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Abstract. In this paper, we introduce Wardowski’s F'-contractions in the context of modular function spaces. We
also introduce the concept of Fp-proximal contraction and prove some best proximity point theorems by unifying
and generalizing some recent results in modular function spaces. Moreover, we discuss some illustrative examples

to highlight the realized improvements.
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1. INTRODUCTION

The study of modular function spaces has recently attracted a good attention of researchers
since its initiation by Nakano [1] in connection with the theory of order spaces. In particular, the
fixed point theory in such spaces has got a remarkable treatment by researchers like Benavides

[2], Khamsi et al. [3], Kozlowski [4] and Khan and Abbas [5].
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Best proximity point results are the ones that provide sufficient conditions for the existence of
a best proximity point and algorithms for finding best proximity points (see Definition 2). It is
interesting to note that best proximity point results extend fixed point results in a natural fashion.
Indeed, if the mapping under consideration is a self-mapping, a best proximity point problem
becomes a fixed point problem. Banach contraction principle is of paramount importance in
metrical fixed pint theory and it has been generalized by many mathematicians in different
directions. One of these generalizations is its extension to the case of nonself mappings. In
fact, given nonempty closed subsets A and B of a complete metric space (X,d), a contractive
nonself mapping 7 : A — B does not necessarily have a fixed point. Eventually, it is quite natural
to find an element x such that d(x, Tx) is minimum over a set A which implies that x and Tx are
in close proximity to each other. A best proximity point theorem for contractive mappings has
been detailed in Basha [6]. Eldred et al. [7] have elicited a best proximity point theorem for
relatively nonexpansive mappings, an alternative treatment to which has been focused in [8].
Recently, Omidvari et at. [9] proved the existence of a best proximity point for F'-contraction
nonself mappings in complete metric spaces. Also they defined F-proximal contractions of
first and second kind and extended some comparable best proximity theorems and improved
the recent results. Latif et al. [10] proved coincidence best proximity point results for Fg-weak
contractive mappings in ordered metric spaces. Jleli et al. [11] introduced the class of proximal
quasi contractions for nonself mappings in modular spaces, and provided sufficient conditions
assuring the existence and uniqueness of the best proximity point in modular spaces with Fatou
property.
Motivated by the above results, we first present some best proximity point results for Fj-
proximal contractions in modular function spaces. Then we give some sufficient conditions
guaranteeing the existence and uniqueness of best proximity points for nonself Ciric type gen-

eralized Fp-proximal contractions in modular function spaces.

2. PRELIMINARIES

Some basic facts and notation about modular spaces are recalled here from Kozlowski [4].

We refer the reader to Kilmer et al. [12] and the references therin for an exposition of the theory.
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Definition 2.1. Let X be an arbitrary vector space over K =R or C. A functional p : X — [0, 0]
is called modular if, for any x,y in X, the following hold:

(my) p(x)=0if and only if x = 0.

(m) p(ax) = p(x) for every scalar a with |a| = 1.

(m3) p(ax+By) <p(x)+p(y), provided that @+ 3 = 1, and a, f > 0.

If (m3) is replaced by p (ax+ By) < ap(x)+Bp(y),if «+B =1, and o, > 0, then p is
called a convex modular.

The vector space X, given by
Xo={xeX: p(Ax) > 0as A — 0}

is called a modular space.
Generally, the modular p is not subadditive and therefore does not behave as a norm or a
distance. Consistent with Kilmer et al. [13], the p-distance of x € X, from a set D C X,, is given

as follows:
dp(x,D) =inf{p(x—h) : h € D}.

Definition 2.2. Let X, be a modular space. The sequence {x,} C X, is called:

(i) p-convergent to x € X, if p(x, —x) = 0asn — oo,
(ii) p-Cauchy, if p(x, —xy,) — 0 as n, m — oo.
Note that, p-convergence does not imply p-Cauchy since p does not satisfy the triangle
inequality.
Definition 2.3. A subset D C X, is called
(i) p-closed if the p-limit of a p-convergent sequence of D always belongs to D.
(ii) p-a.e. closed if the p-a.e. limit of a p-a.e. convergent sequence of D always belongs to
D.
(iii) p-compact if every sequence in D has a p-convergent subsequence in D.

