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1. INTRODUCTION AND PRELIMINARY

A number of practical problems in economics, management sciences, engineering, envi-
ronment sciences, medical sciences, robotics, computer science, meteorology and a large num-
ber of other fields involve vagueness and the difficulty of modeling uncertain data. Classical
mathematical techniques are not usually successful because the imprecisions in these domains
may be of various kinds. Dating back to about five decades, researchers have been proposing
a number of theories for handling imprecise environments. One of these is the theory of fuzzy
sets introduced by Zadeh[23]. Fuzzy set theory does not only have applications in physical and
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applied sciences but also in mathematical analysis, decision making, clustering, data mining
and in almost all the soft sciences. As a result, more than a handful of generalizations of fuzzy
sets have so far appeared in the literature, see, for example, [2, 13, 15]. The theory of fuzzy sets
provides a firm mathematical framework in which vague conceptual phenomena can be rigor-
ously studied. For some applications of fuzzy sets, the interested reader may see, for example,
[7, 21]) and the reference therein. More than a few authors have extended the concepts of fuzzy
sets in different directions. Heilpern [10] introduced the idea of fuzzy contraction mapping and
consequently proved the existence of fuzzy fixed point theorem which is a fuzzy generalization
of Banach contraction theorem ([5]) and Nadler’s [14] fixed point theorem for multivalued map-
pings. As an extension of the notion of fuzzy sets, Goguen introduced the concept of L-Fuzzy
sets in [9], which is a real generalization of fuzzy sets by replacing the range set [0, 1] of the
membership function by a lattice L. The ideas behind L-fuzzy sets are basically two. First is
when L is taken as a complete lattice endowed with a multiplication operator satisfying certain
postulates and the second point is when L is viewed as a complete distributive lattice (see, for
example, [22, 24]). Along the lane, the concepts of S-admissible mappings was introduced by
Samet et al. [19]; the idea of which is used to establish fixed point theorems in partially ordered
spaces and coupled fixed point theorems.

Thereafter, Asl et al. [1] refined the notion of B-admissible for single-valued mappings to
multi-valued mappings. Along the lane, Azam et al [4], obtained common fixed theorems for
Chatterjea type fuzzy mappings on closed ball in a complete metric space. The result hinges
on the fact that fuzzy fixed point can be obtained via fixed point theory of mappings defined
on closed balls. As a further extension of the work of [3, 19], Maliha et al. [18] presented
the notion of Brr-admissible for a pair of L-fuzzy mappings and established the existence of
common L-fuzzy fixed point.

In this paper, encouraged by the work of Maliha et al [18], we introduce the concept of
generalized fB-admissible contraction for L-fuzzy mappings. Our result is an extension of [18,

Theorem 14] into integral version. An example is provided to support the main result .
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2. NOTATIONS AND PRELIMINARIES

In this section, we recall some basic concepts/definitions relevant to the next sections as
follows:

Let (X,d) = X be a metric space and
CB(X)={A:A is anonempty closed and bounded subset of }X.
For A,B € CB(X), define

B) = inf A,B)= inf .
d(x,B) ylgBd(x,y) andd(A, B) xeg}yeBd(x,y)

For any closed and bounded subsets A and B of a metric space X, their Hausdorft distance is

defined as :

max{sup,.,d(x,B), sup,cpd(A,y)}, ifitexists
H(A,B)Z XEA yEB

oo, otherwise.

Definition 2.1. A relation R on a set L is called a partial order if it is
(1) Reflexive
(i) Antisymmetric
(ii1) Transitive.
A set L together with a partial ordering R is called a partially ordered set (poset, for short) and

is denoted by (L,R) or (L,=p) . Recall that partial orderings are used to give an order to sets

that may not have a natural one.

Definition 2.2. Let X be a nonempty set and (X, =) be a partially ordered set. Then any two

elements x,y € X are said to be comparable if either x <y ory <X x.

Definition 2.3. [9] A partially ordered set (L, =) is called
(1) a lattice, ifxNVy e L, x\y € L forany x,y € L;
(ii ) a complete lattice, if /A € L, NA € L forany A C L;
(iil) distributive lattice if x\ (yAz) = (xVy) A (xVz), xA(yVz) = (xAy)V (xAz) for any

x,y,z € L.
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Definition 2.4. [9] Let L be a lattice with top element 11 and bottom element Or and let x,y € L.

Then y is called a complement of x , if xNVy = 1 and x Ny = 0.

Definition 2.5. [9] An L-fuzzy set M on a nonempty set X is a function with domain X and
whose range lies in a complete distributive lattice L with top and bottom elements 1;, and O

respectively.

Denote the class of all L-fuzzy sets on a nonempty set X by Fy,(X). The characteristic function
XL, of an L-fuzzy set M is defined by :

Op, ifx¢M
Xiy(x) =
1;, otherwise x & M.

Remark 2.6. Setting L = [0, 1], reduces an L-fuzzy set to a fuzzy sets.

Example 2.7. Let L = {p,q,r,s} be such that for all {x,y} C L, with x <y, we have x \y =0
and x\/y = 1; then L is a complete distributive lattice with bottom and to elements Op, and 1p,

respectively. Let X = {ay,ay,a3,a4,as,a¢} and define M : X — L by
M(ay) = p,M(ay) =r,M(a3) =0,M(as) = p,M(as) = s,M(ag) = 0.
Then M is an L-fuzzy set in X and may be denoted by
M = {(a1,p),(az,7),(a3,1),(as,p), (as,s), (a6,0)}-
Definition 2.8. The o -level set of an L-fuzzy set M is denoted by My and is defined as follows:
My ={x:0p 2L M(x),if ap€L\{0}},

and

Mo = cl({x:0p 2 M(x)}), where cl(Y) is the closure of a crisp set Y.

Definition 2.9. [17] Let X be an arbitrary set and Y a metric space. A mapping S: X — Fi(Y)
is called an L-fuzzy mapping. An L-fuzzy mapping S from X into Fi(Y), is an L-fuzzy subset of
X XY with membership function S(x)(y). The function S(x)(y) is the degree of belongingness

of y in S(x) with respect to the lattice L.
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Definition 2.10. [17] Let (X,d) be a metric space and S,T : X — Fy(X) be L-fuzzy mappings.
A point p € X is called an L-fuzzy fixed point of S if p € [Splar, where o € L\ {0r}. The point
p is a common L-fuzzy fixed point of S and T if p € [Splar N [T plaL-

Lemma 2.11. [14] Let (X,d) be a metric space and A,B € X. Then for each x € A,
d(x,B) <H(A,B).

