Available online at http://scik.org

Adv. Fixed Point Theory, 8 (2018), No. 4, 439-462
https://doi.org/10.28919/afpt/3923

ISSN: 1927-6303

COMMON FIXED POINT RESULTS FOR WEAKLY COMPATIBLE MAPPINGS
UNDER RATIONAL CONTRACTIONS WITH APPLICATION IN COMPLEX
VALUED METRIC SPACES

R. A. RASHWAN'*, M. G. MAHMOUD?

'Department of Mathematics, Faculty of Science, Assuit University, Assuit 71516, Egypt

*Department of Mathematics, Faculty of Science, South Valley University, Luxor 85844, Egypt

Copyright (© 2018 Rashwan and Mahmoud. This is an open access article distributed under the Creative Commons Attribution License, which

permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, we establish some common fixed point results for weakly compatible mappings satisfied
generalized contraction under rational expressions in complex valued metric spaces. Our results generalize and
extend some of the known results in the literature. Finally, we use our results to obtain the unique common

solution of Ursohn integral equation.
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1. Introduction

Fixed point theory is one of the famous and traditional theories in mathematics and has a
broad set of applications. In this theory, contraction is one of the main tools to prove the
existence and uniqueness of a fixed point. Banach’s contraction principle gives the existence
and uniqueness of a solution of an operator equation and considered as the most widely used

fixed point theorem in all analysis. The principle is constructive in nature and is one of the

*Corresponding author
E-mail address: rr_rashwan54 @yahoo.com

Received July 31, 2018

439



440 R. A. RASHWAN AND M. G. MAHMOUD
most useful tools in the study of nonlinear equations. There are many generalizations of the
Banach’s contraction mapping principle in the literature. These extension were made either by
using contractive conditions on an ambient space. There are been a number of generalizations
of metric space such as rectangular metric spaces, pseudo metric spaces, probabilistic metric
spaces, D-metric spaces, fuzzy metric spaces, cone metric spaces, 2-metric spaces and G-metric
spaces, etc (see [1,12,13]).

Recently, Azam et al. [2] introduced the concept of complex valued metric spaces which is
more general than ordinary metric spaces and obtained fixed point theorems of contractive type

in the context of complex valued metric spaces (see [3,4,5,7,9,10,14,15,16,17,18,19 ,20]).

2. Preliminaries

In this section, we recall some notations and definitions due to Azam and et al. [2], that will be

used in our subsequent discussion.

Let C be the set of complex numbers and z;,z, € C. Define a partial order = on C as follows:
71 D72 iff Re(z1) <Re(zp) and Im(z;) <Im(zp).

It follows that z; = zp if one of the following conditions is satisfied:

(C1) Re(z1) =Re(z2) and Im(z;) < Im(zp),

1) = Im(z2),

(22
(C2) Re(z1) <Re(z2) and Im(z
(z2) and Im(z;) < Im(zp),
(

(C3) Re(z1) <Re
(C4) Re(z1) =Re(zz) and Im(z;) =Im(zy).

In particular, we write z; °<o 20 if z1 # 2o and one of (C;), (Cy) and (C3) is satisfied and we
write 71 < zo if only (C3) is satisfied.

Definition 2.1 [2] Let X be a nonempty set. A mapping d : X x X — C is called a complex
valued metric on X if the following conditions are satisfied:

(CM;) 0 2 d(x,y) forall x,y € X and d(x,y) =0 & x=y,

(CMy) d(x,y) =d(y,x) forall x,y € X,

(CM3) d(x,y) Zd(x,z)+d(z,y) forall x,y,z € X.

In this case, we say that (X,d) is called a complex valued metric space.
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Example 2.1 [15] Let X = C be a set of complex numbers. Define d : X x X —
C by

d(z1,22) = |x1 —x2| +i[y1 —y2l,
where z; = x; +iy; and zp = xp + iy>. Then (X,d) is called a complex valued

metric space.

Example 2.2 [11] Let X = R. Define the mapping d : X x X — C by
d(x,y) =logzlx—y| VuxyeR,

T
where z is a fixed complex number such that 0 < arg(z) < 5 and |z| > 1 (Here
logarithm takes only the principle value). Then (X,d) is called a complex val-
ued metric space.

Example 2.3 [4] Let X = C. Define a mapping d : C x C — C by
d(z1,22) = €*|z1— 2| Vz1,22€C,

where k € [0,7/2]. Then (X,d) is called a complex valued metric space.
Definition 2.2 [3] Let X be non-empty set and (S, 7) be a pair of self-mappings
on X. Then (S,7) is said to be weakly compatible if

Sx=Tx = STx=TSx VxeX.

Definition 2.3 [2] Let {x,} be a sequence in a complex valued metric space
(X,d) and x € X. Then

(i) x is called the limit of {x,} if for every € > O there exist ro € N such that
d(xr,x) < € for all r > ro and we can write lim, ;e X, = X.

