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Abstract. In this paper, we introduce a class ¥ of 5-dimensional real functions and consider a y-implicit con-
tractive condition, and then discuss and obtain a unique common fixed point theorem for four non-continuous

mappings defined on non-complete multiplicative metric spaces. Finally, we give several Ciri¢ type fixed point

theorems on non-complete multiplicative metric spaces.
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1. Introduction and preliminaries

The Banach contraction principlel!!, i.e., Banach fixed point theorem is the basic and simple
fixed point theorem, it is widely applied in mathematics and other fields. Hence the principle
is very goodly generalized and improved in various metric spaces such as 2-metric space, G-

metric space, cone metric space and complex valued metric space and so on. Especially, in
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2008, Bashirov et al?! introduced the concept of multiplicative metric space and studied some
basic properties. Afterwards, Florack and Assenl®) and Bashirove et all*l also gave some other
properties in this space. In 2012, Ozavsar and Cevikel® introduced the concept of multiplicative
contraction mappings on multiplicative metric spaces and obtained several existence theorems
of fixed points; in 2013, He et all®l proved the existence theorem of common fixed points for four
mappings using the weakly commuting condition; in 2015, Abbas et all”), Kang et all®l and Gu et
al®) obtained common fixed point theorems using the locally contractive condition, compatible

[10] introduce

condition and weakly compatible condition respectively. Recently, Jiang and Gu
the concept of ¢-weakly commutative mappings and obtained common fixed point theorems
for four mappings. Theses obtained results in [10] generalize and improve the corresponding
conclusions in [6-9].

Now, we give some well-known definitions, examples, lemmas and theorems.
Definition 1.1.[2] Let X be a nonempty set, A multiplicative metric is a mapping d : X X X —
[0,0) satisfying:

(i) d(x,y) > 1forall x,y € X and d(x,y) = | <= x=;

(ii) d(x,y) = d(y,x) for all x,y € X;

(iii) d(x,z) < d(x,y)d(y,z) for all x,y,z € X.(multiplicative triangle inequality).

The pair (X,d) is called a multiplicative metric space.
Example 1.1.[S]Let R," = {(ay,a2, -+ ,an)|a1,a2,- -+ ,a, >0}. Defined : R." xR, — [0, 00)

as follows
X1 X2 X2
dy)=l— || =[]
1 y2 2

where x = (x1,x2, -, %),y = (¥y1,¥2, -+ ,¥n) € RL", | - |: Ry — Ry is defined by :

a, ifa>1
la|=

1

-, ifa<1.

a

Then (R1",d) is a multiplicative metric space.
Example 1.2.[9] Let X = [0,00) and define d(x,y) = eI, Vx,y € X. Then (X,d) is a also

multiplicative metric space.



UNIQUE COMMON FIXED POINTS 137
Definition 1.2.[2] Let (X,d) be a multiplicative metric space, {x,} be a sequence in X and
x € X. If for every multiplicative open ball B¢(x) = {y € X|d(x,y) < €},€ > 1, there exists
a natural number N such that x, € Bg(x) for all n > N, then the sequence {x,} is said to be
multiplicative converging to x, denoted by x,, — x(n — o).
Lemma 1.1.[5] Let (X,d) be a multiplicative metric space, {x,} be a sequence in X and x € X.

Then
Xp = X (n — 00) <= d(x,,x) = 1(n — o0).

Definition 1.3.[5] Let (X,d) be a multiplicative metric space, {x,} be a sequence in X. The
sequence {x,} is called multiplicative Cauchy sequence if, for each € > 1, there exists a natural
number N such that d(x,,x,,) < € for all n,m > N.

Lemma 1.2.[5] Let (X, d) be a multiplicative metric space, {x, } be a sequence in X. Then {x,}
is a multiplicative Cauchy sequence if and only if d(x,,,x,) — 1(m,n — ).

Definition 1.4.[5] A multiplicative metric space (X,d) is said to be multiplicative complete if,
every multiplicative Cauchy sequence in (X,d) is multiplicative convergent in X.