(iv) p-a.e. compact if every sequence in D has a p-a.e. convergent subsequence in D.

(v) p-bounded if

diamp (D) = sup{p(x—y) :x,y € D} < co.
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Definition 2.4. Let / be the collection of all mappings F : R™ — R that satisfy the following

conditions:

(C}) F isstrictly increasing, i.e. forall o, B € R such that o < 8 implies that F ( &) < F (B);

(C2) For any sequence {, } oy of positive numbers, lim,, . 0, = 0 if and only if lim,, e F (0t;) =

(C3) There exists k € (0, 1) such that lim,_,o+ &*F (o) = 0.

Recently, Wardowski [14] introduced a new type of contraction called F-contraction. We
now reformulate it in the context of modular function spaces as follows.

Definition 2.5. Let p be a modular and X, be a modular function space. A self mapping T on

Xp is called Fp-contraction if there exist F' € F and 7 > 0 such that

T+F(p(c(Tx—Ty))) <F(p(x—y)),

for all x,y € L, with p (Tx—Ty) > 0, where ¢,l € RT withc > 1.

We also reshape Minak et al. [15] definition of Ciric type generalized F'-contraction in the
context of modular function spaces as below:
Definition 2.6. Let / and X, be same as in the above definition. A self mapping T on X, is

called Ciric type generalized Fp-contraction if there exist F' € F and T > 0 such that
T+F(p(c(Tx—=Ty))) <F(M(x,y))

where, M (x,y) =max {p (x—),p (x—Tx),p (y—=Ty) ,3[p (x—Ty)+p (y—Tx)]} ,forallx,y €
X, with p (c(Tx—Ty)) >0, and ¢,l € RY withc > 1.
Khamsi [16] introduced the concept of self-mappings in modular spaces. We extend Khamsi’s
definition to F-quasi contraction as below:
Definition 2.7. Considering the same family F of mappings as in Definition 2. Let X, be a
modular function space with modular p . A self mapping T on X, is called Fp-quasicontraction

if there exist F € F and 7 > 0 such that
T+F(p(c(Tx—Ty))) <F (M (x,y))

where, M (x,y) = max{p (x—y),p(x—Tx),p(y—Ty),p(x—Ty),p (y—Tx)}, for all x,y €
X, with p (¢(Tx—Ty)) >0and c,l € R withc > .
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It is remarked that, by considering F (@) = In o in above definitions, a Ciric type generalized
Fp-contraction reduces to Ciric type generalized p-contraction and an Fp-contraction becomes
a p-contraction. Note also that every p-quasicontraction is an Fp-quasicontraction.

Let (A,B) be a pair of nonempty p-closed subsets of a modular function space X,,. Then we

have the following notation and notions which are to be used in the subsequent sections.

dy(A,B) : =inf{p(x—y):xcAandyec B}
Ay 1 ={x€A:p(x—y)=dy(A,B) for some y € B},
By : ={yeB:p(x—y)=dy(A,B) for some x € A}.

Definition 2.8. Let (A,B) be a pair of nonempty subsets of a modular function space X,,.
A point x € A is said to be a best proximity point of the mapping 7 : A — Bif p(x—Tx) =
dp (A,B) . It can be observed that a best proximity reduces to a fixed point for self mappings.
Definition 2.9. Let (A, B) be a pair of nonempty subsets of a modular function space X,. Then

(A, B) is said to have the P—property if and only if

p(x1—y1)=dp(A,B
p(x2—y2) =dp(A,B

=pxr—x2)=p1—y),

where x1,x> € Ag and y,y; € By.
Definition 2.10. A is said to be approximately p-compact with respect to B if every sequence
{xn} of A satisfying the condition p(y —x,) — p(y —A) for some y in B has a p-convergent
subsequence.