(ii) {x,} is called a Cauchy sequence if for every € > 0 there exist ro € N such

that d(x,,x,45) < € forall r > ry, where s € N.
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(iii) (X,d) is said to be a complete complex valued metric space if every Cauchy
sequence is convergent in (X,d).

Lemma 2.1 [2] Let (X,d) be a complex valued metric space and {x,} be a
sequence in X. Then {x,} converges to x if and only if |d(x,,x)| — 0 as r — oco.
Lemma 2.2 [2] Let (X,d) be a complex valued metric space. Then a sequence
{x;} in X is a Cauchy sequence if and only if |d(x;,x,+5)| — O as r — oo, where
s e N.

The aim of this paper is to obtain some common fixed point theorems for four
weakly compatible mappings satisfying rational type contractive conditions in
the framework of complex valued metric space. The obtained results are gen-
erations of recent results proved by S. U. Khan [8], A. K. Dubey [6] and Azam
et al. [2]. Finally, we use our results to obtain the unique common solution of

Ursohn integral equation

J(t) = fi(?) +/abKi(t,s,j(s))ds.

3. Main Results

We start to this section with the following theorem.

Theorem 3.1 Let (X, d) be a complete complex valued metric space and S, T, P,
Q : X — X are four mappings satisfy:

d(Pj.S))d(Qk,Tk) d(Pj.Tk)d(Qk.S))
1+d(Pj, Q) > 1+d(Pj,0k)

d(Sj,Tk) 3 a1d(Pj,Qk) + ay

+ as[d(P},S))+d(Qk,TkK)], (1)
for all j,k € X, where aj,a,a3z and a4 are non-negative reals with 0 < a; +

ar+az+2as < 1. I S(X) CQ(X)and T(X) C P(X), then S,P, T and Q have a
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coincidence point. Moreover, if the pairs (S, P) and (T, Q) are weakly compati-
ble, then there exists a unique common fixed point of the four mappings.
Proof. Let jj be arbitrary point in X. Since S(X) C Q(X) and T(X) C P(X),

we can construct the sequence {j, } such that,

J2n+1 = Sjon = Qjan+1
(2) . . .
Jon+2 =T jop+1 = Pjons2,
for all n € N. From (1) and (2), we have
d(jon+1, jon+2) = d(Sjon, T jon+1)

/ 1 sz 7S.2 dQ2 I’T'z 1
jald(P]Z”’QJZn—I—l)"‘dz (]n .]n) ( J2n+ .]n+)

1+d(Pjan, Qjon+1)

a d(PJZn,Tj2n+1)d(Qj2n+1;Sj2n>
1+d<Pj2n7Qj2n+1)

+ as [d(Pjon,Sjon) + d(Qjant1,T jant1)]

d(jon, jont1) d(Jon+t1, jon+2)

. ) ) 1.+d(j2n7j2n+1)
d(Jons Jon+2) d(jon+1s Jon+1)

1+d(j2n7j2n+l)
+ as [d(jan, jon+1) + d(Gons1s jansa) |-

For all n € N, we find

= a1d(jon, jont1) + a2

+a

\d(Jjan+1, Jan+2)| |d (jon, Jons1)|
|1 +d<j2n7j2n—|—1)‘
+ ag [|d(jon, jons1)| + |d(J2ns1s J2ns2)| ]

\d(jon+1, jon+2)| < a1 ld(jons jont1)| + a2

since ‘d(j2n7j2n+1)| < ‘1 +d(j2n7j2n+1)|’ we have
d(jon+15 Jont2)| < ar|d(an, jant1)| + a2 |d(Jans1, jons2)| + aa[|d(Jons jons1)]
+ |d(Jant1, Jan+2)] -

This implies that

(1 —ax —aq) |d(jon+1, Jon+2)| < (a1 +aa)|d(jon, jons1)],
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or
a)+ay

d(j ' < | ——
o

) |d<j2m j2n+1)‘ )

that 1s,
|d(Jont1s Jan+2)| < A |d(jan, jon+1)]

where A = (%) Similarly,

l—ar,—a

d(jon; jon+1) = d(T jon—1,Sj2n)

d(Pjon,Sjon) d(Qjon1,T jon_
3 a1d(Pjon, Qjon—1) + a2 (P j2ns Sjan) d(Qj2n—1,T jon—1)

1+ d(PJZna QjZn—l)

d(PjZnaTj2n—1)d(Qj2n—laSj2n)
1 +d(Pj2n7 Qj2n—1)

+ as [d(Pjan,Sjon) + d(Qjorn—-1,T jon—1) ]

d(jan, jon+1) d(j2n—1, jon)
1 +d(j2n7j2n—l)

. d(jan, jon) d(jon—1, jon+1)
1 +d(j2n7j2n—l)