Definition 1.5.[5] Let (X,dx) and (Y,dy) be two multiplicative metric spaces, f: X — Y a
mapping and x € X. If for every € > 1, there exists & > 1 such that f(Bg(x)) C Be¢(f(x)), then
we call f multiplicative continuous at x. If f is multiplicative continuous at all x € X, then we
say that f is multiplicative continuous on X.

Lemma 1.3.[5] Let (X,dx) and (Y,dy) be two multiplicative metric spaces, f : X — ¥ a map-
ping and x € X. Then f is multiplicative continuous at x if and only if fx, — fx for every
sequence {x,} C X with x,, — x.

Lemma 1.4.[5] Let (X,d) be a multiplicative metric space, {x,} and {y,} be two sequences

and x,y € X. Then
Xp = X, Y =y (n— 00) =>d(x,,yn) — d(x,y) (n — o0).

Definition 1.6.[5] Let (X,d) be a multiplicative metric space. A mapping f : X — X is called
a multiplicative contraction if there exists a real constant A € (0,1) such that d(fx, fy) <

[d(x,y)]* forall x,y € X.
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Theorem 1.1.[5] Let (X,d) be a complete multiplicative metric space. If f: X — X is a multi-
plicative contraction, then f has a unique fixed point.

He et al obtained the following existence theorems of common fixed point for four mappings
with the weakly commutativity on multiplicative metric spaces:
Theorem 1.2.[6] If four self-mappings S,7,A, B on a multiplicative metric space X satisfy the
following conditions:

(1) SX CBX,TX C AX;

(i1) A and S are weakly commutative mappings, B and T are also weakly commutative map-
pings;

(iii) one of {A,B,S, T} is continuous;

(iv) there exists A € (0, 1) such that for every x,y € X,
d(Sx,Ty) < {max{d(Ax, By),d(Ax,Sx),d(Ry,Ty),d(Ax,Ty),d(By,Sx)} }*,

Then S,7T,A, B have a unique common fixed point.

In [9], Gu and Cho introduced the concepts of the compatibility and weak compatibility of
two self-mappings on multiplicative metric spaces and gave the following fact:

commutativity = weak commutativity => compatibility = weak compatibility.

But the converse of the above fact is not true.(see, Remark 2.1 in [9])

The next class of functions can be found in [9]:

The class of real functions ® is defined as follows: ¢ € @ if and only if ¢ : [1,00)> — [0, 00)
satisfy

(¢1) ¢ is non-decreasing and continuous in each coordinate variable;

(¢o) foreachr > 1,

max{@(¢,t,¢,1,¢),9(¢,2,2,¢,1),0(¢,1,1,2,¢),0(1,¢,1,2,1),0(1,1,2,1,8)} <t.

Gu and Cho gave the next generalization of Theorem 1.2 using ¢ € ® and the concepts of
compatibility and weak compatibility,:
Theorem 1.3.[9] If four self-mappings S,7,A,B on a complete multiplicative metric space X
satisfy the following conditions:

(i) SX C BX, TX C AX:
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(ii) there exists A € (0, 1) such that for each x,y € X,
d(Sx,Ty) < ¢(d* (Ax, By),d* (Ax,Sx),d* (By, Ty),d* (Ax,Ty),d" (By,Sx));

(iii) one of the following conditions is satisfied:

(a) either A or S is continuous, the pair (A,S) is compatible and the pair (7,B) is weakly
compatible;

(b) either B or T is continuous, the pair (7,B) is compatible and the pair (A,S) is weakly
compatible.

Then S,T,A, B have a unique common fixed point.

In 2017, Jiang and Gul'% introduced the concept of ¢-weak commutativity of two mappings
and obtained the following result:
Theorem 1.4.[10] If four self-mappings S,7,A, B on a complete multiplicative metric space X
satisfy the following conditions:

(i) SX C BX, TX C AX;

(ii) there exists A € (0, 3) such that for each x,y € X,
d(Sx,Ty) < ¢(d*(Ax, By),d* (Ax,Sx),d* (By, Ty),d* (Ax,Ty),d* (By,Sx));

(ii1) one of the following conditions is satisfied:

(a) either A or S is continuous, the pair (A,S) is compatible and the pair (7, B) is ¢-weakly
commutative;

(b) either B or T is continuous, the pair (7, B) is compatible and the pair (A,S) is @-weakly
commutative.

