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1. INTRODUCTION
Let H|, H> and H3 be real Hilbert spaces, let C C H| and Q C H;, be nonempty, closed and

convex sets. We denote the inner products and induced norms of Hy, H, and H3 by notations

(-,-) and || - ||, respectively.
The split feasibility problem (in short, S,FP) is to find:

(D x* € C such that Ax* € Q,

where A : H; — H, is a bounded linear operator. The S,FP(1) in finite dimensional Hilbert
spaces was introduced by Censor and Elfving [5] for modeling inverse problem which arises
from retrievals and in medical image reconstruction [4]. Since then various iterative methods

have been proposed to solve SyFP(1); see for instance [1, 3, 12, 21].
Censor er al. [7] proposed the following multiple-sets split feasibility problem (in short, MSS,FP),

which arises in applications such as intensity modulated radiation therapy [20]:

N M
) x"e ﬂCi such that Ax* € ﬂ Qj,
i—1 j=1

where N and M are positive integers, for each i, j, C; C Hy and Q; C H; are nonempty, closed

and convex sets.

A mapping Fi : H — H, is said to be firmly quasi-nonexpansive if Fix(F}) # 0 and
3) |Fix—x*|* < ||x—x*||> = ||x— Fix||?, Vx* € Fix(F}), x € Hj,
where Fix(F) := {x € H; : x = Fix}, the set of fixed points of Fj.

A mapping F] : C — C is said to be k-demicontractive if Fix(F}) # @ and there exists a

constant k € (0, 1) such that
4) |Fix —x*||* < ||x — x*||> + k||x — Fix||?, Vx* € Fix(F), x € C.

Evidently, the class of demicontractive mappings properly includes the class of firmly quasi-
nonexpansive mappings.
Remark 1.1. [8] For negative values of k the class of demicontractive mappings is diminished

to a great extent. Such class with negative value of k was considered under the name of strongly
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attracting mapping. In particular, the mapping F; which satisfies (4) with k = —1 is called
pseudo-contractive. Note that a mapping F] satisfying (4) with & = 1 is usually called hemicon-
tractive and used in connection with the strong convergence of the implicit Mann-type iteration
method.

Example 1.1. [11] Let f be a real function defined by f(x) = —x% —x; it can be seen that
f:[-2,1] = [-2,1]. This function is demicontractive on [—2,1] and continuous. It is not
quasi-nonexpansive and is not pseudo-contractive on [—2, 1].

Rest of the paper, unless specified, let A : Hy — H, and B : H, — H3 be bounded linear

operators.

In 2013, Moudafi et al. [17] introduced and studied the following split equality fixed point
problem (in short, S,EFPP) which is a generalization of S,FP (1): Find x* € C and y* € Q such

that
5) x* € Fix(F}), y* € Fix(F;) and Ax* = By*,
where for each i = 1,2, F; : H; — H; is a quasi-nonexpansive mapping. Further, Chidume et al.

[9] studied S,EFPP (5) for demicontractive mappings Fi, F,. For further related work, see [14].

We denote by CB(H) ), the collection of all nonempty, closed and bounded subsets of H;. The
Hausdorff metric D on CB(H) is defined by

D(P,Q) = max {SUPd(x, Q),supd(y,P)} , VP,Q € CB(H)),
XEP yeQ

where d(x,P) := in{)d(x,y) and d(-,-) is a metric on H;.
ye
Definition 1.1. Let 77 : H; = CB(H) be a multi-valued mapping. x* € H; is said to be fixed

point of 77 if x* € T1x*. We denote by Fix(7}), the set of fixed points of 7 defined by

Fix(T1) :={x € H, : x € Tyx}.

Definition 1.2. A multi-valued mapping T} : Z(T1) C H; = CB(H,) is said to be:

(i) nonexpansive if

D(Tix,Thy) < |x—yll, Vx,y € 2(T1);
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(ii) quasi-nonexpansive if Fix(77) # 0 and
6) D(Tyx, T1x*) < ||lx—x"||, Vx* € Fix(T}), x € 2(Th);
(iii) k-demicontractive if Fix(7]) # 0 and there exists a constant k € (0, 1) such that
(D(Tix, Tix"))* < |lx —x*|]> +k(D(x, Tix))*, Vx* € Fix(T1), x € 2(T1),

where Z(T;) denotes the domain of 7;.

Evidently, the class of multi-valued demicontractive mappings properly includes the class of
multi-valued quasi-nonexpansive mappings. The class of demicontractive mappings is impor-
tant because several common types of operators arising in optimization problems belong to this
class, see for example, Chidume and Maruster [8], Maruster and Popirlan [16] and references
therein.