+ a4 [d(jan; j2n1) + d(jon—1,J20) ]-
For all n € N, we find

=a d(j2n7j2n—l) + a

+a

\d(jon, jon+1)| 1d(Jan, j2n—1)|
‘1 +d(j2naj2n—1)|

+ aq [|d(jan, jon+1)| + 1d(j2ns jon—1)]];

\d(Jons jon+1)| < a1 ld(jan, jon—1)|+ a2

since |d(jon, joan—1)| < |1+d(Jjon, jon—1)|, we have

(d(jons ont )| < a1 |d(jons Jon—1)| + a2 [d(jon, joni 1) | + aa [|d(jon, jon+1))]
+ |d(j2ns jan-1)]]-

This implies that

(1 —ax —aaq) |d(jon, jon+1)| < (a1 +aa)|d(Gon, jon—1)],
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or
al+ay
l1—ar—ay

o) < ) (i ).
that 1s,
|d(jans j2ns1)] < A |d(j2n, jon—1)|-
Therefore, for all n € N,
d(jonr1s jons2)| < A |d(jan, jon—1)l,

on continuing this process, we have

d(jons1y jons2)| < A2 d (o, 1)l (3)

Also, for any n > m, we get
(s Jm)| < 1d(Gns Jn—1)| +1d(Gn—15 Jn—2)| + - +|d (Gt 15 Jm)|

< (ATHE AT LA™ [d o, )
< A"
- 1-A

|d(jo,j1)| — 0, as n,m — oo.

This show that {j,} is a Cauchy sequence in X. Since (X,d) is complete, then

there exists u € X such that j, — u as n — oo. Then from (2), we can write

Iim S/, = lim Tj =u
o J2n e J2n+1

and nli_r>noo Pjoyy = nh_r>noo Qjon+1 = u,
Therefore,
Mim Sjy, = Him Tjoy = lim Pj, = lim Qjoni1 = u. (4)
Since S(X) C Q(X), there exists v € X such that
Ov=u. (5)

We will show that Tv = Qv, therefore from (1) we obtain
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d(u,Tv) 3 d(u,Sjon) +d(Sjon, TV)
d(Pj 7S. d v, Tv

,-5 d(bt,S]zn) +aq d(Pj2n,QV) + a» ( J2n ]211) (Q )

1 +d(P]2n,QV)

d(Pjon, Tv) d(QVv,S jon)
1 + d(Pj2n7 QV)

+ aq [d(PJZI’nS.]Zn) +d(QV, TV)]

d(.j2n7 j2n+1) d(ua TV)

3 d(u, jont1) +ar1d(jon,u) + az Tt d(jot)
ny

d(jZI’la TV) d(u7j2n—|—])

+ a3 -
1+d(]2n,u)

+ a4 [d(jon, jont1) +d(u, Tv)].

This implies that

|d(j2naj2n+1)‘ |d(u,Tv)\
|1 + d(j2m I/t)‘

+aq|ld(jan, jons )| + |d(u, TV)|]. - (6)

|d(u, Tv)| < |d(u, jon+1)| +ar |d(jonu)| + a2

|d(jon, TV)| |d(u, jans1)]
|1 +d(j2n>u>|

Taking the limit as # — o in (6) and using (4) and (5), we have
(1 —ay) |d(u,Tv)| <0,

hence |d(u,Tv)| =0, thus Tv=u and

u=Tv =0 (7
Hence v is a coincidence point of 7" and Q.
By a similar way, since 7'(X) C P(X), we can show that

Sw = Pw = u, (8)
for all w € X. Then, w is a coincidence point of S and P.
Since the pairs (T, Q) and (S, P) are weakly compatible, then

TQv=QTv and SPw = PSw. C))

Applying (7) and (8) in (9), we can write
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Tu = Qu and Su = Pu, (10)
with meaning u € X 1is a coincidence point for the four mappings.
Next, we show that u is a common fixed point of 7,Q,S and P. We have from

(1) that
d(Pu,Su)d(Qv,Tv)

1 +d(Pu,Qv)

d(Pu,Tv)d(Qv,Su)
+ as T+ d(Pu,0v) + ag [d(Pu,Su)+d(Qv,Tv)].

Using (7), (8) and (10), we deduce
d(Su,Su)d(u,u)

1 +d(Su,u)
d(Su,u)d(u,Su)

+ a3 T+ d(Su) + a4 [d(Su,Su)+d(u,u)].

d(Su,Tv) = a;d(Pu,Qv) + ay

d(Su,u) = ayd(Su,u) + ap

Consequently,

|d(Su,u)| |d(Su,u)|
|1+d(Su,u)|

Since |d(Su,u)| <|1+d(Su,u)|, then we get (1 —ay —a3)|d(Su,u)| < 0, hence

|d(Su,u)| < a |d(Su7u)| + az

|d(Su,u)| =0 i.e., Su= u, then according to (10), we obtain that

u = Su = Pu. (11)
By a similar way and using (11), we can prove that

u=Tu= Qu. (12)
1.e., the equations (11) and (12) show that u is a common fixed point for our
mappings.
To prove the uniqueness: Suppose that u* # u be another common fixed point

of the four mappings, then from (1), one can write

d(u,u*) = d(Su,Tu")
d(Pu,Su)d(Qu*, Tu*)