We now first introduce the concept of Fj-proximal contractions of the first and the second
kind in the setting of modular function spaces. By doing so, we actually generalize the concepts

of F—proximal contraction of the first and the second kind due to Omidvari et at. [9].
Definition 2.11. Let A and B be two p-closed subset of X,. A mapping T : A — B is said to

be a F-proximal contraction of first kind if there exists ' € f and T > 0 such that

p(ulfol) :d(A,B)
p (uy —Txz) =d(A,B) = T+F(p(c(u1—u2))) <F(p(I(x1 —x2)))

p(u1 —I/tg) >O,p(X1 —XQ) >0
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where uj,uy,x1,x €A and ¢, € RT with ¢ > [.
Definition 2.12. Let A and B be two p-closed subset of X,. A mapping T : A — B is said to

be a Fp-proximal contraction of the second kind if there exists F' € f and T > 0 such that

p (1 —Tx1) =dp(A,B)
p (12— Txs) = dp (A4,B) T (p (e(Tur — Tun))) < F (p (1 (Toy — Tx2)))
P (Tu1 — Tuz) >0,p (Txl — TXZ) >0

where u,us,x1,xp €A and ¢, € R with ¢ > [.

Next, we present the concept of Ciric type generalized F,-proximal contraction which a mod-
ular extension of an Fp-proximal contraction.
Definition 2.13. Let X, be modular function space and (A, B) a pair of nonempty p-closed
subset of X,,. A nonself mapping T : A — B is said to be Ciric type generalized Fj-proximal

contraction if there exists F' € F and T > 0 such that

P (ul — TX]) = distp (A,B)
p (u2 — TXZ) = distp (A,B)

implies

T+ F(p (¢ (1 —u2)))

p(L(x1—x2)),p (L(x1—u1)),p (I(x2—u2)),

(D) < F | max )
3{p (51 —w)) +p (5 (x2—u))}

for all x1,xp,u1,u» € A, where ¢,l € RT withc > 1 .
We also need the following.
Definition 2.14. Given that 7 : A — B and an isometry g : A — A, the mapping T is said to be

modular p isometric with respect to g if the following holds:

p(Tgx; —Tgxy) =p (Tx; —Txy), forall x1,x; € A.
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3. SOME BEST PROXIMITY POINT RESULTS

We divide this section into several subsections dealing with best proximity point results of

different kinds of proximal contractions.

3.1. Fy-proximal contractions. Here we deal with Fj-proximal contractions. First we present
some results on existence and uniqueness of best proximity points and then examples to testify
our results. We start with the following result.

Theorem 3.1. Suppose that the pair (A, B) of nonempty p-closed subsets of a modular func-
tion space X, has the P—property. Also, it is supposed that Ag is nonempty. If 7 : A — B is
F,-proximal contraction such that T'(Ag) C By. Then there exists a unique x* in A such that

p (x* —Tx*) =dp (A,B), that is, x* is a best proximity point of 7.

Proof. Let xg € Ag. Since Txg € T (Ag) C By, there exists xj in Ag such that p (x; — Txp) =
dp (A,B) . Moreover, Tx; € T (Ag) C By implies the existence of an x, € Ag such that p (xo — T'xy) =

dp (A, B) . Continuing in this way, we obtain a sequence {x,} in A such that
(2) p (Xp41—Tx,) =dp (A,B), foralln € N.

Since pair (A, B) has the P—property, from (2) we have,

3) p (xp —xp41) =p (Txy—1 — Txy), forall n € N.

We now prove that the sequence {x,} is p-convergent in Ag.If there exists nyg € N such that

P (Txpy—1 — Txny) =0, then p (xpy — Xpy41) =0 < Xy — Xy 1 = 0 & Xy = Xpy+1 by (3). Thus
4) Txny = Txpy1© Txpy — Txpyr1 =0 p (Txpy, — Txpy11) = 0.
From (3) and (4), we obtain

P (Xng+2 = Xng11) = P (TXng 1 — TXng) = 0 => Xy 12 = X 11

Thus x, = Xy, for all n > ng and hence {x, } is p-convergent in Ay.
Next let p (Tx,—1 — Tx,) # O for all n € N. Then, for any positive integer n, using (3), we

have

T+F(p (¢(Txn = Txp1))) < F (P (Lt = Xn-1))) -
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because T is an Fp-contraction and this implies that
Fp(c (tnri=x))) < F(p(ln—xu-1))) =7
Fp(c (tnri = x))) < F(p(clm—xa1))) -7
F(p(c(ur1—x)) < F(p(I(xot —xp2))) —27
5) < Fp(c(xp—2—x4-3)))—31<..<F(p(c(x1—xp))) —nrt.