Example 1.2. Let H; = R, the set of all real numbers, 7] : R — CB(R) be defined by T (x) =
{—2x},Vx € R. We have that Fix(7) = {0} and 7; is a multi-valued demicontractive mapping

which is not quasi-nonexpansive. In fact, for each x € R, we have
(D(T1x,T10))* = 4]x— 0|2,
which implies that 77 is not quasi-nonexpansive. Also we have
(D(Tyx,T10))? = |x— 0> + %(d(x, Tix))>.

This implies that 77 is demicontractive with k = %

In 2014, Wu et al. [23] introduced and studied the following multiple-sets split equality prob-

lem for finite families of multi-valued quasi-nonexpansive mappings:
N N

(7) Find x* € (") Fix(7;) and y* € (") Fix(S;) such that Ax* = By",
i=1 i=1

where N is a positive integer, and {T;} | : H; = CB(H,), {Si}Y., : H» = CB(H,) are families

of multi-valued quasi-nonexpansive mappings.
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Very recently, Chidume [11] introduced and studied the following multiple-sets split equal-
ity fixed point problem (in short, MSS,EFPP) for countable families of multi-valued demi-
contractive mappings:
(8) Find x* € (") Fix(7;) and y* € (") Fix(S;) such that Ax* = By",
i=1 i=1
where {7;}>, : H = CB(H,) and {S;}*, : H, = CB(H,) are countable families of multi-

valued demicontractive mappings.

We consider the following split equality variational inequality problem (in short, S,EVIP):

Find x* € C and y* € Q such that

) (f(x"),x—x") >0,vxeC
(10) (g0*),y—»") > 0,¥y € Q
and Ax™ = By",

where f: C — H; and g : Q — H; be single-valued mappings. When looked separately, (9) is
called variational inequality problem (in short, VIP) and its solution set is denoted by Sol(VIP(9)).
The solution set of S, EVIP(9)-(10) is denoted by Sol(S,EVIP(9)-(10))= {(x*,y*) e Cx Q : x* €
Sol(VIP(9)),y* € Sol(VIP(10)) and Ax* = By*}. S,EVIP(9)-(10) generalizes split variational

inequality problem (in short, S, VIP) studied by Censor e al. [6].

In 1976, Korpelevich [13] introduced the following iterative method which is known as ex-

tragradient iterative method:

X0 eC,
(11 yn =Pl —Afxn),

Xn+1 :PC(xn_A‘fyn)y nzoa

where A > 0 is a fixed number, f is a monotone and Lipschitz continuous mapping and Pc is
the metric projection of H; onto C; and proved that if the Sol(VIP(9)) is nonempty then, under
some suitable conditions, the sequence {x,} generated by algorithm (11) converges to a solution

of variational inequality (9). Since then a number of generalizations of extragradient iterative
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method has been studied for various important classes of problems, see for instance [15, 18, 22]

and the revelent references therein.

Motivated by the ongoing research work in this direction, we propose and analyze a simulta-
neous extragradient iterative method to approximate a common solution to S,LEVIP(9)-(10) and
MSS,EFPP(8) for countable families of multi-valued demicontractive mappings in real Hilbert
spaces. Further, we give a numerical example to justify the main result. The method and results
presented in this paper extend and unify some recent known results in the literature; see for

instance [6, 9, 11, 17, 24].

2. PRELIMINARIES

We recall some definitions and results which are needed in sequel. Let — and — denote the

strong and weak convergence, respectively and N denote the set of natural numbers.

For every point x € Hy, there exists a unique nearest point in C denoted by Pcx such that
|lx = Pex|| < [lx—yl, vy € C.

The mapping Fc is called the metric projection of Hy onto C. It is known that Pc is nonexpansive

and satisfies

(12) (x—y,Pcx— Pey) > ||[Pex — Foy|?, Vx € Hy.
Moreover, Pcx is characterized by the fact that Pcx € C and

(13) (x—Pcx,y—Pex) <0, VyeC

which implies that

(14) lx = y[I* > [lx = Pex|]*+ ly — Pex|)?, Vx € Hy, y € C.

Definition 2.1. A mapping f : C — H is said to be:

(1) monotone, if

<fx_fy7x_y> 207 VX,yEHl;



SIMULTANEOUS EXTRAGRADIENT ITERATIVE METHOD 117

(i) a-inverse strongly monotone, if there exists a constant & > 0 such that

<fx_fy7x_y> Z a“fx_fyHZ? VX,yEHl;

(iii) B-Lipschitz continuous, if there exists a constant 8 > 0 such that

| fx— fyll < Bllx—yll, Vx,y € Hi.

We note that if f is a-inverse strongly monotone mapping, then f is monotone and ,-Lipschitz
continuous but converse need not be true. For & = 1, a-inverse strongly monotone mapping f
is called firmly nonexpansive mapping.