= a1 d(Pu,Qu*) + ap T+ d(Pu.Ow)
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d(Pu,Tu*)d(Qu*,Su)
1 +d(Pu,Qu*)

a + ay [d(Pu,Su)+d(Qu* Tu")]

d(u,u)d(u*,u
< ay d(u. u*
d(u,u*)d(u*,u)

+ a3 [t d(u,u) + ag[d(u,u) +d(u*,u*)].

")

Consequently,

|, u™) || (u, u))|

d M < d *
‘ (u7u )‘ = a1| (u,u )l + a3 |1+d(u,u*)\

hence
(1 —ay—a3)|d(u,u®)| <O0.

Therefore |d(u,u*)| =0. i.e., u =u* and so u is a unique common fixed point

of §,T,P and Q. Consequently, the proof is completed.

If we take a3 = a4 = 0 in Theorem 3.1, we obtain the following result:
Corollary 3.1 Let (X,d) be a complete complex valued metric space and S, T, P,
Q : X — X be four mappings satisfy:

d(Pj,Sj)d(Qk,Tk)
1+d(Pj,0k)

d(Sj,Tk) 2 a1 d(Pj,Qk) + ay

for all j,k € X, where a; and a, are non-negative reals with 0 < a; +a, < 1.
If S(X) CQO(X)and T(X) C P(X), then S, P, T and Q have a coincidence point.
Moreover, if the pairs (S, P) and (T, Q) are weakly compatible, then there exists

a unique common fixed point of S, 7', P and Q.

Taking P = Q = I, where [ is the identity mapping in Corollary 3.1, we get the

following corollary:
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Corollary 3.2 [[3],Theorem 4] Let (X,d) be a complete complex valued metric

space and S,7 : X — X be two mappings. If S and T satisfy:

d(j,Sj)d(k,Tk)
1+d(j,k)

d(Sj,Tk) = aj d(j,k) + ap

for all j,k € X, where a; and a; are non-negative reals with 0 < a; +ap < 1.

Then S and T have a unique common fixed point.

By taking S =T in Corollary 3.2, we have the following result:
Corollary 3.3 [[3],Corollary 5] Let (X, d) be a complete complex valued metric
space and the mappings 7 : X — X satisfy:

d(j,Tj)d(k,Tk)

d(Tj,Tk) = a1d(j,k) + a : ,
(Tj,Tk) 3 a1d(j,k) + az 1 d(0

for all j,k € X, where a; and a, are non-negative reals with 0 < a;+a, < 1.
Then T has a unique common fixed point.

The following theorem is a new version of Theorem 3.1 with various contractive
condition.

Theorem 3.2 Let (X,d) be a complete complex valued metric space and S, 7, P,

Q : X — X are four mappings satisfy:
. . d(Pj,S))d(Qk, Tk)
d(Sj,Tk) = ayd(Pj,0Qk) + a ,
(8),Tk) 3 a1d(Pj,0k) + az I+ d(Pj.OK)
d*(Pj,Tk) + d*(Qk,S,)
d(Pj,Tk) + d(Qk,Sj) °
for all j,k € X, where ay,a», a3 are non-negative reals with 0 < a;+ay+a3 < 1.

+aj

(13)

If S(X) CQ(X)and T(X) C P(X), then S, P,T and Q have a coincidence point.
Moreover, if the pairs (S, P) and (7, Q) are weakly compatible, then there exists

a unique common fixed point of the four mappings.
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Proof. Let jj be arbitrary point in X. Since S(X) C Q(X) and T(X) C P(X),
we can construct the sequence {j,} as (2). From (13) and (2), for all n € N, we
have

d(jon+1, Jon+2) = d(Sjan, T jon+1)

. . dP]2 ,Sj2 dQ]2 I;Tj2 !
j ai d(PJ2n7QJ2n+1) + ar ( n n) ( n+ n+ )

14+ d(Pjon, Qjon+1)

d*(Pjon, T jon+1) + d*(Qjant1,Sj2n)
d(PjZnaTjZn—i—l) + d(QerH—laSjZn)

+ a3

d(j2n7j2n+1) d(j2n+17j2n+2)
14+d(jan, jont1)

d?(jan, jon+2) + d*(ant1, jant1)

d(jans jont2) + d(jonsts jon1)

= ar1d(jon, jont1) + @2

+a3

For all n € N, we find
\d(j2n, jont1)| |d(Jons1, joant2)]

‘1 +d(j2n>j2n+l)‘
+ a3 [ ’d(jZnajZn—i-l)‘ + ’d(j2n+1>j2n+2)‘ ]

\d(Jont1, Jan+2)| < arld(jons joan+1)| + a2

<a |d(j2naj2n+1)’ +az ‘d(j2n+17j2n—|—2)| + a3 Hd(jZnajZn—i-l)‘
+ |d(Jont15 Jons2)|]-

This implies that

) ) al+asz
d(jon+1, Jons2)| < (—

dlin i
l—az—a3> |d (jans jon+1)| 5

that 1s,

d(J2n+15 j2nv2)| < A |d(Jons J2ns1)] -
where A = (%) Therefore, for all n € N,

d(jons1, jont2)] < A% 1d(jans jon1)]
on continuing this process, we have (3).

