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1. INTRODUCTION

Since the famous Banach Contraction Principle [5], metric fixed point theory has had a rapid
development. A huge number of papers was appeared, which represented a generalization of
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this important result in various generalized metric spaces, (see, for example, [17, 18, 19, 20, 21,
22, 23]). Some of such generalizations are provided satisfying rational contractive conditions.
Das and Gupta [7] extended the Banach contraction using rational inequality and proved the

following result:

Theorem 1.1. Let f be a mapping of a complete metric space X into itself such that
@)

d(y, f(¥)[1+d(x, f(x))]
1+d(x,y)

d(f(x),f(y) < a +Bd(x,y),

forallx,ye X,aa>0,>0,aa+p <1 and
(i) for some xo € X, the sequence of iterates {f"(xo)} has a subsequence { f}(xo)} with
— T n
5 = Y}I_{I(}ofk (XO)-

Then & is a unique fixed point of f.

Subsequently, Pachpatte [14] extended it to a pair of self mappings. Recently, Azam et al.
[4] and Nashine et al.[12] obtained fixed point theorems for a pair of contractive mappings
using generalized rational inequalities of [7] in a complex-valued metric space setting. In [25],
Shahkoohi and Razani proved the existence of fixed point of a self mapping under rational
Geraghty contractive conditions in partially ordered b-metric spaces, see [3, 24].

In the 1960’s, Gihler [8, 9, 10] introduced a new theory of 2-metric spaces. Since then, many
authors have focused on these spaces and presented papers that dealt with fixed point theory
for single-valued and multi-valued operators in 2-Banach spaces (see [1, 2, 6, 13, 11, 26]).
Recently, Pitchaimani and Ramesh Kumar [15] obtained common fixed points under implicit
relation in 2-Banach spaces and proved some common and coincidence fixed point theorems
for asymptotically regular mappings in [16].

In the light of these developments, in this paper we intend to establish the existence and
uniqueness of common fixed point of a family of self mappings satisfying the generalized ratio-
nal contractive condition in 2-Banach spaces with supportive example. Then, the approxima-
tion of the common fixed point by means of Krasnoselskii, Mann and Picard iteration method

is given. Finally, the well-posedness of the common fixed point problem is obtained.
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2. PRELIMINARIES

First of all, let us recall the basic definitions and concepts that will be required in the sequel.
Throughout this paper, N denotes the set of all positive integers and R denotes the set of all real

numbers.

Definition 2.1. Let X be a real linear space and ||-,-|| be a non-negative real valued function

defined on X x X satisfying the following conditions :

(i) ||x,y|| = 0 if and only if x and y are linearly dependent;

(i) [lx,y]l = lly.xl, for all x,y € X;

(iii) ||x,ay|| = |a|||x,y|, for all x,y € X and a € R;

(@) Joe,y 42l < e, Il + ;2

,forall x,y,z € X;

Then ||-,-|| is called a 2 - norm and the pair (X,||-,-||) is called a linear 2-normed space.
Some of the basic properties of 2-norms are that they are non-negative satisfying ||x,y+ax|| =

,forall x,y € X and a € R.

[x,y

Definition 2.2. A sequence {x,} in a linear 2-normed space (X, ||-,-||) is called a Cauchy se-

quence if lim ||x;, —xp,y|| =0 forally € X.
m,n—o0

)

Definition 2.3. A sequence {x,} in a linear 2-normed space (X, ||-,-||) is said to converge to a

point x € X ijfligl ||xn —x,y|| =0 forally € X.
n—soo

Definition 2.4. A linear 2-normed space (X, ||-,-||) in which every Cauchy sequence is conver-

gent is called a 2-Banach space.

Example 2.5. Let X = R3 and a 2-norm ||-,-|| be defined as follows:
i j k
eyl =lxxyl=det | x; x» x3
yir o y2 3

where x = (x1,%2,%3),y = (y1,y2,y3) € X and I, j,k are the unit vectors along the axes. Note

that (X,|,-||) is a 2-Banach space.
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Definition 2.6. A sequence {x,} in a 2-Banach space X is said to be asymptotically T - regular

if lim ||x, — Txp,y|| =0 forall y € X.
n—>oo

Definition 2.7. Let X be a nonempty set and S,T : X — X be self mappings. Then

(1) an element x € X is said to be a fixed point of T if x = Tx.

(1) If x = Sx = Tx then x is called a common fixed point of S and T .

Let C be a nonempty convex subset of a 2-Banach space (X,||-,-||) and T : X — X be a

mapping then

(i) the sequence {x,} defined by
x0 €C, xpt1=(1—=0)x,+ 0T (x,), Vn>0,

where 0 < § < 1 is called the Krasnoselskii iteration scheme.