Definition 2.2. A mapping 77 : H; — H is said to be:

(i) demiclosed at zero if for any sequence {x,} C Hj, with x, = x* and ||x, — T1x,|| — O,
we have x* = T1x*.
(ii) semicompact if for any bounded sequence {x,} C Hj, with ||x, — T1x,|| — 0, there exists

a subsequence {xp, } of {x,} such that {x,, } converges strongly to some x* € Hj.
Definition 2.3. [2]. A multi-valued mapping 77 : H; = 2H1 s said to be:

(i) monotone if
(u—v,x—y) >0, whenever u € Ty (x), v € Ty (y);

(ii) maximal monotone if 7] is monotone and the graph, graph(7}) := {(x,y) € H; X H; :

y € Ti(x)}, is not properly contained in the graph of any other monotone mapping.

It is well known that for each x € Hy and A > 0 there is a unique z € H; such thatx € (I+ATj)z.
The mapping J;l := (I+ATy)~ ! is called the resolvent of 7j. It is a single-valued and firmly
nonexpansive mapping defined on H;.

Definition 2.4. A multi-valued mapping T} : Hy = CB(H)) is said to be:

(i) demiclosed at zero if for any sequence {x,} C H;, with x, — x* and d(x,,T1x,) — O,
we have x* € Tyx*.
(ii) hemicompact if for any bounded sequence {x,} C Hj, with d(x,, T1x,) — 0, there exists

a subsequence {x,, } of {x,} such that {x,, } converges strongly to some x* € Hj.
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Lemma 2.1.[11] Let C be a nonempty subset of a real Hilbert space H and let T : C = CB(C)
be a multi-valued k-demicontractive mapping. Let for every z € Fix(T}), T1z = {z}. Then there

exists L > O such that
D(Tix,Tyz) < L|x—z|, VxeC, z€Fix(Ty).

Lemma 2.2. For all x,y € H|, we have

@ [he=yI? = [l = Iy = 2 = y,3);
(D) 20x,y) = [|x[7 + 1> = e =yl = e+ 31> = flxl* = []]]>-
Lemma 2.3.[19] (Opial’s lemma) Let {1, } be a sequence in Hilbert space Hj, such that there

exists a nonempty set W C Hj satisfying:

(i) Forevery u* € W, lim ||y, — u*|| exists.
n—yoo

(ii) Any weak-cluster point of the sequence {,} belongs to W;

Then there exists u* € W such that {u, } weakly converges to u*.

m
Lemma 2.4.[10] Let {x;}" | be a set in Hilbert space H;. For {e;}7" ; C (0,1) such that } o; =
i=1
1. Then the following identity holds:

2
m
2 2
=Y aillul®— ) eyl -
i=1 1<i<j<m

m
Z o;x;
i=1

Remark 2.1. It follows from Lemma 2 that the following identity holds:

2
=Y allxlP— Y aajlx—x)
i=1 i =1t

Z X
i=1

for ¥ o; = 1, provided that {x;} is bounded.
i=1

3. SIMULTANEOUS EXTRAGRADIENT ITERATIVE ALGORITHMS

We propose the following simultaneous extragradient iterative algorithm to approximate a

common solution of S,EVIP(9) — (10) and MSS,EFPP(8).
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Algorithm 3.1. Let (x1,y;) € H; x H, be given. The iteration sequences { (x,,y,)} be generated

by the schemes:

Un
Cn

Xn+1
(15)

Pc(xn — 'YnA*(Axn - Byn));
Pc(]— )Lnf)pn;
PC(pn - A‘nfun);

Oocn+ Y Oiwin, Wiy € Ticy;
i=1

PQ(yn + YHB* (Axn _Byn)>;
Po(I = 2n8)qn;
PQ(C]n - A'ngvn);

e, + ), QiZin, Zin € Sien,
i=1

where 0o € (k,1), o; € (0,1), for each i € N such that }° &; = 1 and the step size ¥, is chosen

in such a way that for some € > 0,

(16)

otherwise ¥, = v (y > 0), where u, :=

A={n:Ax,— By, #0}.

i=0

Y€ (&, —€), n €A,

2||Au,, — Bv,||?

1A% (Auy — Bvn)||> + [|B* (Aup — Bvn) ||

and the index set

Remark 3.1. [[24]] It follows from condition (16) that inf,ca{tt, — 1} > 0. Since |A*(Au, —

Bv,)|| < |[|A*||||Aup, — Bvy|| and ||B*(Aup, — Bvy)|| < ||B*|||[Aun, — Bvy||, we observe that {u,} is

bounded below by m and so inf,cp U, < +oo. Consequently sup, 5 ¥, < +o° and hence

{7.} is bounded.