Lemma 2.12. [14] Let (X,d) be a metric space and A,B € X. Then for each x € A and any

€ > 0, there exists an element y € B such that
d(x,y) <H(A,B) +e.

Let w = {¢@ : ¢ :[0,0) — R} be such that ¢ is nonnegative , Lebesgue integrable and

integrably subadditive.

3. MAIN RESULTS

In this section, we present the new concepts of generalized 3-admissible pair and generalized

B-admissible contraction for L-fuzzy mappings.

Definition 3.1. Ler (X,d) be a metric space, g: X — X, B : X xX — [0,00) and S,T : X —»
F1.(X) be L-fuzzy mappings. The ordered pair (S,T) is called a generalized B-admissible pair
if the following axioms hold:

(i) for each g(x) € X and g(y) € [Sg(x)]¢, (x) where 0y (x) € L\{OL}, with B(g(x),8(y)) =
k> 1, we have B(g(y),g(z)) > 1 for all g(z) € [TY] g, (y), where au(y) € L\{OL};

(ii) for each g(x) € X and g(y) € [Tg(x)]a (x)» where o (x) € L\{OL}, with B(g(x),g(y)) =
k> 1, we have B(g(y),8(z)) > 1, for all g(z) € [Sg(y)] o (y) Where au(y) € L\{OL}.

Remark 3.2. Notice that if (S,T) is Br, -admissible in the sense of Maliha et al [18], then (S,T)

is a generalized B-admissible pair , where g = I, the identity mapping.

Remark 3.3. If S =T, then S is called generalized B-admissible. Also, it is clear that if (S,T)

is a generalized B-admissible pair, then (T,S) is also a generalized B-admissible pair.
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Definition 3.4. Let (X,d) be a complete metric space, B : X x X — [0,), ¢ € y and S,T
be L-Fuzzy mappings from X into Fy(X). The ordered pair (S,T) is said to be a generalized J3-
admissible contraction if there exists an arbitrary function g : X — X such that for all x,y € X

and any § > 0, the following axioms hold:

(a) For each g(x) € X, there exists oy (x) \ {OL} such that [Sg(x)]e, (x) [T8(x)]ey(x) are

nonempty closed and bounded subsets of X, and for any g(xo) € X, there exists g(x;) €

[S8(x0)] ey (xy) sUUCh that B(g(x0),8(x1)) > 1,
(b) Forall g(x),g(y) € X, we have

/d (8(x);[Sg(x)]ay (x))

5 d(g(y),[Tg()]ey (7))
| ewa < b | A

@(t)dt + p2 @(1)dt

0

d(g(x),[Tg()]a (7)) d(g(y),[58(x)] oy (x))
| o0 +p o(1)di
d(g(x),e(»))
3.1) ps /0 o(1)dt + ¢,

where

& =max {B(g(x),8(»)),B(g(»),2(x))} H ([S¢()] oy (x)> [T&0)] e (v)) + &5 pj(1 < j <5)

are nonnegative reals satisfying Z?: 1pj <1 and either py = py or p3 = pa,

(¢) (S,T) is a generalized B-admissible pair,

(d) if {g(xn) }nen is a sequence in X such that B(g(x,),8(Xnt1)) > 1, and g(x,) — g(x)(n —
o), then (g(xn),g(x)) > 1.

Definition 3.5. Let (X,d) be a metric space, ¢ € y and S,T be L-Fuzzy mapping from X
into Fi(X). A point u € X is called a g-fixed point of T if there exists an arbitrary function
g: X — X such that for any A € (0,1) there exists { > 0, such that

M)v[Tg(u)](xL(u))

d(g(u),[Tg(w)]oy () d(g(
/ ¢@mgx/ o(1)di +C.
0 0

(3.2)

We say u € [Tg(u)] g, ), where ap(u) € L\ {0.}, and hence call u a g-fixed point of the L-
fuzzy mapping T if (3.2) holds. u is said to be a common g-fixed point of S and T if u €
[Sg()] o (u) N [Tg(W)] ey () Clearly, if u is a common g-fixed point of S and T, then g(u) is a
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common coincidence point of S and T. In particular, if g = I, the identity mapping and § = 0,

then every g- fixed point of T reduces to a fixed point of an L-fuzzy mapping T.

Next, we give an example in line with the above definitions .

Example 3.6. Let X = {1,2,3} and g : X — X be defined by
1, ifx=2

g(x) =192, ifx=3

3, if x=1.
Also, ]:or any x,y € X, define d : g(X) x g(X) — R by

(0, if g(x) =g(v)

1, ifg(x)#g(y) and g(x),g(y) €{1,3}
, ifglx)#8(y) and g(x),g(y) €{1,2}

3, ifgx)#gly) and g(x),g(y) €1{2,3}.

Obviously, (X,d) is a complete metric space.

d(g(x),8(y)) =

Further, let L = {p,q,r,u} with p <p q Xpu, p p r =<pu, q and r are not comparable.

Moreover, define L-fuzzy mappings S,T : X — F(X) by

, ift=1,3
s = =4 "
u, if t=2.
(u, ift=1
(Tg()(1) = (T1)(1) =
W if t=2,3.
(. =12
(Te3)(1) = (T2)(1) =
u, if t=3.

u, ift=3

q, if t=12.
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Let o0 = u.(Then, we get

{2}, ifglx)=g(1)

Tsa =9 {1}, ifelx)=g(2)

{3} i g(x) =2¢(3).
and [Sg(x)]e = {3}, forall g(x) € X.

Again, define B : g(X) x g(X) — [0,00) by

k>1, ifgx), 23
Blex),e(») =13 if g(x),8(v) €{2,3}

0, otherwise.

Now, using the above constructions, we show that (S,T) is a generalized 3-admissible pair.

Now, for g(x) € X, g(y) € [Sg(x)]a = [3] with B(g(x),g(y)) =k > 1, we have either g(x) =3,
g(y) =3 o0rg(x) =2 g(y) =3. If g(x) =3,8(y) = 3, then B(g(x),8(z)) > 1 for all g(z) €
[Te(y)]a = {2}.