Also, for any n > m, we get
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|d(jnajm)| < |d<jnajn—l)| + ‘d(jn—lajn—Z)‘ + .t |d(jm+lajm)|

< (AL A2 LA™Y [d o, 1))
Am

<

- 1-2

\d(jo,j1)| — 0, as n,m — oo.

This shows that { j, } is a Cauchy sequence in X. Since (X,d) is complete, then
there exists u € X such that j, — u as n — oo. Then from (2), we can write

nli_r>noo Sjon = nli_r>noo Tjon+1 = u

and lim Pjy, = lim Qjyi1 = u.

Therefore, we obtain (4).
Since S(X) C Q(X), there exists v € X such that (5) is satisfied.
Now, we will show that T'v = Qv, therefore from (13), we obtain
d(u,Tv) 3 d(u,Sjan) +d(Sjon, Tv)

3 d(u,Sjan) + a1d(Pjon, Qv) + a2

d?(Pjan, Tv) + d*(Qv,Sjan)
d(PjZI’H TV) + d(QV7 S]2n)

d(Pj2nasj2n)d(QV7 TV)
1+d(Pj2n7Qv)

+ az

d(jZnajZn—i—l)d(M,TV)
1 +d(]2n: l/l)

3 d(u, jont1) + a1d(jon,u) + az

a d*(jon, Tv) +d* (U, jon+1)
d(jan, Tv) +d(u, jont1)

This implies that
|d (Jons Jont1)| |d(u, Tv)|
‘1 +d<j2nyu>‘

d(u, Tv)| < |d(u, jont1)| +a1 |d(jon,u)| + a2

d?(jon, Tv) + d*(u, jons1)

. : (14)
d(jon, Tv) + d(u, jont1)

+ a3

Taking the limit as n — o in (14) and using (4) and (5), we have
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(1—a3)|d(u,Tv)| <0,

hence |d(u,Tv)| =0, thus Tv =u and (7) is given.

By a similar way, since T (X) C P(X), we can show the equation (8).

Since the pairs (7,Q) and (S, P) are weakly compatible, then the equations (8)
and (10) are satisfied. Therefore, u € X 1is a coincidence point for the four
mappings.

Next, we show that u is a common fixed point of 7,Q,S and P. We have from

(13) that

d(Pu,Su)d(Qv,Tv) d*>(Pu,Tv) + d*(Qv,Su)
1 +d(Pu,Qv) T3 d(Pu,Tv) + d(Qv,Su)

Using (7), (8) and (10), we deduce that

d(Su,Su)d(u,u) d*(Su,u) + d*(u,Su)
1+d(Su,u) “ d(Su,u) + d(u,Su)

d(Su,Tv) 2 a;d(Pu,Qv) +a;

d(Su,u) 3 ayd(Su,u) + ap

Consequently,

|d(Su,u)| < ay |d(Su,u)| + a3 |d(Su,u)|.

Therefore, we get (1 —aj; —as) |d(Su,u)| <0, hence |d(Su,u)| =0. i.e., Su=u,
then according to (10), we obtain (11). By a similar way and using (11), we can
prove that (12) are verified. This shows that u is a common fixed point for our
mappings.

For the uniqueness. Suppose that u* # u be another common fixed point of the

four mappings, then from (13), one can write

d(u,u*) = d(Su,Tu")
d(Pu,Su)d(Qu*, Tu*) d?>(Pu,Tu*) + d*>(Qu*,Su)

=a;d(P *
S P Q) o e gy d(Pu,Tur) + d(Qu,Su)

d(u,u)d(u*,u*) d?(u,u*) + d*(u*,u)
< ajd(u,u* :
S arduut) + ar 1 +d(u,u*) T d(u,u*) + d(u*,u)
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Consequently,
d(u,u”)| < ay |d(u,u”)| + a3 [d(u,u”)|,

it follows that

(1—a;—a3)|d(u,u)| <O0.

Therefore |d(u,u*)|=0. i.e., u=u* and so u is a unique common fixed point

of S,7,P and Q. This completes the proof.