For each i € N, if T; and S; are single-valued demicontractive mappings then Algorithm 3.1

is reduced to the following simultaneous extragradient iterative algorithm to approximate a

common solution of §,EVIP(9)-(10) and S,EFPP (5):
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Algorithm 3.2. Let (x1,y;) € H; x H, be given. The iteration sequences { (x,,y,)} be generated

by the schemes:

pn = Pl — A" (Axy — Byn));
up = Pc(l—2Anf)pus
cn = Po(pn—Anfun);
Xnt1 = Opcp+ i 0;Ticn;
(17) =1

dn = Po(yn+7B*(Axy — By,));
vo = Po(I—2g)qn;
en = Polgn—2Angvn);

\ Ynt1 = Opep+ i§1 o;Sien,

where o € (k, 1), a; € (0,1), for each i € N such that ) o; = 1 and the step size 7, is chosen
i=0
in such a way that for some € > 0,

(18) Y € (&, n—€), nEA,

2||Au, — Bv,||?

d the ind t
1A (Atty — Bv) [P+ ||B* (A, — By )2 00

otherwise ¥, = ¥ (y > 0), where U, :=
A={n:Ax,— By, #0}.

4. MAIN RESULTS

We prove a strong convergence theorem to approximate a common solution to S,EVIP(9)-
(10) and MSS,EFPP(8) for countable families of multi-valued demicontractive mappings by
selecting the step size in such a way that the implementation of the algorithm does not require
the calculation or estimation of the operator norms.

Theorem 4.1. Let H|, H, and H3 be real Hilbert spaces and C C H;, Q C H, be nonempty,
closed and convex sets. Let A : Hy — H3, B : Hy — H3 be bounded linear operators with their
adjoint operators A* and B*, respectively. Let f : C — H; be monotone and a-Lipschitz con-
tinuous mapping and let g : Q — H, be monotone and -Lipschitz continuous mapping. Let
{T:}>, : HH = CB(H\) and {S;}7 | : H, = CB(H) be families of multi-valued demicontrac-

tive mappings with demicontractive constants k; and s;, respectively and let k| = sup{k;} € (0,1)
i>1
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and k, = sup{s;} € (0,1). For each i € N, let 7; and S; be demiclosed at 0. Assume that
i>1

for x € (N Fix(T;), Tix = {x} and for y € (" Fix(S;), Siy = {y}, for each i € N. Assume that
i—1 i—1

= l
I':=Sol(S,EVIP(9) — (10)N ( N Fix(T;) x N Fix(Si)> # 0. If the sequence {4, },en C |a, b,
i=1 i=1
for some @ and b with 0 < a < b < m and k € (0,1) where k = max{ky,k, }, then the se-
quence {(x,,y,)} generated by Algorithm 3.1 converges weakly to (£,y) € I. In addition, if for

each i € N, 7; and S; are hemicompact, then {(x,,y,)} converges strongly to (x,y) € I.

Proof.Let (x,y) €T, ie., foreachi € N, x € Ti(x), y € Si(y), x € Sol(VIP(9)), y € Sol(VIP(10))

and Ax = By. First, we prove that {w; ,}> , is bounded. Indeed, it follow from Lemma 2.1 that

|win—x| < D(Ticn, Tix)

1++Vk
< Ve, x| = M.
1 —+vk

This implies that {w; ,}3, is bounded. Similarly, we obtain that {z; ,}, is bounded.
We estimate
1pn —x[|* = [[Pe (6 — 1A™ (Axy — By,)) —x||?
< |xn — A" (Axy — By)) — ||
< lxn = xI* = 29 (0 — X, A" (Axy — Byn)) + 12 [ A* (Axy — By ||
(19) < [ptn —x* = 20 (Ax, — Ax, Axy — By,) + T l|A" (Ax, — By |

(20) < e = xl|* + 2% | A, — Ax]|[|Ax, — Byal| + % |A* (Ax, — Bya) ||
Using Lemma 2.2 (ii) in (19), we get

1 —l1* < [l =] = | Axn — Axl|* = || Axs — Byu||* + 2| Byn — Ax|?

1) + %2 A" (Ax, — Byn) 1%
Similarly, we obtain

gn—YI* < 1n—YII* = %l|Byn — BY||* = 1al| Ay — Bya||* + Yul|Ax — By||?

(22) +72||B* (Ax, — By)||*-
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Adding (21) and (22), and using the fact that Ax = By, we get
1w =1+ llgn =317 < llw =1+ [lyn = 11> = 1 (21| A%, — Byu|?
(23) ~Ya([|A” (Axy — Byn) |[* + || B* (Axy — Byn)||*)]-
From condition (16) on %, we obtain from (23) that
(24) 1o —xI1> + llgn = 11> < [ —x[I> + [y — ¥
Since ¢, = Po(pyn — Anfuy), it follows from (14) that
len =1 = 1Pe(pn— 2 fun) — x|

< |pn—AnSfun _XHZ —|lpn — AnSfun _Cn||2

< Hpn—x||2—Hpn—cn\|2+2),n(fun,x—cn)
< lpa = x> = 11pn = call® + 22 [{ futn — fx,x — up)
(25) +<fx7x_ un) + <fun7un - Cn>]