Ifg(x) =3,8(y) =2, then B(g(y),8(z)) > 1, for all g(z) € [Tg(y)]a = {2}
Next, for g(x) € X and g(y) € [Tg(x)]q with B(g(x),g(y)) =k > 1, we get g(x) = g(y) =3

so that B(g(y),g(z)) = 1 for all g(z) € [Sg(x)]a-

Therefore, (S,T) is a general B-admissible pair.
With direct calculation, we obtain

(

1, ifgly)=1 andforall g(x)eX

H([Sg()]a: [TeM)]a) =40, ifg(y)=2 andforall g(x)€X

K3, if g(y)=3 andforall g(x)€X.

Now, letting py = p» = 75, p3=ps =0, ps = 3 and

in(nr)
#, if t>0, andneN

n, if t=0,andneN
it is immediate that the contractive condition in (b) of definition (3.4) holds. Also, there exists

8(x0) =2 € X and g(x1) =3 € [Sg(x0)]o = {3} such that B(g(x0),g(x1)) =k = 1.
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In what follows, we provide a common g-fixed point theorem for generalized -admissible

contraction.

Theorem 3.7. Let (X,d) be a complete metric space, ¢ € W and S, T be L-fuzzy mappings from
X into Fi(X) such that (S,T) is a generalized B-admissible contraction. Then S and T have a

common g-fixed point in X.

Proof. We consider the following three possible cases:
@) p1+p3+ps=0;
(1) p2+pa+ps=0;
(iii) p1+p3+ps#0, pr+pstps#0
Case(i): p1+p3+ps=0.

For g(xo) € X in condition (b), there exists oy (x) € L\ {0.} and g(x1) € [Sg(x0)]ar(x))
such that B(g(xo),g(x1)) > 1. Also, there exists 0,y € L\ {0.} such that [Sg(x0)]e, (v, and
[Tg(x1)]ey (x,) are nonempty closed and bounded subsets of X. Therefore, from Lemma 2.11,

we have

d(g(0),[T80n)]ay,)) < H (1S800) e (78001 ey, )
B(g(0).80)) [ (18800 - T80, )|
max {B (g(x0), ¢(x1)),B(¢(x1), 8(x0))}

X [H <[Sg(x0)]“L<xo)’[Tg(xl)]%m)ﬂ +¢

IA

IA

By ineq. (3.18), we have

)

/d(g(x1 )T (g(x1 ))]aL(xl ) ) /d(g(xo)»[Sg(xo)]uL(xo) (p(t)dt

pt)dt < p

0 0

d(g(xl )7[Tg(x1 )]aL(xl ) )
2 | o(1)di
/d(guo),[rg(xl)]%l))

+p3 A o(t)dt

(). 5¢(00) )
s | olr)d

d(g(xo0),g(x1))
+p5/0 o(t)dr+ €.
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Using p1 + p3 + ps = 0, couple with the fact d(g(x;), [Sg(xo)]aL(x())) = 0, we obtain

d(g(xl):[Tg(xl)](xL(

)

d(g(x1),[Telx)loy . ) .
/A o+ ¢

(3.3) ¢mm§m/

0
Ineq. (3.3) implies x; is a g-fixed point of T and so, g(x;) € [Tg(xl)]%(x,)' Again, by Lemma

2.11, it follows that

d(g(x1),[Sg(x1)]ey,,)) <H ([Tg(xl)](h(xl)’ [Sg(xl)]%(xl)'>

By condition (c), for g(xg) € X and g(x;) € [Sg(XO)]aL(XO) such that B(g(xo),g(x1)) > 1, we
have B(g(x1),8(z)) = 1 for all g(z) € [Tg(x1)]a, - Since g(x1) € [Tg(x1)]a, ), it follows
B(g(x1),g(x1)) > 1. Therefore,

d(g(x1), 19801 ay,) < Blxr),8)) [H (1880 ey (T80 )| +€-

Again, from ineq. 3.18 and above expression, we get

/d(g(xl )[Sg(xi)]ay, ) /d(g(xl )[Sg(x)ley )
0

pt)dt < p A

/d(g(x1)7[Tg(x1)]aL(XI))

Q(t)dt

+p2 o(r)dt

0
d(g(x1),[Tg(xt)]ay,, )
| o(1)di
/d(g(xl)7[Sg(xl)]aL<xl>)

+p4 A o(t)dt

d(g(x1),g(x1))
+P5/

o(t)dt+C.
0

Since p + p3+ ps =0, and d(g(x1), [Tg(xl)]aL(XI)) = 0, the above ineq. becomes

(). [¢x1 g (015801,
(3.4) /Og1 e “”<p(z)dtg/o SR ot +-¢.

Ineq. (3.4) implies x| is a g-fixed point of S, and so g(x1) € [Sg(x1)]a,

[Sg(x )]OCL(XI) N[Tg(x )]O‘L(m :

«,- Hence, g(x1) €

Case (i1): p2 + ps+ ps =0.
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For g(xp) € X in condition (a), there exists ay(y,) € L\ {0.} and g(x;) € [Sg(xo0)]

OL(xg)

such that B(g(x0),g(x1)) > 1. Also, there exists @) € L\ {0} such that [Sg(xo)]

OL(xg)

and [Tg(xo)]aL(xo) are nonempty closed and bounded subsets of X. By condition (c¢), we have

B(g(x1),8(x2)) > 1forall x; € X and g(x;) € [Tg(xl)]aL(XI). From Lemma 2.11, it follows that

d(g(x2)7[5g(x2)]%(x2)) < H([Tg(xl)]aL(xl)’[Sg(xz)]aL(x2)>

< Blgln). gl H (17801 )y 202y, )

(3.5) <H (T80 - 15802y ) + -

From condition (b) and ineq. (3.5),

d(g(x1),[58(x2)]ay () d(g(x2),[Sg(x2)ley (,.\)
/o L) o(t)dr < pl/o R o(1)dt

d(g(xl)v[Tg(xl)](XL(Xl))

e ol
d(g(x2)7[Tg(xl)]aL(Xl))

o ot
d(g(x1),[58(x2)ley . )

e [ g
d(g(x2),8(x1))

+ps /0 o(t)dt+C.