(ii) the sequence {x,} defined by
x0 € Cy xp1 = (1 = Bp)xn+ BuT (x,), ¥n >0,

where {f,} satisfies 0 < B, <1,Vnand Y f, = oo, is called the Mann iteration scheme.
n=0
(iii) the sequence {x,} defined by

x0 €C, X411 =T(xp), Yn >0,

is called the Picard iteration scheme which is particular case of the Mann iteration

scheme.

3. MAIN RESULTS

In this section, we first prove the following result which establishes the existence and unique-

ness of common fixed point of a pair of self mappings.
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Theorem 3.1. Let (X,|-,-||) be a 2-Banach space and S,T : X — X be two self mappings such

that
—Ty,ul||1+]|x—Sx,u x=8x,ul||1+|ly—Ty,u
ISx—Tyul| < ;Lmax{lly youl [T+ [l I[1-+ = Ty,ul]
1+ [|lx =y ul| 1+ [x— v, ul]
lx =Ty, ull [1+|ly = Sx,ull] [ly—Sx,ul|[1+]]x—Ty,ul]
L [Jx =y, ’ 1+ [x—y,ull )
1) e||x—y,u||},

forall x,y,u € X, x #y, where 0 < A < 1. Then S and T have a unique common fixed point in
X.

Proof. Let xp € X be arbitrary. Let us define a sequence {x,} such that
X2n+1 = Sx2n7x2n+2 =Txp+1,n = 0,1,2,...
Applying (1) for all u € X, we have

| X2n41 —X2n,u|] = ||Sx20 — Tx2p—1,u|

Y

< lmax{ 20— 1 — X, ul|[1 + [|X20 — X241, u]]
- L+ ||lx2n — x2n—1, ul
%20 — Xm+1, u||[1 + || X2 — X20—1, ul|]
1+”x2n_x2n—1,uH
sz”_xzn’uH[l—*_Hxanl _X2n+1,u||]
1+ ||x2n — X2p—1, u|
Hx2n—1 _x2”+l’uH[l+Hx2n_x2n,u‘|]
1+ |2 — X201, U] »||x2n—xzn1,u||}.

Y

Y

[l X2n—1 — X2, u||[1 + || x20 — X241, 1]
1+ ||x2n _Xanlqu

Case 1: If the maximum is , then

1 X20—1 — X2, u||[1 + || X20 — X241, 1]
1+ ||x2n _x2n—lau||

|| X2n+1 — Xon,ul] = A

Y

which yields that

Hx2n+1 —)Czn,I/tH < lnHXZn _x2n—lauH
A

1+ ||x2n _x2n717u|| - )L”x2n _x2n71;”||
again, we get

where [, = < 1. Retracing the same steps again and

||x2n+1 —XQn,MH < (ln)zn”xl —X(),MH
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For n > m, we have

Hxn—xm,uH < Hxn_xn—1>uH+Hxn—l_xn—27u||+ """ +me+1_xmauH

IN

(n)"

Therefore,
erefore 11

Xp — X, || — 0 as m,n — oo, since — 0 as m — oo. This shows that {x,} is

a Cauchy sequence in X.
%20 — X241, ul|[1 + [[x2n — x20—1, ul]]
1+ [[xan — x2n—1, 1|

Case 2: If the maximum is , then

Hx2n _x2n+lauH[l + ”xZn _xZn—buH]
Xopnt1 — Xop,ul| <A
H da " H 1+Hx2n_x2n—17u“

which implies that
%2041 — %2m, || (14 ||x20 — x20—1,u]| = & — A||x20 — x20—1,u]|) <O.

It has the only possibility that |[x2,+1 — X2,,u|| = 0 which shows that {x, } is a Cauchy sequence

in X.
HxZn—l —in_g_],MH [1 + Hxln —in,MH]

Case 3: If the maximum is
1+ HXZn —in_l,l/lH

, then

’x2n—1 _x2n,uH Hx2n _x2n+17u|l
1+ ||x27 — X201, u|

||X2n+1 — Xon,u]| < l|
which follows that
[%2n+1 = Xon, ul| (14 [|x20 — X201, u|| — A||x20 — X20—1,u]|) <O.

This shows that ||xp, 1 — x2,,u|| = 0.