Since f is monotone and the fact that x € Sol(VIP(9)), we obtain from (25) that

ch _xH2 < Hpn —x||2 - Hpn _CHH2 +21n<f”n7”n _Cn>

= lpn =% = 1w = unl|* = lletn = call* = 2(pn = tn, 4 — ) + 220 { fitn, un — )

(26) = [lpn—xI* = lpn = tnll* = 0 = all* + 220 (P = Anftn — tn, o — 1)
From (13), we have
(Pn = Mnfun —tn,cn—un) = (Pn—Anf Pn—ttn, Cn — tn) + A (fPn — fltn, Cn — tn)
(27 < Aa{fpn— futn, cp — un)
Since f is a-Lipschitz-continuous, we obtain
2(pn— Anfun — tp,cn—un) < 2| fpn — funl|llcn — ual|

(28) < Z)Lna”l’n_”nn”cn_”n”

(29)

IN

(An0)?[[Pn = unl|* + llen — un >



SIMULTANEOUS EXTRAGRADIENT ITERATIVE METHOD 123

Hence, from (26) and (29), we obtain

(30) lew =l < lpw =l = (1 = (A0 @)*) 1w — wa

Similarly, we obtain

G llew =317 < llgn = ¥I1* = (1 = (AuB)*) g — val

On adding (30) and (31), we get

(32) len—xII* + llen = yII* < llpn —x[1* +11ga = 31> = (1= (Aan)*) (| P = tn|* + 1 — val*),

where 1 = min{ ¢, B }. Next, we estimate

2
a1 — x| = O‘OCn+ZO‘iWi,n_x
i=1
B 2
= |lao(cn—x)+ ) oti(Win—x)
i—1
N 2
a.
= Jaotes—0)+(1-00) ¥ %)
=11~ %0
N 2
Q;
= opllen —x[*+ (1 - o) (Win —x)
N

—ap(1 — o)

oo a.
i:ZI 1 —ZOC() (Wi,n _Cn)

[

OCl'OCj 2 > o; 2
- Y Wi —wjal } —op(1—0p) ), Wi — cnll
jjTiz L 00 —il-a
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= agllcn—x[*+ Y otillwin —x]?
i=1

=Y aotillen —winll? = Y. ciewin—

ollen —x)*+ Y ail|win —x||* = Y. cooid® (cn, Ticn)

<
i=1 i—=1
< OCOHCn—XHZ Zaz (Ticn, Tix) — Zaoaidz(cmTiC'n)
i=1
2 2
< apllen — x| +Zai|!cn—XI|
i=1
+ Z aikidz(cm thn) - Z %aidz(cna Tzcn)
i=1 |—
(33) = lea—x|I* =Y a0 — ki)d*(cn, Ticn)
i—=1
(34) < lew—x)* = (00— k1) Y ctid*(cn, Ticn).
i=1

Similarly, we obtain

(39) Iosr =3I <l =317 (@0 k) L i en Sie)
i-
On adding the inequalities (34), (35) and using k = max{kj,k, }, we get
a1 =l + [lynr = y[> < IICn—XI|2+Hen—yllz—(Ofo—k)<iaid2(cmTiCn)
im
(36) Za, en,Sen)

On using (23) and (32) in (36), we obtain

Pt =12 [ynet =1 < o =P 4 [y =312 = (1= (2an)*) (1Pn = > + [ = va1?)

~Y[21|A%0 — Byal|* = (|A* (Axy = Byn)|I* + | B* (Axu — Bya) |1*)]

37) —(0op— k) ( f 0yd” (cn, Ticn) + i ocl-d2<en,s,-en>).
i=1
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Now, setting p,(x,y) := ||x, —x||> + |[y» — y||? in (37), we obtain

Pur1(x,y) < palx,y) = (L= (Aan)*)([lPn — tall® + g —vall?)

~¥u[2]| A% — Byul|* — % (| A" (Axy — Bya) |I* + || B*(Axu — Byn)||*)]

(38) —(0p— k) ( f 0yd” (cn, Ticn) + i a,-d2<en,s,-en>).
i=1

i=1
Since A, < % and o € (k,1) then (g — k) > 0 and hence it follows from condition (16) on ¥,

that

pn+1(x=y) < pn(x7)’)'

This implies that the sequence {p,(x,y)} is non-increasing and bounded below and hence it

converges to p(x,y) (say). Thus, condition (i) of Lemma 2.3 is satisfied with t, = (x,,yn),
!

u* = (x,y) and W :=I C H = Hy x H, with norm ||(x,y)|| = (|[x]*+ [ly||*) >

Since ||x, —x||? < pu(x,¥), |lvn — ¥|I* < pu(x,y) and lim p,(x,y) exists, we observe that {x,}
n—yoo

and {y,} are bounded and limsup ||x,, — x|| and limsup||y, — y|| exist. Also, limsup ||Ax, — Ax]||
n—yoo n—yoo n—oo

and limsup || By, — By|| exist. Further, from (24) and (32), we easily observe that the sequences

n—soo

{cn}, {en}, {pn} and {g,} are bounded.