Using py + p4 + ps = 0 together with the fact that d(g(x,), [Tg(xl)]aL(Xl)) =0, we obtain

) d(g(XZ)ﬂ[Sg(XZ)}OtL( )

2 o(t)dt+¢.

x2)

d(g(xz):[sg(xz)]aL<
(3.6) /

o(t)dt < py /

0

Ineq. (3.6) implies x; is a g-fixed point of S. It follows that g(x,) € [Sg(xz)]aL<X2>. Thus, by

Lemma 2.11,
d(8(x2), [T8(x2)]ay ) < H ([S8(2) gy [T 8062ty ) -
By condition (c), B(g(x2),g(x2)) > 1. Hence,

A(g(02), [T8(0)]y ) < Bl8(2), 202 H ([S8(2)] ey (T80 ]y )
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Again, using ineq.(3.18), we have

d(g(x2),[Tg(x2)] e () d(g(x2),[Sg(x2)ley (. \)
[T war < [ g
d(g(2).[T8(%2)]a )
2 | " 0y
d(g(2).[Te(%2)]ay )
| " gy
d(g(x2),158(x2)]ey (. )
s | 2 (r)r
d(g(x2).8(x2))
+p5/0 o(t)dt+ €.
Since py + pa+ ps =0 and d(g(xy), [Sg(xz)]awz)) =0, we have
d(8(x2),[Tg(x2)] e (1) d(8(x2),[Tg(x2)]ey )
3.7) /0 TR o §P3/O T o )dr +-¢.

Ineq.(3.7) implies x; is a g-fixed point of 7' and hence, g(x;) € [Tg(xz)]aL(Xz). Consequently,

g()Q) € [Sg(x2)]0€L(xZ) N [Tg(XZ)]OCL(xZ)'
Case (iil): p1+p3+ps#0, pa+ps+ps#0.

— [ p1tp3+ps — [ p2tpatps —
Let 7= ( e ) , 6= ( T ), and 0 = max{7,60}.
Notice that if 0 = 0, then p; = p» = p3 = p4 = ps = 0, and so the proof holds trivially. So

assume o = 0.

Next, we show that if p; = p or p3 = p4, then 0 < 760 < 1.

If p3 = p4, then

L (p1+p3+ps) _ (p1+p3 +P5> -
1—pa—p3 I—p2—ps ’

and

0— <pz+p4+ps) _ (pz+p4+p5 _ 1> ,
1—pi1—ps 1—pi1—ps ’

therefore, 0 < 70 < 1.

If p1 = py, then
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0<10 — (P1+P3+P5) <P2+P4+P5)

1 —p2—p3 1 —p1—pa
(p1+p3+ps) <p1+p4+ps>
1 —p1—p3 1 —p1—pa

(p1+p3 +P5> <p1+p4+ps) <1
1 —p1—ps 1 —p1—ps3

(x1) 1S a

nonempty closed and bounded subset of X. Since p; + p3 + ps > 0, therefore, by Lemma 2.12,

Now, by condition (a), for g(x1) € X, there exists 0,y € L\ {0} such that [Tg(x1)]e,

there exists g(x) € [Tg(xl)]aL(XI) such that

d(g(x1),8(2)) < H (1800 T80y, ) +0
< Bl8(x0)sg (@ )H | 8800y [T8(¥1) ]y | + 001+ p3 + ps)
< max{B(g(x0).8(x1), B(g(x1),8(x0))}

xH [[Sg(xO)]aL(xO) ) [Tg(xl)]aL(xl)] + G(pl +p3+ p5)'
Therefore, by condition (b), it follows that

@(t)dt

/d(g(xl)»g(XZ)) (t)dl +
¢ (1)dt + )

/d (8(x0),[S8(x0)]oy ) /d(g(xl )Tgxn)lay, )

p(t)dt < p;
0 0

d(g(XO)v[Tg(xl)]aL(xl)) d(g(xl),[Sg(xo)]aL(xO))
+P3/0 ‘P(f)dt+P4/O @(t)dt

0

d(g(x0).g(x1))
+P5/0 @(t)dt 4+ o(p1+ p3+ps)

/d (g(x1),8(x2))

d(g(x0).8(x1))
Spl/o @(t)dt + p> @ (r)dt

0

/d(g(m),g(m))

d(g(x0).g(x2))
+p3 /0 @(t)dt + p4 @(t)dt

d(g(x0).g(x1)) d(g(x1),g(x2))
(p1+p5)/0 <P(f)dt+pz/

d(g(xo),8(x2))
+ps /0

0

IN

o(t)dt
0

@(t)dt 4+ o(p1+ p3 + ps).
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Using the subadditivity of the integral, we get

d(g(x1),8(x2)) d(g(x0,8(x1))) d(g(x1),8(x2))
/0 e(t)dt < (p1 +ps)/ o(t)dt +p2/ o(t)dt
d(g(x0),g(x1))
+p3 UO df+/ dl}+G(P1+P3+P5)
d(g(xo),g(x1))
< (P1+P3+P5)/0 o(t)dt
d(g(x1),8(x2))

+(P2+P3)/ @(t)dt 4 o (p1+ p3 + ps).

From which we have
0 1—py—ps 1—pr—ps3

(g(XO),g(xl)) 5
(3.8) / o(1)dt + G2,

| /\

() 198

nonempty closed and bounded subset of X. Since p; + p4+ ps > 0, therefore, by Lemma 2.12,

On similar arguments, for g(x2) € X, there exists 0y (,,) € L\ {O} such that [Sg(x2)] e,

we can find g(x3) € [Sg(xz)]aL(xz) such that

(9 dlg().g(x) < H ([Te(r)oy, 18802 lay, ) + 07 (p2+patps)

By condition (c), for g(xo) € X and g(x;) € [Sg(xo)]aL<x1) such that B(g(x0),g(x1)) > 1, we have
B(g(x1),8(x2)) > 1 for g(xy) € [Tg(xl)]%(xl)' Therefore, (3.9) becomes

d(g(x2),8(x3)) < H([Tg(xl)]aL , [Sg(x2)] ey, >+G(Pz+p4+175)-

IN

Blaln), g2 H (T8l oy, - [S8(2)ayq,, ) +02(p2+patps)
max{B(g(x1), 8(x2)) B(g(x2).8(x1))}

xH ([Tg(xl)]aL , [S8(x2)] ey, >+G (p2+ pa+ps).