For another rational expression, we state and prove the following theorem.
Theorem 3.3 Let (X, d) be a complete complex valued metric space and S, T, P,Q :
X — X are four mappings satisfy:

d(Pj,Sj)d(Qk,Tk) d(Pj,Tk)d(Qk,Sj)
[+d(Pj,0k) 7 1+d(Pj,0k)
d(Pj,S;j)d(Qk,Tk)
(Pj,Qk)+d(Pj,Tk)+d(Qk,Sj)’

d(Sj,Tk) = ayd(Pj,Qk) + a

- (15)
for all j,k € X, where aj,ar,a3 and a4 are nonnegative reals with 0 <
aj+ay+az+ag < 1. If S(X)C Q(X) and T(X) C P(X), and then S,P,T
and Q have a coincidence point. Moreover, if the pairs (S,P) and (T,Q) are
weakly compatible, then there exists a unique common fixed point of the four
mappings.

Proof. Let jj be arbitrary point in X. Since S(X) C Q(X) and T(X) C P(X),
we can construct the sequence { j,} as (2). From (15) and (2), for all n € N, we
have

d(jont1s j2n+2) = d(Sjon; T jon+1)

. : d(Pjan,Sjan) d(Qjon+1,T jont1
3 a1d(Pja, Qjont1) + a2 (Pon,S Jon) (@ on 1)

1 +d(Pjan, Qjon+1)
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d(Pjon,T jont1) d(Qj2nt1,Sj2n)

as . :
14+ d(Pjon, Qjon+1)
+ ay d(PjZmSjZn) d(Qj2n+17Tj2n+1)
d (P jon, Qjon+1) +d(Pjon, T jont+1) +d(Qjant1,Sj2n)’

d(jon, jont1) d(Jont1, Jont2)
1+d(jan, jon+1)

d(Jons Jjon+2) d(jon+1s Jon+1)
1 +d(j2n7 j2n+1)

d(jan, jon+1) d(jon+t1, jon+2)
d(jon, jont1) +d(Jons jont2) +d(Jons1, Jont1)

= a1d(jan, jont1) +a

+ az

+ ag

For all n € N, we find
\d(jan, jon+1)| 1d(Jan+1, jon+2)|

. . ) |1—_}_d(j2n7j2n—|—1)‘
\d(Jans jon+1)]1d (Gan+1, Jont2)|

4 ; ; ; ;
|d(]2n7 ]2n+1)| + |d(]2n7 ]2n+2)|

\d(jon+1, Jon+2)| < ai|d(jon, jont+1)| + a2

+a

\d(jans jon+1)]1d (Gan+1, Jont2)|
‘1 +d(j2n7j2n—|—1>|

d(jo, j dli ¥
4 a4‘ (]211 ]2n+1)|| (]2n—|—l ]2n+2)"

\d(jon+1, Jont2)]

< ay|d(jan, jont1)| + a2

< ar|d(jan, jon+1)|+a2 |d(Gons1, jon+2)| +aa |d(Gan, jont1)] -

This implies that

al+ay
1—a2

|d(jon+1, jont2)] < < > d(jan, Jon+1)]

that 1s,
d(Jon+1, Jan2)| < A |d(jans j2ns1)],
where A = ("ff—;;) Therefore, for all n € N,

d(jons1s jons2)| < A% |d(ons jon—1)|
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on repeating this process, we obtain (3).

Also, for any n > m, we get

|d(]l’l7.]m)| < |d(jn7jn—1)| + ‘d(jn—lgjn—2)‘ + ...+ |d(]m+la]m)| )
< (AR A o 1)

m

<
—1-A

|d(jo, j1)| — 0, as m,n — eo.

This shows that {j, } is a Cauchy sequence in X. Since (X,d) is complete, then
there exists u# € X such that j, —> u as n — oo. Then from (2), we can write

nh_f>noo Sjon = nh_r{lw Tjomi1 = u

and lim Pj,, = lim Qji,+1 = u.
n—-> o0 n—>oo

Therefore, we have (4). Since S(X) C Q(X), there exists v € X such that (5) is
verified.

Now, we will show that Tv = Qv, therefore from (15) we obtain

d(u,Tv) = d(u,Sjr)+d(Sjon, Tv)

d(Pj 7S' d V,TV
j d(uasJZn) +ald(Pj2n,Qv) + a ( J2n -]2’1) (Q )

1+d(Pj2naQV)
d(PJZnaTV) d(Qva‘S]Zn) 4+ d(P.jZmSjZl’l)d(Qva TV)

+ a3

: a ; ; ;
1+d(P]2n>QV) ! d(PJZmQV) +d(P]2n7TV) +d(QV7'S]2n)

d<j2n7 j2n+l) d(”v TV)

3 d(u, jont1) + a1 d(jon,u) + az

1—|—d(j2n,u)
+a3d(j2naTV)d(u7j2n+l)+a4 d(j2n7j2n+l)d(M7TV)
1+d<j2n7u) d(jZny”)+d(j2n7Tv)+d(uaj2n+l)

This implies that

\d(jan, joan+1)] |d(u, Tv))
|1 +d(j2nau>|
\d(jon, TV)||d (U, jon+1)] d(jons jon+1)] |d(u, Tv))

+ a3 - + ay . . - .
|1 +d(jon,u)| \d(jon, w)| 4 |d (jon, Tv)| +|d(u, jons1)]

d(u, Tv)| < |d(u, jont1)| + a1 |d(jon,u)| + a2
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(16)

Taking the limit as n — oo in (16) and using (4) and (5), we have
|d(u,Tv)| <0,

hence |d(u,Tv)| =0, thus Tv =u and we get (7).