Now, since {%,} is bounded, (1 — (4,1)?) > 0 and (0 — k) > O then it follows from the

convergence of the sequence {p,(x,y)} and (38) that

(39) gglgo(llpn—un||2+Ian—vnllz) =0,

(40) lim (d*(cn, Trcn) +d*(en, Sien)) = 0, for each i € N,
and

(41) ,}gr;(|!A*(Axn—Byn)|!2+ IB*(Ax, — By,)[|*) = 0.

Note that Ax, — By, = 0, if n ¢ A. Hence, we obtain

(42) lim [|py — un|| = lim |[g, —va|[ =0,
n—oo n—oo
(43) lim d(cp, Tic,) =0, foreach i € N,

n—eo
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(44) lim d(e,,Sie,) =0, foreachi € N,
n—soo
and
(45) lim ||Ax, — By,|| = 0.
n—oo

Let ¥, y be weak cluster points of the bounded sequences {x, }, {y,}, respectively. It follows

from Lemma 2.2 (i) that

Hxn—i-l_anZ = Hxn—O—l_x_xn‘i‘xHZ
= [Pyt = x> = [ — {1 = 2011 — 20,0 — %)

(46) = ||xn+1 _x||2 - Hxn _x||2 - 2<xn+1 — X, Xp _x> +2<xn — X, Xy _x>~

Since limsup ||x, — x|| exists, it follows from (46) that

n—oo
limsup ||x,+1 —x,|| = 0.
n—soo
Consequently,
47 r}l_r>r°10 ||%n+1 — xu|| = 0.
Similarly, we obtain
(48) lim [y 1 —ynl = 0.

Since Fc is firmly nonexpansive, we have

”Pn —x||2 = ||PC(xn - }’nA*(Axn —By,)) _XHZ

IN

<pn — X, Xn — YnA*(Axn _B)’n) _x>
1
= 5 { Il b= s~ ) 2

1w — 0 A (A — By | }
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which implies that
lpn =l < flw = x* = 2% — x, A" (Axy — Byn)) + % | A" (Axn — Byn) ||

_Hpn _an2 - %%HA*(AXH — Byn) H2 —2%u(pPn — X, A" (Axy _Byn)>

VAN

[ben = x[1* + 2% || A, — Ax| [ A% — Byal| = | pn — x|
(49) +2%|Apn — Axp||||Axy — Byn|-
Since (33) can also be written as

(50) xXne1 — x> < lew—xI>+ Y oukid® (cn, Ticn).-
i=1

Using (30) and (49) in (50), we get

%01 —x||2 < % —x||2—|—2)/n||Axn — Ax|[|Axn — Bynl| — || pn _an2

+2%[|Apn — Axal||Axa — Byall + Y ctikid® (cn, Tren),

i=1

~(1= (M0)) || pn — .

which, in turn, implies that

1w —xall® < (e =l a1 =) 61—l + 29 Ay — x| Ax — By

(51 +2%llApn — Axa[|Axn — Byu|| + Y 0tikid® (e, Ticn).
i=1
Since {pn}, {x,} are bounded and A is a bounded linear operator, then {Ap, — Ax,} is

bounded. Now, using (45), (43) and (47) in (51), we have

(52) lim ||p,l —xn|| =0.
n—soo
Since
(53) Hun—an < H”n_an‘l‘Hpn_xn”a

using (42), (52) in (53), we have

(54) lim ||u,, — x,|| = 0.
n—o0
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Similarly, we obtain

59) Tim [lga = | =0,
(56) Jim [, =3, = .

It follows from (21), (26), (28) and (50) that

X1 = x> < {xn — %1%+ 29| Ax, — Ax|||Axy — Byul| — || pn — xal*
+27n||Apn _Aan ||Ax,, _B)’nH - ||Pn - ”nH2 - ||“n - CnH2

+22,0| pn — un||llcn — un || + Z (Xik,-dz(cn, Ticy),
i=1

which, in turn, implies that
ltn = call® < (1t =1 4 11 = X[ P01 = Xall + 29[| Ax, — Ax|||Ax,, — By
+2%|Apn — Axnl|[|Axn — By || + Z 0kid® (cn, Ticn)
i=1

(57) +2A,a||pn — tn|||cn — un)|-

Since {c,}, {un} are bounded, using (45), (43) and (47) in (57), we have that

(58) lim ||u, — c,|| = 0.
n—oo
Since
(59) len — x|l < |len — | + [Jttn — x4l

using (58), (54) in (59), we have
(60) lim ||c,, — x| = 0.
n—oo

Similarly, we obtain

(61) lim ||v, —e,|| =0,
n—yoo
© lim [le, — vl = 0.