Denote B, := (p (¢ (X441 —x4))). Then by (5), lim,,—e F () = —co. Appealing to (C2), we

get
(6) nlglgoﬁn = ’}g{}op (-anrl _xn) =0.
A use of (C3) guarantees the existence of a k € (0, 1) such that
@ lim B;F (B,) =0,
and so by (5), for all n € N, we have
By (F (Bx) = F (o)) < —Bant <0.
Reading (6) and (7) together, we get
. k
’}glolo np, =0.

Hence there exists n; € N such that nﬁ,f < 1forall n > n;. That is, for all n > ny,

(8) Bn < —,
nk
or
1
9) P (Xn—%Xnt1) < —-

P(xn—xp2) < @Q2)[p (X0 —Xng1)+P (X1 —Xns2)]

< o)L+ — )

IN
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This implies that

®(2)

1
nk

(10) p(xn_xn+2) <

Now we have the following two cases.

CASE 1: If m > 2 is odd, then m = 2L+ 1, L > 1, using (9) for all n > h, h = max (ng,n;)

P (Xn—Xnim) < OQRL+1)[p (X —Xpi1) +P (Xnr1 —Xng2) + oo +P (Xng2r — Xni2041)]

1 1 1
< 0QL+1)| —+ .t
nk  (n+1) (n+2L)*
=1
< w(2L+1)) —.
i=n Ik

CASE 2: If m > 2 iseven, then m = 2L ,L > 2, using (9) and (10) for all n > h, h = max (ng,n;)

p (xn _Xn—i-m) < o (2L ) [P (xn _xn+2) +p (xn+2 _xn+3> +..+p (xn+2L71 —Xn+2L )]

1 1 1
< oL)| —+ f e —————
nk  (n+2)% (n+2L—1)%
|
i—n ik

Combining these two cases, we have

[e)

1
P (X0 —Xntm) < Y — foralln>h,meN.

i=n Lk

Since the series Z‘;":nl% is convergent (as % > 1) , we deduce that {x,} is a Cauchy sequence.
l

Now X, is complete and A is a p-closed subset of X),, there exists x* € A such that lim,,_,c0x, =

x*. Since T is p-continuous, T'x, is p-convergent to 7x*. Hence the continuity of the modular

p implies that p (x,+; — Tx,) p—converges to p (x* —Tx*) and by (2),we have
p(x*—Tx")=d,(A,B).

That is, x* is a best proximity point of 7.
Next, we show the uniqueness of the best proximity point. Let us suppose that 7" has two best

proximity points x1 and x, € A, such that x; # x; and p (x; = Tx1) = p (x2 = Tx2) =dp (A,B).
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Then by the P—property of (A,B), we have p (x; —x) =p (Tx; — Tx;) . Note that p (x; —xp) >

0 asx; # xp, T is Fp-contraction and p is an increasing function, thus

Flp(c(xi—x))) = F(p(c(Txi=Tx))) <F(p(I(x1— x2))) =7

< F(p(e(x1—x))) -t <F(p(c(xi— x))),
which is a contradiction. Hence the best proximity point is unique. U

In support of our above theorem (7 heorem 3.1) ,we give the following example.
Example 3.1. Let X, =R, A={xeX,: —1<x<1} = Ap, B={xeX,: -2<x<2} =
By, T :A — Bbe defined by T (x) = LI 3.p (x) = x|, F, (@) =Ina,7=1n(2). Then there ex-
ists a unique best proximity pointx=1€ A, suchthat p (1 —7 (1)) =d, (A,B) .ClearlyT (Ag) C