Then S,T,A, B have a unique common fixed point.

Note that at least one mapping must be continuous in Theorem 1.2-Theorem 1.4. Hence the
main aim in this paper is to introduce a new class W of 5-dimensional real functions and discuss
the existence problems of common fixed points for four non-continuous mappings satisfying
y-implicit contractive conditions on non-complete multiplicative metric spaces. Finally, we

give several fixed point theorems.
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Definition 1.7.[9] Let (X,d) be a multiplicative metric space and f,g : X — X be two map-
pings. If fgx = gfx whenever fx = gx(x € X), i.e.,, d(fx,gx) =1 (x € X) = fgx=gfx, ie.,
d(fgx,gfx) =1, then the pair (f,g) is called weakly compatible.

Definition 1.8.[11] Let X be a nonempty set and f,g : X — X two mappings. If there exist
w,x € X such that w = fx = gx, then x is said to be a coincidence point of the pair (f,g) and w
is said to be a point of coincidence of the pair (f,g).

Lemma 1.5 Let (X,d) be a multiplicative metric space and f,g : X — X be the pair of weakly
compatible mappings. If w = fx = gx is the unique point of coincidence of the pair (f,g), then
w is the unique common fixed point of the pair (f,g).

Proof. By the condition w = fx = gx and the weak compatibility, we have fw = ffx = fgx =
gfx = gw. This implies that gw = fw is also a point of coincidence of the pair (f,g), hence
fw = gw = w by the uniqueness of the point of coincidence of the pair (f,g) , which shows that

w is a common fixed point of f and g. Obviously, w is the unique common fixed point of f and

8.
2. Common fixed point under y-implicit contractions

Now, we introduce a class W of real functions as follows
v € W if and only if v : [1,00)° — [0,c0) satisfies the following three conditions:
(y1) v is non-decreasing and continuous in each coordinate variable;

(y») there exist hy,hy € (0,00) satisfying hjhy < 1 such that for each u,v € [1,00),

u < yvu,v, Luv) = u < V", u < yv,v,u,uv, 1) = u < V"

(y3) foreacht > 1, max{y(t,1,1,2,¢),y(1,7,1,1,¢),y(1,1,2,¢,1)} <t.
Theorem 2.1. If (X,d) is a multiplicative metric space and {S,7,A,B} are four self-mappings
on X. Suppose that

(1) SX C BX and TX C AX;

(i1) for each x,y € X,

d(Sx,Ty) < y(d(Ax,By),d(Ax,Sx),d(By,Ty),d(Ax,Ty),d(By,Sx)); (2.1)
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(iii) the pair (A,S) and the pair (7, B) are all weakly compatible;
(iv) one of {SX,AX,BX,TX} is complete.
Then S,T,A, B have a unique common fixed point.
Proof. Take any element xo € X. In view of (i), we construct two sequences {x, } and {y, } in X

satisfying
Yon = Sxon = Bxopi1, Yong1 = TxXopy1 = Axopyo,n=0,1,2,---. (2.2)
For each n =01,2,---, by (2.1) and (y),
d(Yan;Yont1) = d(Sx20, TX2n41)
< y(d(Axon, Bxony1),d(Axon, Sx20),d(BXont1, T X2n+1),d(Axon, TXon+1),d(Bx2n11,8%n))
= y(d(yan—1,Y21),d(Y2n—1,Y20),d(Y2n; Y20 +1),d (Y2n—1,Y2n+1),d (Y2, Y2n))