Since every Hilbert space satisfies Opial’s condition, Opial’s condition guarantees that the

weakly subsequential limit of {x,} and {y,} is unique. Since {x,} is bounded, there exists
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a subsequence {x, } of {x,} such that x,, — % and hence it follows from (60) that there is
a subsequence {cy,} of {c,} such that ¢,, — . Further, demiclosedness of 7; at 0 for each
i € N and (43) imply that X € T;x for each i € N. Hence x € ﬂ Fix(T;). Also, it follows from
boundedness of {y,} and (62) that there exist subsequences {ynl} of {yn} and {ep,} of {e,}
such that y,, — y and e,, — y and hence demiclosedness of §; at 0 along with (44) yield that

y € S;y for each i € N. Thus y € () Fix(S;).
i=1

Now, we show that X € Sol(VIP(9)). Since lim |pn — un|| =0 and lim | pn — xn|| = 0, there
n—o0 Nn—yoo
exist subsequences { pp,, } and {up, } of { p, } and {u, }, respectively such that p,,, — ¥ and u,,, — *.

Let

fv+Ne(v), ifveC;
0,ifvéC,

Tv =

where N¢(v) is the normal cone to C at v € H;. In this case, the mapping T is maximal monotone
and hence 0 € Tv if and only if v € Sol(VIP(9)). Let (v,w) € graph(T). Then, we have w €
Tv = fv+Nc(v) and hence w — fv € N¢(v). So, we have (v —u,w — fv) >0, forall u € C.

On the other hand, from u, = Pc(I — A,,.f)p, and v € C, we have

<(I_)Lnf)pn_”naun_v> > 0.

This implies that

S fpy) > 0,

Since (v —u,w — fv) >0, for all u € C and u,, € C, using monotonicity of f, we have

<V_uni7w> > <V_univa>

Uy, — Py
> (v—uni,fv>—<v—uni, n’/,Lp”’—l—fpni>
n

Up. —

= <V—I/tni7fv_funi> + <v_uni’funi —fpn,'> N <V_u”i’ I;L pni>

Uy. — .
2 <V_un,-afuni_fpn,-> - <v_un,'a nl)L pnl>
n
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Since f is continuous, then on taking limit i — oo, we have (v —%,w) > 0. Since T is maximal

monotone, we have ¥ € 7-10 and hence & € Sol(VIP(9)). Similarly, one can show that j €

Sol(VIP(10)).

Again, since A and B are bounded linear operators, we have Ax,, — Ax and By,, — By. Further,

since || - || is weakly lower semicontinuous, we have
(63) |A% — By||* < liminf ||Ax,, — By,.||* =0,
nj—>

i.e., AX = By. Thus, (%,y) € I" and hence w,,(x,,,y,,) C I'. Now, it follows from Lemma 2.3 that

the sequence {(x,,y,)} generated by iterative Algorithm 3.1 converges weakly to (¥,y) € I.

Now, since 7; and S; for each i € N, are hemi-compact, {x,} and {y,} are bounded and
nh_r>r°10 d(cy, Ticy) =0 and r}grolo d(e,,Sien) = 0 for each i € N, there exist (without loss of general-
ity) subsequences {x,, } of {x,} and {yy, } of {y,} such that {x, } and {y, } converge strongly to
some points i and v, respectively. It follows from the demiclosedness of 7; and S;, for eachi € N
that iz € ﬁ Fix(T;) and v € ﬁ Fix(S;). Since {x,,} and {y,, } converge weakly to X and y, respec-
tively, wleihen have i = X ;uli 7 = . On the other hand, since p,(x,y) = ||x, — x||* + ||yn — ¥||%,
for any (x,y) € T then ,ILH; Pn;(X,¥) = 0. Further, since r}gr.}o pn(%,5) exists then r}l_rgo Pn(%,5) =0
and hence nh_rggg”xn —X|| =0 and nlgr;”yn —¥|| = 0. Thus, {(x,,y,)} converges strongly to
(x,y) € I'. This completes the proof.

Now, we present a consequence of Theorem 4.1.

For each i € N, if 7; and S; are single-valued demicontractive mappings then we have the fol-
lowing result to approximate a common solution of S,EVIP(9)-(10) and S,EFPP (5) for two

countable families of single-valued demicontractive mappings:

Corollary 4.1. Let H;, H, and Hs be real Hilbert spaces and C C Hy, Q C H, be nonempty,
closed and convex sets. Let A : Hf — H3, B : Hy — H3 be bounded linear operators with
their adjoint operators A* and B*, respectively. Let f : C — H; be monotone and &-Lipschitz
continuous mapping and let g : Q — H, be monotone and B-Lipschitz continuous mapping.
Let {T;}, : Hi — H; and {S;}7, : H, — H> be families of single-valued demicontractive

mappings with demicontractive constants k; and s;, respectively and let k; = sup{k;} € (0,1)
i>1
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and k, = sup{s;} € (0,1). For each i € N, let 7; and S; be demiclosed at 0. Assume that
i>1

I':=Sol(S,EVIP(9) — (10)N (ﬁ Fix(T;) x ﬁ Fix(Si)> # 0. If the sequence {A, },en C [a, D],
for some a and b with 0 < a < bl:<l m ;111 k € (0,1) where k = max{kj,k, }, then the se-
quence {(x,,y,)} generated by Algorithm 3.2 converges weakly to (%,y) € I. In addition, if for
each i € N, T; and S; are semicompact, then {(x,,y,)} converges strongly to (¥,7) € I.