Bg. Next
p(Tx—Ty) = |Tx—Ty|
x|yl 1 1
_—— — <— — = — — .
5~ 5| Sy l=5p )

Taking In on both side, we have In (p (Tx—Ty)) <In(3p (x—y)) =In(3) +In(p (x—y)). This
yields Fp (p (Tx—Ty)) < Fp (p (x—y)) — 7, showing that T is F, —contraction

Further note that dj, (A, B) = 0.To verify property P, let x; = —1 € Ag, y1 = —1 € By. Then
p(xi—y1)=|-1+1]=0=4d, (A,B).Nextletxy=1€Agandy, =1 € By.Then p (x —y;) =
1-1]=0=dy(A,B) and p (x—Tx) = [ - T(1)| = ‘1— (%+%>} —0=d,(A,B). That is
pxi—x)=|-1—-1]=2=p(y1 —y2) =|—1— 1| =2. Implies that p (x; —x2) = p (y1 —y2).

If we define 7 (f) in a different way, we will have a different unique best proximity point
such as for 7' (f) = @ +1,T(f)= @ + %, best proximity points are 0 and }l respectively.

If we put A = B in Theorem 3.1, we get the following important corollary where the best
proximity points become fixed points.
Corollary 3.1. Let X, be a modular function space, and A a nonempty p-closed subset of X,,.
Let T : A — A be Fp—contractive self map. Then 7" has a unique fixed point x*in A.

We give the following example to validate the above corollary.

Example 3.2. Let X, =R, A = [—2,3],p (x) = v/x, T (x) = 52 2= 11n2, F () = In@, then
p(Tx—Ty) =/ (Tx=Ty) =y (5 = B) <v/(3 v~ y]). Thatis, p (Tx— Ty) < v/3p (x ).
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By taking In both sides, we have In (p (Tx—Ty)) <In (\/%p (x—y))=In (\/%) +In(y/p(x—y)).
That is, In(p (Tx—Ty)) <In(p (x—y)) — 2 In(2). This implies that
F(p(Tx—Ty)) <F(p(x—y))—7.Next, | €A is the unique fixed point of 7.

If we put F (@) = Ina in Corollary 3.1, we will get

Theorem(5.7) on pagel87 of Almezel et al [?].as special case in the form of the following
corollary.

Corollary 3.2. Consider a modular, p and take C C X, such that C be nonempty, p-closed

and p-bounded. Let 7 : C — C be a p-contraction. Then, 7 has a unique fixed point x € C.

Moreover, for any x € C, p (T"(x) —x) — 0 as n — oo, where T" is the n-th iterate of 7.

3.2. F,-proximal contractions of first kind. In this part of the paper, we present a result us-
ing Fp-proximal contractions of first kind. It actually deals with the coincidence best proximity
point of two mappings.

Theorem 3.2. Let A and B be nonempty p-closed subsets of a modular function spaces X, .
Also, it is supposed that A( is nonempty. Let T : A — B be a p-continuous Fp-proximal con-
traction of first kind such that T (Ag) C By. Let g : A — A be an isometry with Ag C g(Ao).
Then there exists a unique element x € A such that p (gx—Tx) = d, (A,B) .That is, x is the

coincidence best proximity point of 7" and g.

Proof. Let xg € Ag. Since Txg € T (Ag) C By, and Ag C g(Ag), there exists x| in Ay such that
p (gx1 —Txo) =dp (A,B) . If xo = x; then put x,, :=x; for all n > 2. Also, since Tx; € T (Ag) C
By, and Ag C g (Ao), there exists x» in Ag such that p (gx, — Tx1) = dp (A,B) . If x; = x2, then

put x,, := x; for all n > 3. Going on in this way, we get a sequence {x, } in Ao such that
(11) P (8%n+1—Tx,) =dp (A,B) foralln € N.