< y(dyan—1,Y2n):d2n—1,Y2n):d Yan;s Y2n+1)sd(Yon—1,¥2n) - d(Y2n, Y2n+1), 1),

hence by (y,), we obtain

d(yan,y2ne1) < [d(on-1,y2)]2,¥n=0,1,2,--. (2.3)
Similarly,
d(Yant1,Y2m42) = d(Sx2n42, TX2p41)
< y(d(Axoni2,Bxany1),d(Axon12,8%2n42),d(Bxon 11, Txon 1), d(Ax2ny2, Tx2n1 1),
d(Bxon+1,8%2n+2))
= W(d(yan+1,Y20),d(Vont1,Y2042):d(V2ns Yon 1), d(Yans1,Y2041),d(V2n, Yon+2))

< ll/(d(yZi’H-l?yZn);d(erH—l7y2n+2)7d(y2nay2n+l)a 17d(y2nay2n+1) 'd<)72n+17y2n—|—2))7

hence by (y,) again, we have
d(Yan1:2m12) < [d(yony2us1)]" V0 =0,1,2,--- . (2.4)

Using (2.3) and (2.4), we obtain

d(yam, Y1) < [dam—1,520)]"2 < [d(Yan—2,y20- 1)) < - < [d(yo,y1)] )",

)](hlhz)"hl_ 23)

d(Yani1,Y2m2) < [danyanr)]™ < [d(yo,y1
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For each two natural numbers p, g with ¢ > p, by (2.5),

d(y2p+1,Y2g+1)
< d(y2p+1,Y2p+2) - d(Yop12,Y2p43) - - d(¥2g: Y2g+1)

< [d(yo,y1)] "2 - d (yo, 1)) ™2 [d (g, 1)) " [d (g, y )] )
= [d()’O,y1)](hth)phlthhz)”“+(h1hz)P“h1+-~-+(h1h2)q
< [d(yo’yo](hlhz)l’m[1+(h1h2)+(h1h2)2+...}+(h1h2)p+1[1+(hlh2)+(h1h2)2+m] (2.6)

(hyhp)P [y +hyhy]

= [d(yo’ylﬂ 1—(hyhy)
(hihp)Plhy +1]

< [d(yo,y1)] TR (b < 1)

< [d(yg,y1 )M )"

where M = ﬁ max{hy,1}.

Similarly, we can obtain

d(y2p7y2q+1) < [d(yO;Y1)]M(hlh2)p;

d(y2p,y2q) < [d(yo,y1 )M 1h2)" (2.7)

d(Yaps1:y2g) < [d(yo,y1)M ")

Combining (2.6)-(2.7), we know that for each natural numbers p,q with g > p,

oS

d(yp,yq) < [d(yo,y)]M 1) (2.8)

hihy < 1 implies that (hlhz)[g] — 0 as p — oo, hence d(yp,y4) — 1 as p,q — oo. This com-
pletes that {y, } is a multiplicative Cauchy sequence.

Suppose that either SX or BX is complete. Since y,, € SX C BX for all n =01,2,---) and

{y2n} is also a multiplicative Cauchy sequence, there exist u,v € X such that y,, — u = By

as n — oo, i.e.,d(ya,,u) — 1 as n — . Hence d(yzpt1,u) — 1 as n — oo since d(yu41,u) <

d(y2n+17y2n) : d(yZna ”)’ Le., Yon+1 —> U aS 1 —> oo,
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By (2.1), for each n,
d(yon, Tv) = d(Sxzn, Tv)
< y(d(Axoy, Bv),d(Axpy, Sx2p),d(Bv, Tv),d(Axp,, Tv),d(Bv,Sx2,)) (2.9)

=y(d(yan—1,u),d(Yan—1,Y2n),d(u, Tv),d(y20—1,Tv),d (1, y21)).