By a similar way, since 7(X) C P(X), we can show the equation (8). Since the
pairs (7,Q) and (S, P) are weakly compatible, then the equations (8) and (10)
are satisfied. Then, u € X is a coincidence point for the four mappings.

Next, we show that u is a common fixed point of 7,Q,S and P. We have from

(15) that

d(Pu,Su)d(Qv,Tv) N d(Pu,Tv)d(Qv,Su)
1+ d(Pu,Qv) ST d(Pu, 0v)

d(Pu,Su)d(Qv,Tv)

(Pu,Qv) +d(Pu,Tv)+d(Qv,Su)

Using (7), (8) and (10), we deduce that

d(Su,Su)d(u,u) d(Su,u)d(u,Su)
1 +d(Su,u) “ 1 +d(Su,u)

d(Su,Su)d(u,u)

d(Su,Tv) = a;d(Pu,Qv) + a»

+a4d

d(Su,u) = ayd(Su,u) + ap

s d(Su,u) +d(Su,u) +d(u,Su)
Consequently,
|d(Su, Su)||d(u,u)| |d(Su,u)||d(Su,u)|
d(S < d(S

|d(Su,Su)||d(u,u)|

TSty u)] + 1 Sty )| + |l (a, S)|

Therefore we get (1 —a; —a3) |d(Su,u)| <0, hence |d(Su,u)|=0. i.e., Su=u,
then according to (10), we obtain (11). Similarly, by using (11), we can prove
that (12) are satisfied. This shows that u is a common fixed point for our

mappings.
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To prove the uniqueness, Suppose that u* # u be another common fixed point
of the four mappings, then from (15), one can write
d(u,u*) = d(Su,Tu")

I+dPu, o) BT 11d(Pu,ou)

d(Pu,Su)d(Qu*, Tu*)
(Pu,Qu*) +d(Pu,Tu*) +d(Qu*,Su)

+a4d

d(u,u)d(u*,u*) ny d(u,u*)d(u*,u)
1+d(u,u*) 1 +d(u,u)

< ard(u,u”) + a

d(u,u)d(u*,u*) .
d(u,u*) + d(u,u*) + d(u*,u)

+ a4

Consequently,
|, u”) | |d (u, u”))|
1+ d(u,u*)]

|d(u,u”)| < ay |d(u,u”)| + a

it follows that

(1—a;—a3)|d(u,u*)| <O0.

Therefore |d(u,u*)| = 0. i.e., u = u* and so u is a unique common fixed point

of §,T,P and Q. Consequently, this completes the proof.

4. Application
This section deals with the applications of result proved in the previous section.
Here we will investigate the solution for the following system of Ursohn integral
equations using Theorem 3.1.

jt)=filt)+ [P Ki(t,s, j(5)) ds, (17)
wherei=1,2,3,4,a,b R, a<b,t € |a,b], j, fi € C([a,b],R") and K; : [a,b] X

[a,b] x R" — R" is a given mapping for each i = 1,2,3,4.
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Throughout this section, for each i = 1,2,3,4 and K; in (17) we shall use the

b
— / Ki(t,s, j(s))ds

Theorem 4.1 Consider the Ursohn integral equations (17). Suppose the follow-

following symbol

ing assumption hold for each ¢ € [a, b].

(€) A1l + falt) + 81j(6) — & (ﬁ (1) + Falt) + 81 >)
and fo(1) + f3() + 82(t) — & (f2< )+ (0 )

(Co) S0+ 473(1)-+680) 284 (3/6) - 28400
61 (3500~ 28500 z)) ~ 91
and f(0) + 455(0)+ 63471 + 2843161 ~ 28,71~ (1)
833500~ 2817(0) - 5s0)) =9 ().