IN
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Therefore, by condition (), we have

p(t)dt < p

/d(g(xz)’g(%)) ()i +
o(t)dt + p>

/d(g(Xz)’[Sg(n)]aL(xz)) /d(g(xl)v[Tg(xl)}aL(”) )

0 0 0

d(s(2),[Tg(xt)]ay, ) d(g(x1),[58(x2)]yy ., ))
s | o0t +p o(1)di

d(g(x2).g(x1)) 5

+P5/0 @(t)dt +0°(p2+ ps+ps).
d(g(x1).8(x2))

o)+ ps | o)

IN

d(g(x2),g(x3))
Pl/
0

d(g(x2),8(x2)) d(g(x1),8(x3))
+p3 /0 o)+ pa

d(g(x1),8(x2))
+P5/0

o(t)dt
0

@(t)dt + 6*(pa+ pa+ ps).

%)

/d(g(xz)’[sg(xz)] o

o(t)dt + p> A

) d(g(n),[Tg(xl)}aL(m)
= D1 /

0

/d(g(xl)vg(xs))

o o(1)di

d(g(x1).8(x2)) 5
/ @(t)dt +0°(p2+ pa+ps).

+ps
0

Using the subadditivity of the integral, we have

d(g(x2),g(x3)) d(g(x2),g(x3)) d(g(x1),8(x2))
/O o(t)dt < pi /O @(1)dt + p> /0 o(t)dt
d(g(x1),8(x2)) d(g(x2),8(x3))
i o0+ o)
d(g(x1),8(x2)) 5
+P5/) @(t)dt 4 o~ (p2+ pa+ps)
d(g(x1),g(x2))
< (m+pips) | o(r)dr
d(g(x2),8(x3)) 5
Hpr+pa) [ Q(1)d1 + 0% (p2 -+ pa-+ ps).
Simplifying, we get

d(g(x2),8(x3)) d(g(x1),8(x2))
/ 28183 o(n)di < <P2+P4+P5)/ 1,812 (p(t)dt+62(P2+P4+P5)

0 Il—pi1—ps ) Jo l—p1—p4
d(g(x1),g(x2)) 3
(3.10) < c/ o(1)dt +6°.
0
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By repeating the above steps, for g(x3) € X, there exists 0 (,,) € L{0.} such that [Tg(X3)]aL(x3)

is a nonempty closed and bounded subset of X. Hence, by lemma 2.12, we can find g(x4) €

[Tg(X3)]aL(x3) such that

d(8(xs). 8(x4)) < H ([Sg(x2))eyry [T8(%5)] ey, ) + 0> (P + P34 ps):

By condition (c), for g(x1) € X and g(x2) € [Tg(x1)]e, ) such that B(g(x1),8(x2)) > 1, we
have B(g(x2),8(x3)) > 1 for g(x3) € [Sg(x2)]ay,,,- Thus,

d(g(x3),8(x4)) < H([Sg(m)]aL [Tg(x3)]ay, >+6(p1+p3+p5)
B(g(x2), g (s )H (8802 r (T80t ) +0°(p1+p3+5)
max{f(g(x2),8(x3)), B(g(x3),8(x2))}

<H ([S8(2)]ay s T2 )ayy, ) +0° (1 +p3 + ps).

IA

IN

Therefore, conditon (c) yields

@(t)dt < p (t)dt

d(g(x3),[Sg(x2)])
@(t)dt + ps4 /0

/d (8(x3),8(x)) /d (8(x2),[Sg(x2)lay ) /d (8(x3).8(x4))

Q(t)dt + p> A

0 0

/d(g(xz)»[Tg(xz)} % xy))

+D3 ) o(t)dt

@(t)dt + 6 (p1 + p3 + ps).

d(g(x2),8(x3))
+Pps /

0
/d(g(xz),g(x3))

IN

d(g(x3),8(x4))
, [

@(t)dt + pa 5 Qo(t)dt

0

/d (8(x2),8(x4))

d(g(x3),8(x3))
+p3 ) /

@(t)dt + p4 ; @(t)dt

/d(g(xz)vg(x3))

+ps A @(t)dt + 6 (p1 + p3 + ps).

/d (8(x2),8(x3)) /d(g(X3)7g(X4))

= pi @(1)dt + p> ; @(t)dt

0

/d(g(m),g(m))

s [ pl1)dr

a5(22) £(23) .
+P5/0 ¢(t)dt+ o’ (p1+p3+ps).
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Using the subadditivity of the integral, we have

d(g(x3),8(x4))
A @(t)dt + p2 /0 @(t)dt

d(g(x2),8(x3)) d(g(x3),8(x4))
i o0+ o)

d(g(x2).8(x3)) 3
+P5/O @(t)dt + 07 (p1+ p3+ps).

/d(g(xs)vg(m)) /d(g(XZ)vg(x3))

A e(t)dt < pi

/d(g(xz) 8(x3))

= (p1+p3+ps) A @(t)dt

@(t)dt + o> (p1 + p3 + ps).

d(g(x3),g(x4))
+(p2+p3) /

The above expression gives

4(8(x3)5(x4)) p1+p3 +p5> d(g(x2).8(x3) p1+p3+ps
t)dt < _— / t olt—|—0'3 (—)
/0 (1) (1—172—173 0 o(t) 1 —pr—p3
d(g(x2),8(x3) 1
(3.11) < o/ o(t)dt + o*.
0

Continuing this process inductively, we can find a sequence {x,} in X such that

X1 € (S8l ey X2kt € [T8002kt1)]eyyy, )0 KEN,

and B(g(xn—1),8(x,)) > 1, for all n € N. Therefore, we have

d(g(xox41),8(xok42)) < H<[Sg()€2k+1)]oaw%m,[Tg(xzkﬂ)]o%k+1

)> + 0% (p1+ p3+ ps)

IN

B(g(xar), g(x2u+1))

xH ([Sg(x2k+1)]ocL<x2kH), [Tg(x2k+1)]aL(x2kH)) +0 (pr+ 3+ ps)

IN

max{B(g(xx),8(xaxs1)), B(g(x2k+1),8(x2%)) }

xH ([Sg(xzkﬂ)]aqxzw), [Tg<x2k+1)]aL(X2kH)> + 0% (p1 + p3+ ps)
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Hence, by condition (c), we get

)

d(g(x2k+1),8(x2x+2)) or)
/ *o(t)dt

d(g(x2k), [Sg(ka)]aL<
ot < pi [
0 0
)