We now prove that the sequence {x,} is p-convergent in Ag. Without loss of real generality,
we can assume that p (gx, — gx,+1) 7 0 for all n € N . Since 7 is a p-continuous Fj-proximal

contraction of the first kind, for any positive integer n, by(11), we have

T+ F(p (c(gxn —8x%nt1))) < F (P (11— xa))),
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or

F(p(c(n—xp41)) < F(p((xn-1—x1)))—7
< F(p(c(xn1—xn)))—7
< F(p(I(xn-1—xa))) =27

Inductively, we reach at
(12) F(p (¢ (n—x021))) < F (p (I (x0 — x1))) — 7.

Following the techniques similar to Theorem 3.1, it follows that {x,} is a p—Cauchy sequence
in A. Thus lim;, . x, = x for some x € A from the assumptions on X, and A. Now continuity
of p,T and g implies that p (gx,+1 — T'x,) p—converges to p (gx — Tx). Thus from (11), we

achieve
p(gx—Tx)=dp(A,B).

That is, x is the coincidence best proximity point of 7 and g.
To show the uniqueness of the coincidence best proximity point, suppose that 7 and g has
two coincidence best proximity points x; and x, € A. Let x; # x so p (x; —x3) > 0. Exploiting

the facts that 7" is an Fj-proximal contraction of first kind and g is an isometry, we can write

F(p (x1 —x2) = F (p (gx1 —g32)) < F(p (31— x2)) =T < F(p (31— x2).
This is a contradiction. Hence the coincidence best proximity point of 7 and g is unique. ([

If g is the identity mapping, then we get the following corollary.
Corollary 3.3. Let A and B be nonempty p-closed subsets of a modular function spaces X,
such that A is approximately p-compact with respect to B. Further, suppose that A is nonempty.
If T : A — Bis a p-continuous Fj-proximal contraction with T (Ag) C By. Then T has a unique

best proximity point in A.

3.3. Ciric type generalized F),-proximal contractions. Here we extend our idea of F,-proximal
contraction to Ciric type generalized Fp-proximal contraction and prove some related results.

Our first result in this direction reads as follows.
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Theorem 3.3. Let X, be a complete modular function space and A, B nonempty p-closed subset
of Xp. Further, let T : A — B be a continuous Ciric type generalized Fp-proximal contraction
with T'(Ag) C By. Let g : A — A be an isometry with Ay C g(Ap). Then, there exists a unique

element x in A such that p(gx — Tx) = dp(A,B).

Proof. Let xy € Ag. Since Txy € T (Ag) C By and Ag C g(Ap), there exists x; € Ag such that
p (gx1 —Txp) = dp (A,B). Put x,, :=xy for all n > 2 if xo = x;. Since Tx; € T (Ag) C By
and Ay C g(Ao), there exists xo € Ag such that p (gx — Tx1) = d, (A,B). If x; = x,, then put

xn := xp for all n > 3. A sequence {x,} in Ay can be obtained in this way such that
(13) P (8xnt1—Tx,) =dp (A,B) foralln e N.

If p (8xn, — &%ny+1) = 0 for some ny € N such that, then it is clear that the sequence {x, } is p-
convergent. We thus prove that the sequence {x, } is p-convergent in Ag when p (gx, — gx,+1) #
0 for all n € N. As g is an isometry, T is a p-continuous generalized Fp-proximal contraction,

by (13), we get

T 4+ F(p(c(xn—2xn11))) =T+F (p (c (8% — gXns1)))
< F | max P (L (xn—1—=xn)),p (L (xn—1 —xn)) s p (I (xXn —Xn41)) 7
%{P (% (Xn—1 _xn+1)) +p (% (Xn _un))}

for all n € N. That is

T+F (p (c (X0 —Xn41)))

(14) < F | max P (G-t =) P (1 (X = Xn 1))
: Hp (4 ot =) }

for all n € N. Noting

19 g fp(F—me0) } <3 U~ ) +p U5}

and using (14), we can write

T+ F(p (c(n —2nt1)))

p (L (xn—1—=xn)),p (L (Xn —Xnt1)),
%{P (L (xn—1 =20 )+ p (L (xn —xn11)))}

< F | max
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That is to say
T+ F(p(c(tn=211))) SF (P (xn1—%a)))-

This implies that

F(p(c@n=xa11)) < F(pU(n1—x)))—7
< F(p(clm1—x)))—7
< F(p(I(xp—2—%xa-1))) —27
< F(p(c(m—2—xa-1)))—27

Inductively, we get

F(p(c(tn=xn11))) <F (p (I (xo —x1))) —nt.