Letting n — oo in (2.9), we obtain
d(uaTV) < W(la 17d(u7TV)7d(u7 TV), 1)7

hence d(u, Tv) = 1 by (y3), therefore Tv = u = Bv. This shows that u is a point of coincidence
of the pair (B,T).
u=Tv e TX C AX implies that there exists w € X such that u = Aw. By (2.1) again,

d(SW7y2n+l) = d(SW7 Tx2n+l)

< y(d(Aw,Bxzpi1),d(Aw,Sw),d(Bxani1, Txon+1),d(Aw, Txap11),d(Bxons1,8w))  (2.10)

= W(d(uayZn)7d(u7SW)7d(y2n7y2n+1>7d(u7y2n+1)7d(y2msw))'

Let n — oo in (2.10), then
d(Sw,u) < y(1,d(u,Sw),1,1,d(u,Sw)),

hence d(u,Sw) = 1 by (y3) again, therefore Sw = u = Aw. this shows that u is also a point of
coincidence of the pair (A, S).

If z = Ax = Sx is also a point of coincidence of the pair (A,S), then by (2.1),
d(z,u) =d(Sx,Tv)
< y(d(Ax,Bv),d(Ax,Sx),d(Bv,Tv),d(Ax,Tv),d(Bv,Sx))

=y(d(z,u),1,1,d(z,u),d(z,u)),
hence d(u,z) = 1 by (y3) again, i.e., z = u, which shows that the pair (A,S) have a unique
point of coincidence u. Similarly, u is also the unique point of coincidence of the pair (B, T).
By (iii) and Lemma 1.5, u is the unique common fixed point of the pair (A,S) and the pair
(B, T) respectively, hence u is a common fixed point of {A,B,S,T}. Obviously, u is the unique
common fixed point of {A,B,S,T}. Similarly, we give the same conclusion for either TX or

AX being complete.
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Using theorem 2.1, we can give many (common) fixed point theorems. But, we only list two
simple fixed point theorems here:
Theorem 2.2. Suppose that (X,d) is a multiplicative metric space and T : X — X a mapping. If

either X or 7X is complete and for each x,y € X,
d(Tx,Ty) < y(d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)).

Then T has a unique fixed point.

Proof. Let S =T and A = B = 1x in theorem 2.1, then the conclusion follows from Theorem
2.1.

Theorem 2.3. Suppose that (X,d) is a complete multiplicative metric space and A: X — X a

surjective mapping. If for each x,y € X,
d(x,y) < y(d(Ax,Ay),d(Ax,x),d(Ay,y),d(Ax,y),d(Ay, x)).

then A has a unique fixed point.

Proof. Let S =T = 1x,A = B in Theorem 2.1, then the conclusion follows from theorem 2.1.
Define a function as follows ¥’ (x,x2,x3,%4,X5) = [max{xl,xz,x3,x4,X5}] * for all X1,X2,X3,

X4,%s5 € [1,00), where A € (0,3). Let h = %, then 0 < h < 1. Obviously, ¥ is non-decreasing

and continuous in every coordinate variable. If u < y/(v,u,v,1,uv), then u < [max{v, u,v, 1, uv}] A

= [uv] )L, hence u < V. Similarly, u < y'(v,v,u,uv,1) = [max{v,v,u,uv,1}] A implies that

u<vt Foranyr> 1,y (t,1,1,6,1) = w'(1,6,1,1,8) = v/ (1,1,1,1,1) = t* < t. hence ¥’ € .
Using the above Y’ € ¥ and Theorem 2.2-Theorem 2.3, we obtain the following Ciri¢ type

fixed point theorems for contractive and expansive mappings respectively on multiplicative met-

ric spaces.

Theorem 2.4. Suppose that (X, d) is a multiplicative metric space and 7 : X — X a mapping. If

either X or 7X is complete and for each x,y € X,
d(Tx, Ty) < [max{d(x,y),d(x, Tx),d(y, Ty),d(x,Ty),d(y, Tx)}]*,

where A € (0, %) Then T has a unique fixed point.
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Theorem 2.5. Suppose that (X,d) is a complete multiplicative metric space and A: X — X a

surjective mapping. If for each x,y € X,
d(x,y) < [max{d(Ax,Ay),d(Ax,x),d(Ay.y),d(Ax.y),d(Avx)}]",

where A € (0, %) Then A has a unique fixed point.
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