/d(g(szl),[Tg(szl)]OCL(szQ (p(t)dt

+p2
0

d(g(xa), [ Tg(vaur1)oy )
s [T ) g

/d(g(x2k+1)7[Sg(x2k)}al‘(x2k) : Q(t)dt

+p4
0

d(g(x21),8(x2x41))
/ e @(t)dt +* ! (p1 + p3 + ps)

+ps
0

d(g(x2k+1),8(¥2r12))
0 plr)dr+p2 | o)

/d (g(x2k),8(x2x42))

IN

d(g(x2k),8(x2r41))
P1 /

d(g(xor11),8(x2k11))
| o)+ ps | plr)d

/d (g(x2k),8(x2x+1))

+ps (D(t)dt—l—GZkH(pl—l-pg, + ps)

0
/d (g(x2k),8(x2x+1))

d(g(x2k+1),8(8(x2k42)))
0 o)+ | (1)

d(g(xar),8(x2x42))
+p3 /o

@(t)dt
+ps

/d (g(x2k),8(x2x+1))

; (0(t)dt+62k+l(p1 + p3+ ps)

The subadditivity of the integral yields

/d (8(x2x11),8(x2n42)) /d (8(x2k+1),8(*¥2142)
0

d(g(xor) .8 (X2x+1))
o(t)dt < p /0 o(t)dt + p> o(1)dt

0
d(g(xor),8(x2k41)) d(g(xors1),8(x2r42))
+p3 [/0 o(t)dt +/O o(t)dt

d(g(x2k),8(*2k41)) 2k+1
+WA o(t)dt + ™ (p1 + p3 + ps)

d(g(xox),8(xor11))
< (m+pps) | olr)dr
/d (g(x2n+1),8(x2n42))

+(p2+p3) @(t)dt + ™ (p1 + p3 + ps).

Factorizing the above inequality, gives



ON B-ADMISSIBLE CONTRACTION AND COMMON FIXED POINT THEOREMS

d(g(xor11),8(x2k12))
(3.12) /

(3.13)

Similarly, we get

d(g(x2u+2),8(x2x43))

By condition (), we have

d(g(xox12),8(x2k13))
i o(1)dr
0

@(t)dt

IN

IN

IN

(P1+P3+p5
1 —pr—p3
| g2kt (P1+P3 + D5
1 —pr—p3

d(g('CZk)7g('C2‘c 1))

)

o(t)dt+o

H ([Sg (*2k+2)] 0y

*2%+2)’

Jrdzm(m +pa+ps)

B(g(xars1),8(x2n42))

291

d(g(x),g(x2k+1))
) / o(t)dt
0

2k+2

[Tg (-x2k+1 )] aL(x2k+1 ))

<H ([880ak2)ogy 0 (T80 D]y )

+6%2(pa+ pa + ps)

max{f(g(xx+1),8(xox+2)); B(g(x2k+2), 8 (x2%+1)) }

xH ([Sg (*2642)] 0y

2k+2)’

+6%2(py + pa+ ps).

X2k+2) )

@(t)dt

)q)(t)dt

otar

d(8(x2k+2),[S8 (xar+2) oy
Pi /0

d(g(xok41):[Tg(xors1)]ey
+p2/ L2k+1)

0
/d (8 (var2),[Tg (vars1)] ey

s XUt 1)
0
d(g(xok41),158 (¥ak42))ey ()

i | "2 )

/d (8(x2k+2),8(x2111))

+Pps
0

/d (8(x2x12),8(¥2143))

P1 o(t)dt + ps

0 0

/d (8(x2k+1):8(*¥2112))

[Tg(X2k+l )] aL<X2k+1 ) >

@(t)dt + 62 2(py + pa + ps).

@(r)dt
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d(g(xox+2),8(x2x42)) d(g(x2k+1),8(x2k43))

| o0t +p o)
d(g(xor+1),8(x2x42)) 2et2

+ps | @(1)d1 + 6™ (py+ pa+ ps).

d(g(x2k+2),8(x2k13)) d(g(xor+1),8(¥2r42))
~ /O o(1)di + p> /0 o(1)di

d(g(xor+1),8(x2%43))

+P4/0 @()dt
d(g(xor+1),8(x¥2r42)) et2

+ps | 0(1)di + 0™ (pa -+ it ps).

Since the integral is subadditive, we have

o(t)dt

d(g(x2r12),8(*2%43))
/ o(t)dt + p>

d(g(x2r12),8(*2%43))
owd < pi [ 0

d(g(x2k+1),8(x2u12)) d(g(x2r12),8(*2%43))
el o+ | o()i

d(g(x2r+1),8(¥2u+2))
+ps /0

/d (8(x211),8(¥2k42))
0

@(t)dt + ™2 (pa+ pa+ps).
d(g(xox12),8(x2k43))

< (e | olr)dr
d(g(x2u41),8(X2k12)) 242
+(p2+p4+p5)/0 o(t)dt+o (p2+ pa—+ ps).

Simplifying the above expression, results in

/d(g(x2k+2):g(x2k+3)) o()dt < <P2+p4+PS> /d(g(x2k+1)7g(x2k+2)) o(r)dt
) l—pi—ps

JpEIEE) <Pz+P4+Ps>
l—p1—ps

d(g(x2k41),8(x2x12))
(3.14) < G/

o(t)dt + 0%,
0

Now, from (3.14) and (3.12), we obtain

(p(l‘)dl‘ + 62k+3

d(g(x2r12),8(*243))
/ o(t)dt < ©

/d (8(x2xr1),8(¥ar42))

0 0

5 [G /d(g(xzk)~,g(xzk+1)) o(1)di + 62k+2:| RPEISE
0

IN

IN
Q

d(g(x2x),8(x2k11))
2/ ( )dt+262k+3
0

IN
Q

d(g(xak—1),8(x2x))
2 [0/ : (p(t)dt_’_62k+1:| 4 g2k
0

d(g(xou—1),8(x2))
0.3/ ()_1_30.21(-&-3'
0

IN

(3.15)
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Similarly, from ineqs. (3.10) and and (3.8), we have

d(g(x2),8(x3)) d(g(x1),8(x2)) 3
/ o(t)dt < G/ (t)dt+o
0 0
d(g(x0).8(x1)) ) 3
< 0’[0’/ o(t)dt+0o°| +0o
0
5 [4(8(x0):8(x1) 3
(3.16) < o / o(t)dt+20°.
0

Therefore, from (3.15) and (3.16), we see that for n1,2,3,---,

(3.17) p(t)dr < o"

/d(g(xn),g(xn+1)) (t)dl + nl
[0y no .