Now walking on the foot steps of Theorem (3.1), we can reach the fact that {x, } is a p—Cauchy
sequence in A. Since X), 1s p-complete and A is a p-closed subset of X, there exists x € A such
that lim,, . x, = x. Now making use of continuity of p,T and g, we can say p (gx,+1 — Tx,)

p-converges to p (gx — Tx) . In turn, by (13), we have
p (gv—Tx) = dy (4,B).

Hence x is the coincidence best proximity point of 7 and g.
Next let us suppose that 7 and g has two coincidence best proximity point x| and x; € A with

X1 # x so that p (x; —x) > 0. Since T is a generalized Fp-proximal contraction, we have

F(p(x1—x2)) = F(p(gx1—gx2))
p(x1—=x2)),p((x1—x1)),p((x2— x2)),
P (5(x1—x)+p(5(x2 —x1)))}
-7 < F(p(x1—x)),

< F | max

which is a contradiction. Hence the coincidence best proximity point of 7 and g is unique. [J

If g is the identity mapping, the following is immediate.
Corollary 3.4. Let X, be a complete modular function space and A, B be nonempty p-closed

subset of X,,. Further, suppose that there exists a € Ag. Let T : A — B be a continuous generalized
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Fp-proximal contraction such that T(Ag) € By. Then, there exists a unique element x in A such

that

p(x—Tx)=dy(A,B).

If we choose F (o) = In (o) in Theorem 3.3, then Ciric type generalized Fj-proximal con-
traction becomes a Ciric type generalized p-proximal contraction and we get the following
corollary
Corollary 3.5. Let X, be a complete modular function space and A, B be nonempty p-closed
subset of X,. Further, let 7 : A — B be continuous Ciric type generalized p—proximal con-
traction with 7 (Ag) C By, and g : A — A be an isometry with Ay C g (Ap). Then there exists a

unique x € A such that

p(gx_Tx) :dP(AvB)'

34. Fy-proximal-quasi contractions. This portion of the paper is dedicated to the best prox-
imity point results of Fj-proximal-quasi contractions in modular function spaces. Before pro-
ceeding to our main target, we need to gather some basics as follows.

Lemma 3.1. [11] Let T : A — B be a nonself mapping with T (A) C By. Suppose that Ay #

¢.Then, for any a € Ay, there exists a sequence {x, } C Ap such that xy) = a and
(16) p (xp+1 —Tx,) = disty(A,B) for all n € N.

Proof. Leta € Ao, then T (a) € By. Thus there exists x; € Ag such that p(x; — T (a)) = disty(A,B)
owing to By. Again, we have T (x;) € By, which implies that there exists x, € Ap such that
p(x2 — T (x1)) = distp (A, B). Continuing this process, we obtain a sequence {x,} C A satisfy-
ing p (xp41 — Tx,) = distp (A, B) for all n € N.The sequence {x,} C Ay satisfying (16) is called
a proximal Picard sequence associated to a € Ag. We denote by PP(a) the set of all proximal
sequences associated to a € Ag. The set Ay is called proximal T —orbitally p —complete if every
p—Cauchy sequence {x,} € PP(a) for some a € Ay p-convergence to an element in Ay. Let

a € Ag and {x,} € PP(a). For all n € N, we denote

(17) Op (xn) :=sup{p (Xpts — Xnsr) : 18 € N}.