Forall j,k€ X and a <t < b, we have
Ajk\/ 1+a2€icot*1a = alBjk(t>—|—a2Cjk(t)—I—a3Djk+a4Ejk<t),

where ay,a,,a3 and a4 are non-negative reals with 0 < ay+a> +az+2a4 < 1

and

Aji(t) = [11() +81j(1) — fo(t) — 62k(1) |

Bjk<t) = [|3j(t) —203j(t) — f3(t) — 3k(t) + 204k(¢) +f4(t)||oom eicot—1a7
Ciult) = (”fl (1) + 81j(t) = 3,j(t) +283(t) +f3(t)\loo>

1 + maxagtgb Bjk(t)

X || fa(t) + Sak(t) — 3k(r) +284k() + fu(t)||.. V1 + a2 efeot '@,
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Djk(t> _ (Hfl (t) + 51]<t) — 3k<t) +254k(t) +f4<t)’|oo)

1+ maxg,<s<p Bjk(t)

X[ fat) + Sak(t) = 3j(t) +283() + f3(t) oo VI + a2 €0,

Ej(r) = <Hf1(t)+31j(t)—3j(t)+253j(f)+f3(t)!|w

500+ 82K(0) = 3K0) + 280K(0) + (1), ) VTF a2 o

Then the system (17) has a unique common solution.
Proof. Suppose X = C([a,b],R") and the mapping d : X x X — C is defined
by

d(j k) = max || j(t) = k(t)].. V1+a> e,

a<t<b
where (X, d) is a complete valued metric space.
Also, let S,T,P,Q : X — X be four mappings that can be defined as
Sj(t) = fi(t) +81j(1) = fi(1) + [ Ki (1,5, j(s)) ds,
Tj(t) = fo(t) + &j(t) = fo(t) + [} Ka(t,s, j(s)) ds,
Pj(r) = 3j(t) =28j(t) — f3(t) = 3j(t) = f3(t) =2 J; Ks(1,s, j(5)) ds,
Qj(1) = 3j(1) = 284j(1) — fa(t) = 3j(t) — fa(t) =2 [ Ka(t,s, j(s)) ds.
For all j,k € X, we find that

([ d(Sj,Th) = maxg<,<p | f1(£) + 81 (t) — fa(t) — Sak(t) | o VT @2 et 4, \
d(Pj,0k) = maxa<;<p ||3j(1) — 283 (1) — f3(1) — 3k(r) +284k(r) + fa(1)||. V1 +a? €',

) d(Pj,Sj) = maxa<;<p || f1(t) + 81j(1) — 3j(1) +283(t) + f3(1)||. V1 +a? eiet '@, >
d(Qk, Tk) = max<,<p || f2(r) + &k(t) — 3k(t) + 28,k (t) + f(t)]|.. VI + a2 &4,
d(Pj.Th) = maxes,<p || f2(t) + 8xk(0) = 3j(1) + 285 (0) + f3(1) . VT - a® £,

L d(0Ok,Sj) = max,<<p || f1(t) + 61j(t) — 3k(t) +2064k(t) + fa(?)]|.. VIta?eicot'a, )

(18)
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Since
AjkV l—l—azeiCOt_la fé alBjk(t)—|—a2Cjk(Z)-|—a3Djk(t)-|—a4Ejk(l‘).

This implies that
max,<;<p AV 1+ a? gicot ' a < ar maxg<<p Bk (t) + ar max,<,<; Cji(t)
+az max,<;<p D ji(t) +as max <, <p Ej(1).
From (18), we obtain that

d(Pj,Sj)d(Qk,Tk) d(Pj,Tk)d(0k,S))

d(S;j,Tk) = a1d(Pj,0k

+ ay[d(Pj,Sj)+d(Qk,Tk)].
Next, we show that S(X) C Q(X), therefore we find that
o(si(0)+0)) =353+ £s0) ) ~ 2848100+ £50)) ~ 500
=530+ 2{ i)+ 50~ 3416 + 1)) |
=5i0)+2{ A1)+ 8.0 + i)~ 85 110+ 870+ 500 |
=si0)+2{ A0+ )+ 8110 - & (70 + 1)+ 810 ) |
| c

From (C}), we obtain that Q(S;(t) + f4(r) ) = Sj(t). This implies that S(X)
Q(X). By a similar way, we can show that T (X) C P(X).

Also, we show that (S,P) and (7,Q) are weakly compatible. Then, for all
J,k € X, we have
IPsitt)-spio)

= |P(s0+8i0)) - (310 - 23200 - 1)) |
= H3<f1(t)+51j(f)) — 2683 (fl(l‘)+51j(l‘)> — f3(¢)
(08 (3102870 - )| 19)
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If Sj(t) = Pj(t), then we deduce that

F1(0)+815(0) = 3(6) — 284 (1) — 15(0).
Therefore, we can write (19) as

Ipsito-spito)| = 3310 - 281500 - f3(t)> ~284 (3500 - 28500~ 100

()~ 1) -8 (310) - 28850~ ) ) |

= [ost0- 510~ 41:0) - 68270

3j(t) —28j(1) —f3(f)>

25
—51< 253j(f)—f3(f)> H

Using (C3), we get |[PSj(t) —SPj(t)|| =0. So, PSj(t) = SPj(t) whenever Sj =
Pj. Thus, (S,P) is weakly compatible. By a similar way, we can show that

(T, Q) is weakly compatible.
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