/d(g(xo)7g(x1))

0 0

Thus, for each positive integer m,n(n > m), it follows that

/d(g(xm)vg(x")) /d(g(xm)rg(x)71+l))

d(g(merl)vg(merZ))
o()di < o(1)di + /0 o(1)dt

0 0

d(xn-1,g(*n))
+--- /o o(t)dt
d(g(xo

IN

%0),8(x1))
G’”/ l o(t)dt +moc™ !
0
d(g(x0).g(x1))
+6’"+1/ o o(t)dt + (m+1)c™"?
0

L pdlen) )
fto” /0 o(1)di + (n—1)6"

IN

11 .y [2(8lx0)g(x)
(6" +0"" +---+ 0" )/O o(1)dt

+(mo™ M+ (m+ 16"+ +(n—1)0")

n=l - rd(g(x).g(x1)) n=l
< Y 6’/ o o(t)dt+ Y ic™!
i=m 0 i=m
o rd(g(x0).g(x1)) n-l
< . l+]‘
< %=/ o+ Y io

293

1 1 .
Observe that (u,)» = (n6"*!)» = ¢ < 1 as n —> co. Hence, by Cauchy’s root test, Y7~ ! ic'*!

is convergent. Therefore, {g(x,)} is a Cauchy sequence of elements of X. Since X is com-

plete, there exists g(z) € X for some z € X such that g(x,) — g(z) as n —». By condition (d),

ﬁ(g(xnfl)vgg)) >1,VneN.
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Now, consider

g, 158Na) < H ([Tl e, 195y )
B(g(xn-1),8(2))

<H ([Tg(vn1lay, )2 152()ay, ) +0"
max{f(g(xn-1),8(z)), B(g(z),8(xn—1)}

x H ([Tg(xn_l Negie, s [Sg(z)]aL(z)) + o™

IA

IN

Therefore, condition (a) gives

d (g(xn)v[Sg(Z)]aL@ ) d (g(Z)v[Sg(Z)]aL@ ) d(g(xn-1),[Tg(xn-1)])
JA owd < pi [ o)+ | (1)
d(g(z)7[Tg(xn,1)]aL(X _1)) d(g(xnfl)v[Sg(Z)]aL(z))
+p3 /0 " @(t)dt + pa /O @(t)dt

. /Od<g(z>7g<xn1)> o111 0",
Since
d(8(2),[S8(2)ey.)) < d(8(2),8(xn)) +d(8(xn), [S8(2)]ay);
we have

8(2),[58(2))ey d(8(2).8(xn)) d(80xn),[S8(2)ey )
/ o(t)dr < /0 (p(t)dt+/0 o(t)dt

0
d(8(2).8(xn)) d(8(2),[S8(2)]ey )
JA p)d+pi | pl1)d

IA

d(g(xn—l)v[Tg(xn—l)]aL(xnil))
+p2 /0 o(t)dt
d(g(z)’[Tg(xn—l)]OCL(xnil)) g(xn—lv[sg(z)]OtL(Z))
+P3/0 §D(f)dt+P4/0 @(t)dt
d(g(z),g(x,,_] ))
+p5/0 o(t)dt +o"
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d(8(z),8(xn)) d(g(2):88(2)ey )
< /0 @(t)dt + p /0 @(t)dt
d(g(z2),8(xn)) d(g(xn-1),[S8(2)]ay))
| o0t +pi o(1)dt
d(g(2),8(xa-1))
+p5/0 o(t)dt+o"
d(8(2).8(xn)) d(g(2),88(2)]ey )
< (+p) [ ot +p, | o(1)dr
d(g(xnfl)vg(xn)
oo [ gt
(8(2).[S8(2)l ey ) 2),8(xn—1)
+pa [/() dt+/ )dt}
d(g(z),g(xn,l))
+p5/0 o(t)dt+o"
d(g(z2).8(xn)) d(g(2).8(xn-1))
< (+p) | p)di+(ps+ps) [ o(1)d

/d(g(xnl)vg(xn))

d(8(2),[Sg(@)]ey,) ;
+p [ o)+ (p1+ps) | plr)di + 0"

Factorizing the above expression, produces

d(8(2),[58(2)] ey .,) d(8(z).8(xn))
/ b4 < L(z) (p(l‘)dt S ( 1 +p3 ) / Z (p(t)dt
0 0

1—p1—ps4
d(g(2),8(%n-1))
i (1 f4!;25104) /0 ol
d(g(xn—1),8(xn)) n
+<—_ P2 >/ o(t)dr + —>——.
l—pi—ps) Jo 1 —p1—p4

d(g(2),[S2(2)]«
As n — oo, we have [, (el

8(z) € [S8(2)] ey,

@(t)dt <0. Hence, 7 is a g-fixed point of S. This implies

On similar steps, one can show that g(z) € [Tg(z)] ., by using

d(g(2),[T8(2)]ay ) < d(8(2),8(xm;)) +d(g(xn), [T8(2)]ar,))-

Consequently, z € X is a common g-fixed point of S and T,

which means g(z) € [Sg(2)]a;,, N [T8(2)]ay .- O
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Remark 3.8. If we set g =1 = @, the identity mapping, then using Theorem 3.7, all the results

of [18] are obtained as corollaries.

Example 3.9. In continuation of Example 3.6, if g(x,) is a sequence in X and g(x) € X such that
B(g(xn),g(x)) > 1, foralln €N, then g(x,) € {2,3} for all n € N, which implies g(x) € {2,3}.
Therefore, B(g(xn),g(x)) > 1 for all n € N. Thus, all the hypothesis of Theorem 3.7 are satisfied
to have g(3) € X such that

8(3) €[Sy NT&(3)]ay 5 = {3}

This means 3 € X is a common g-fixed point of S and T; which also implies that g(3) € X is a

common coincidence point of S and T.
Since every fuzzy mapping is an L-fuzzy mapping, we deduce the following corollary.

Corollary 3.10. Let (X,d) be a complete metric space, B : X x X — [0,%0), @ € y and
S, T : X — IX be a pair of fuzzy mappings. If the pair (S,T) is a generalized [-admissible

contraction, then S and T have a common g-fixed point in X.
As a direct consequence of Theorem 3.7, we have the next result.

