

+y / ¢ (1))

0
”Zfzkvulv""”n—l” HZ*kathmMn—lH
o [ cwa+p [ toa
0 0
llz=ziu1seestin—1 |+ |2k = ficzsttr oottt |

+ / ¢ (1))

0
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from (2.7) in (2.6), we have

lz—zk 115ttt ]|

v L()dr) =

IA

IA

IA

llz—zkstt1 st -1 |

(=]
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| Fz—fiz,tr 5o sttn 1 |

w( ¢(r)dr)
0
Hfz_szsul 3oy ln—1 H HZ—Zk,ul,...,Ll,,,l H
Fly C(0)di+a ()
0 0
llz— fizott1 yeoesttn—1| lz—zksu1 5ottt |-z = frzstt yeoesttnt |
+B C()dt+vy E(r)dt),
0 0
Hfz_szsul yeesln—1 H HZ—Zk,ul,...,Ll,,,l H
o( / E(t)dt+a E(r)dr
0 0
llz— fezott1 yeomsttnt | 2=z sttt sttt ||| 2= Fizoth1 yeoesttnt |
+B / C()ydt+y (1)dr))
0 0
llz—frzsut et | llz—zsst1 sttt |
F(y((1+B) E(t)dt+ (a+7) C(r)dt
0 0
llzx—fezur e sttn 1 | llz— fiz,u1 e tn 1 ||
+v E(t)dr), o((1+B) E(t)dt
0 0
llz=zsua1,eenttn1 || |2k = fizot1 e emsttn 1 |
+(o+7) C()dt+vy C(t)dt))
0 0
llz—fezu1 sttt | lz—2k,u1 - sttn—1]|
v((1+pB) / C(t)dt+ (o +7) ()dt
0 0
llzx— fezur e sttn1 |
+v §(r)dr)
0
llz—frzotttsenmsttn—1 ||
1+
< (_-""F
Codr < (=) [ twa
0
Y llzk = frzott sttt ||
t)dt.
Hi—a=) 10

=]

So by condition (ii) of this theorem we get a contradiction, therefore

[lz—zgte1 5o esttn—1 ||

C(r)dt <0, as k — oo.
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we get klim Zr = z (This complete the proof).
—yo0
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