We remark that it is of further research effort to extend the iterative method presented in
this paper, to split equality mixed equilibrium problem and split equality monotone variational

inclusion problem [14].

5. NUMERICAL EXAMPLE

Finally, we give a numerical example which justifies Theorem 4.1.

Example 5.1. Let H; = H, = Hz = R with the inner product defined by (x,y) = xy, Vx,y € R,
and induced usual norm |-|. Let C = [-10,10] and Q = [-10,10]; let {T;}>,,{Si}7>, : R —

141 142i
CB(R)byT,—(x):{(— jl>x},5i(y):{<— —;i l)y},foreachieN;letf:C—>Rand

g: 0 — R be defined by f(x) =2x, Vx € C and g(y) =3y, Vy € Q; let A,B: R — R be defined
by A(x) = 2x,Vx € R, B(y) = 4y,Vy € R. If we set o; =

ST Vi € NU {0}, then there is a

unique sequence {(x,,y,)} generated by the iterative schemes:

( pn = Po(xn—4%(x0—2yn));
up = Fo(pn—2npn);
cn = Po(pn—2Ayn);
X+l = %Cn—i_izilﬁ(_%)cn;
(64) =1
qn = Po(yn+8%(xn—2yn));
va = Pol(qn—3Anqn);
en = Polgn—3Mvn);
Ynpl = %enfi%( L2 e,

Then the sequence {(x,,y,)} converges to a point (,y) € T
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Proof. Evidently, A and B are bounded linear operators on R with adjoint operators A*, B*,

1
respectively with ||A]| = ||A*|| = 2, ||B|| = ||B*|| = 4, and hence 7, € (8 — —8). Therefore,

10
for € = ﬁ, we choose 7, = 20" We also assume A, = 3 Furthermore, we observe that for
each i € N, T; is demicontractive with k; = 1_}_% Fix(T;) = {0} and (7; —I) is demiclosed at
0, and S; is demicontractive with s; = li e , Fix(S;) = {0} and (S; —I) is demiclosed at 0.
Since k; = sg%){k} _1 and ky = s1>1[1){s i} = ! then k = max{ky,kr } = % Next,, we observe
i i

that T := Sol(S,EVIP(9) — (10)) N ( N Fix(T}) x N Fix(Sl-)> = {(0,0)} #£0.

i=1 i=1
After simplification, iterative schemes (64) are reduced to the following:

4 2, . _ 4
Pn = 5Xn+ 5¥n; Mn——3,Cn—Pn 3Un;

(65) Gn = =20+ 203 Vi = —Gns €n = Gn— 2vp;

_ 1 A+ 14-2i
Xn+1 = 3Cn — 1121+1 Cns Y+l = 2en Z itz €ns
i=

Next, using the software Matlab 7.8.0, we have following figure and table which shows that
{(xn,yn)} converges to the point (¥,%) = (0,0).

Convergence for initial values Xy = 8, Yo=— 13
35

30

25}

20

15

values

10

Ax, - By,

5 10 15 20
n—iterations
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Table

No. of Xn Va Ax, — By, No. of Xn Vn Ax, — By,
iterations | xo =8 yo=—13 iterations

1 3.699636 | -6.240070 | 32.359552 11 0.000031 | 0.000015 | 0.000004
2 1.733757 | -3.033392 | 15.601081 12 0.000008 | 0.000004 | 0.000001
3 0.823414 | -1.430052 | 7.367037 13 0.000002 | 0.000001 | 0.000000
4 0.390003 | 0.039671 | 0.621323 14 0.000000 | 0.000000 | 0.000000
5 0.112934 | 0.041824 | 0.058573 15 0.000000 | 0.000000 | 0.000000
6 0.029665 | 0.013086 | 0.006988 16 0.000000 | 0.000000 | 0.000000
7 0.007582 | 0.003505 | 0.001146 17 0.000000 | 0.000000 | 0.000000
8 0.001922 | 0.000901 | 0.000240 18 0.000000 | 0.000000 | 0.000000
9 0.000486 | 0.000229 | 0.000057 19 0.000000 | 0.000000 | 0.000000
10 0.000123 | 0.000058 | 0.000014 20 0.000000 | 0.000000 | 0.000000

This completes the proof.
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