Theorem 3.11. Let (X, d) be a complete metric space, B : X xX — [0,00), 9 € yand g: X —
X be an arbitrary function. Also, let S,T : X — CB(Y) be a pair of multi-valued mappings

such that

(a) For each g(xo) € X, there exists g(x1) € Sg(xo) such that B(g(x0),g(x1)) > 1,
(b) Forall g(x),g(y) € X, we have

g d(g(x),Sg(x)) d(g(y),Te(y))
| ewar < m | o)+ ps | o(1)dt

d(g(x),Tg(y)) d(g(y),Sg(x))
+P3/O fp(f)df+P4/O @(t)dt

d(g(x),e(y))
(3.18) ps /0 o(t)dt+ ¢,

where

6 =max {B(g(x),g(»)). B(8(y).8(x))} H (Sg(x),Tg(y)) +&; p;(1 < j <5) are nonneg-
ative reals satisfying 23:1 pj <1 and either py = py or p3 = pa,
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(c) (S,T) is a generalized B-admissible pair;

(d) if {g(xn) }nen is a sequence in X such that B(g(x,),8(Xnt1)) > 1, and g(x,) — g(x)(n —
00), then B(g(xn),8(x)) = 1.

Then S and T have a common g-fixed point in X.

Proof. Define A,B: X — IX by

Then for o € (0, 1],

[Ag(0)]a = {r:A(g(x))(r) > o}
= {t : %Sg(x) > OC}
= {r: Xsg(x) = 1}

= {r:1eSg(x)} =Sg(x).

On similar steps, [Bg(x)]¢ = Tg(x). Therefore,

H ([Ag(x)]a: [Bg(x)]a) = H (Sg(x),Tg(y)).

It follows consequently from Cor. 3.10 that S and 7 have a common g-fixed point in X. 0

CONCLUSION

In this article, the concepts of generalized $-admissible contraction and g-fixed point theo-
rems are established. These ideas are used to obtain a common g-fixed point of a pair of L-fuzzy
mappings. we provided a few examples to support the validity of our concepts. Consequently,
our derivation improves some known results existing in the field of fuzzy fixed point theory.
Conflict of Interests

The authors declare that there is no conflict of interests.



298 MOHAMMED SHEHU SHAGARI

REFERENCES

[1] Jh. Asl, S. Rezapou, N. Shahzad, On fixed points of o« — W multifunction. Fixed Point Theory Appl. 2012
(2012), 212.
[2] K.T. Atanassov, Intuitionistic fuzzy sets. Physica, Heidelberg, pp. 1-137, 1999.
[3] A. Azam, M. Waseem and M. Rashid, Fixed point theorems for fuzzy contractive mappings in quasi-pseudo
metric spaces, Fixed Point Theory Appl. 2013 (2013), Article ID 27.
[4] A. Azam, S. Hussain, M. Arshad, Common fixed points of Chatterjea type fuzzy mappings on closed balls.
Neural Compute. Appl. 21, 313-317, 2012.
[5] S. Banach, Sur less opération dans les ensembles abstraits et leur applications aux équations intégrales,
Fund. Math. 3 (1922), 133-181.
[6] 1. Beg, A. R. Butt, Fixed point for set-valued mappings satisfying an implicit relation in ordered metric
spaces, Nonlinear Anal. 71 (2009), 3699-3704.
[7] H. Cao, G. Cheng, Some applications of fuzzy sets of meteorolgical forecasting, Fuzzy Sets Syst. 9 (1983),
1-12.
[8] L. Ciric, A generalization of Banach Principle, Proc. Amer. Math. Soc. 45 (1974), 727-730.
[9] J. A. Goguen, L-fuzzy sets, Inf. Control, 18 (1967), 145-174.
[10] S. Heilper, Fuzzy mappings and fixed point theorems. J. Math. Anal. Appl. 8 (1981), 566-569.
[11] R. Kannan, Some results on fixed points, Bull. Calcutta Math. Soc. 40 (1968), 71-76.
[12] B. Mohammadi, S. Rezapou, N. Shahzad. Some results on fixed points of o« — y-Ciric generalized multifunc-
tions. Fixed Point Theory Appl. 2013 (2013), Article ID 24.
[13] D. Molodtsov. Soft set theory—first results. Comput. Math. Appl. 37 (4-5) (1999), 19-31.
[14] B. Nadler, Multivalued contraction mappings, Pac. J. Math. 83(1981), 566-569.
[15] Z. Pawlak . Rough sets. Int. J. Computer Inf. Sci. 11 (1982), 341-356.
[16] J. J. Nieto, R. Rodriguez-Lopez, Existence and uniqueness of fixed points in partially ordered sets and appli-
cations to ordinary differential equations, Acta Math. Sin. (Engl. Ser), 23 (2007), 2205-2212.
[17] M. Rashid, A. Azam, and N. Mehmood, Fuzzy fixed points theorems for fuzzy mappings via admissible pair.
Sci. World J. 2014 (2014), 853032.
[18] M. Rashid, A. Azam, and N. Mehmood. L-fuzzy fixed point theorems for L-fuzzy mappings via Bpr-admissible
pair. Sci. World J. 2014 (2014), Article ID 853032.
[19] B. Samet, C. Vetro, and P. Vetro. Fixed point theorems for ot — y-contractive type mappings. Nonlinear Anal.,
Theory Methods Appl. 75 (2012), 2154-2165.
[20] P. Supak, W. Sintunavarat, and P. Kumam. Common o-fuzzy fixed point theorems for fuzzy mappings via

Br-admissible pair. J. Intell. Fuzzy Syst. 27 (2014), 2463-2472.



ON B-ADMISSIBLE CONTRACTION AND COMMON FIXED POINT THEOREMS 299

[21] M.A. Vila, M. Delgado On medical diagnosis using possibility measures. Fuzzy Sets and Systems, 10 (1983),
211-222.

[22] G.J. Wang, Theory of L-fuzzy Topological Spaces,Shaanxi Normal University Press, Xian, China, 1988.

[23] L.A. Zadeh, Fuzzy sets. Inf. Control. 8 (1965), 338-353.

[24] D. S. Zhao, The N-compactness in L-fuzzy topological spaces, J. Math. Anal. Appl. 128 (1987), 64-79.