BEST PROXIMITY IN MODULAR FUNCTION SPACES 161

Since xy = a, we have

(18) Op(a) :=sup{p (xs—x,) : r,s € N}.
0

Theorem 3.4. Let X, be a complete modular function space and A, B be nonempty p-closed
subset of X,,. Further, let 7' : A — B be a continuous F,-proximal-quasicontraction with T'(4g) C
By. Let g: A — A be an isometry with Ag C g(Ap). Suppose further that there exists a € Ag

such that 8, (a) < co. Then there exists a unique element x in A such that
p<g~x— T)C) = dP(AvB)
Proof. Let x, € PP (a) and (s,r) € N%. From the definition of PP (a), for all n > 1, we have

P (Xnis — Txp—145) = P (8Xn+s — TXn—145) = distp(A,B),
and

P (Xntr—TXn—14r) = P (Xntr — Txy—14,) = distp (A, B).
Because of the fact that 7' is Fj-proximal-quasi contraction, we have for all n > 1 and (s,r) €
N2,

F(p (Xnts —Xntr)) =T = F (P (8%nts — &Xntr)) — T
< F(max{p (Xp—14s —Xn—14+) , P (Xn—1+4s — Xnts) s
P (Xn—14r—Xntr) s P (Xn—14s = Xntr) + P (Xn—14r — Xnis)})-

Since F is strictly increasing, we deduce that

P (Xnts —Xptr) < max{p (Xp—14s5—Xn—1+r) P (Xn—14s = Xnts)
P (Xn—14r —Xntr) s P (Fn—14s — Xntr) + P (Xn—14r — Xnts) }-
This implies that
P (Xnts = Xntr) < Op (Xn—1),

and consequently

T+F (8 (xn)) < F (8p (xn—1)), foralln > 1.
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That is,

F (8 (%)) < F (8 (x4_1)) — 7, forall n > 1.
Hence for any n € N,we have
F (85 (xa)) < F (8 (a)) —nt
and so

lim F (8p (x,)) = —co.

n—r+oo

By property (C;) of Definition 2,we get that lim,,_, 4 (8 (x,)) = 0. It is not hard now to prove
that {x,} is a p—Cauchy sequence in A on the lines similar to Theorem 3.1. Since T is contin-

uous, we have Tx,, — x. Also by continuity of p and g,

P (8Xn+s — TXp—145) — p (8x—Tx).
ans so by 13, we have
p (gx —Tx) =disty(A,B).
Uniqueness: Let us suppose that x* € A is another best proximity point of 7" such that

p (gx" —Tx*) =disty (A—B),

Since x* # x 50 p (x —x*) # 0. Now g is an isometry, T is Fp-proximal-quasi contraction, so we

obtain the following:

F(p(x—x")) = F(p(gx—gx"))

< F(max(p(x—x"),p (x—=x),p (x" =x"),p(x—x") +p (x" —x))) — .
This yields a contradiction on rewriting it as
F(p(x—x7) <F(p(x—x7))—7.

Hence the uniqueness. U
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If we take g as the identity map in Theorem 3.4, we get the following corollary.
Corollary 3.6. Let X, be a complete modular function space and A, B be nonempty p-closed
subset of X,,. Suppose that there exists a € Ay such that 8, (a) < co. Further, let T : A — B be
a continuous Fp-proximal-quasi contraction satisfying T'(Ag) C By. Then, there exists a unique

element x in A such that
p(x—Tx)=dp(A,B).

If we put F (&) = In ¢ in Corollary 3.4, then we get the following corollary which is Theorem
10 of Jleli et al. [11]
Corollary 3.7. Let X, be a complete modular function space and A, B be nonempty p-closed
subset of X,,. Suppose that there exists a € Ag such that 8, (a) < oo. Further, let 7 : A — B be
a continuous p-proximal-quasi contraction satisfying 7 (Ag) C By. Then, there exists a unique

element x in A such that
p(x—Tx)=dp(A,B).

Remark 3.1 In case A = B, a best proximity point of 7 : A — B becomes a fixed point of the
self-mapping 7. If we put A = B in Corollary 3.4, we get Khamsi [16] result. This means that
our results are more general than Khamsi [16], Jleli et al. [11], Omidvari et at. [9], etc. Both
Khamsi [16] and Jleli et al. [11] have used Fatou property, but we have successfully avoided
this property by involving Fp-contractions
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