Case 4: If the maximum is ||xp, —x2,—1,u/||, then we have

1X2n+1 —Xom, ]| < A|Jx2n — 2201, 1|

IN

Allx1 — xo,ul|-
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Hence, it is clear that {x, } is a Cauchy sequence in X from all four cases. Since X is a 2-Banach

space, there exists a member v of X such that x, — v as n — o. Now, we have
[w—Tw,ul| < [|w—xont1,ull +[|x2041 — Tw,ull

= lw—x2npr,ul| + [|Sx20 = Tw,ull

[[w —Tw, ul|[1+[|x2n — X204 1, ull]
1+ |2, — w,ul|

Y

< szt + s {

|20 — Xon 41, ul|[1+ ||w—Tw,ul|]
L+ ||x2n — w,ul|

Y

[[x2n — Tw,ul|[1+ |lw — x2n41][]
1+ [[x2 — w,ul|

b

[[w =241, ull[1 + [[x20 — Tw, ul]]
1+ ||x2n - W?”H

) ”in - W?”H}'
Taking limit n — oo, we obtain
lw —=Tw,ul| < Allw—Tw,ul|,

which shows that Tw = w since A < 1 for all u € X. Likewise, it is easy to see that Sw = w.
Hence w is a common fixed point of S and 7. In order to prove the uniqueness, let us take vy € X

is another common fixed point of § and 7, that is, vog = Svg = T'vg. Then

||VO_V,M|| — ||SVO_TV,M||
< zmax{Hv—Tv,unm||vO—5vO,um
1+ [[vo — v, u|
I[vo — Svo, ul|[1+ |[v — Tv, ul]]
1+ ||vo —v,ul| ’
lvo — Tv,ul|[1+||v — Svo,ul|]
1+ {[vo —v,ul ’
lv—Svo, ul|[1+ |[vo — Tv,ul|]
7HVO_V7MH7 )
14 [Jvo —v,ul|

_ 1 _
= lmax{”vo V,u“[ +||VO v,uH]aHVO—V;uHﬂ}v
1+ ||vo—v,ul|

= Al|vo—wu]l.

which yields a contradiction as A < 1. Thus, S and 7 has a unique common fixed point v in

X. UJ
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The following result is obtained by putting S = T in Theorem 3.1 which generalizes Theorem

1.1.

Corollary 3.2. Let (X, ||-,-||) be a 2-Banach space and T : X — X be a self mapping such that
Hy_ Ty:”” [1 + ||x_ Tx?“”] Hx_ T)C,MH [1 + “y_ Ty?””]
1+||x_y7u” , 1+||x—y,uH
HX— Tyqu [1 + “y_ TX,MM ||y_ TX,MH [1 + HX— Tyau’”
1+||X—y,l/t|| 7 1+Hx_yauH

o nx—xm@,

’

| Tx—Ty,u|| < lmax{

Y

forall x,y,u € X, x #y, where 0 < A < 1. Then T have a unique fixed point in X.

Proof. We omit the proof as it is immediate from Theorem 3.1. 0

The following result is an extension of Theorem 3.1 to the case of pair of mappings S” and

T where p and g are some positive integers.

Theorem 3.3. Let (X, ||-,-||) be a 2-Banach space and S,T : X — X be two self mappings such
that
”y_ Tqy,l/tH |:1 + ”X—SPX,MH] ”X—SPX,MH [1 + Hy_ TquuH]
1+Hx_yauH ’ 1+Hx_yauH
HX— Tqy,l/tH [1 + Hy_pr7uH] Hy_pr7uH [1 + HX— Tq.)’?””]
L+ [Jx—y,ull ’

3 Hx—%w@,

)

|SPx —T9,u|| < Amax {

Y

1 e =y, ul]

forall x,y,u € X, x #y, where p and q are some positive integers and 0 < A < 1. Then S and T

have a unique common fixed point in X.

Proof. Since SP and T'? satisfy the conditions of Theorem 3.1, S” and T'¢ have a unique common
fixed point, w (say). Now
SPw=w = S(5’w)=Sw,

SP(Sw) = Sw,



APPROXIMATING COMMON FIXED POINTS 9

which implies that Sw is a fixed point of S”. Likewise, we get T9(Tw) = Tw. Then

=Tl = [SPw—T9(Tw),u
< Amas{IDO=T D =Pl
1+ ||lw—Tw,ull

[[w = SPw, ul|[1 + || Tw — T9(Tw), ul]

1+ ||w—Tw,ul| ’

[w = T(Tw), ul|[1+ || Tw = SPw, ul]]

L+ ||lw—Tw,ull ’

[Tw — SPw,ul|[1+ |lw—T9(Tw), ul]

1+ ||jw—Tw,ul| ’

\M—Tmm@,
which yields that

lw = Tw,ull < A[w —Tw,ull

which is a contradiction since A < 1. Therefore, w = Tw for all u € X. Similarly, we have
Sw=w.

To prove the uniqueness of v, assume that v is another common fixed point of S and 7. Then it
can be viewed that w is also a common fixed point of S” and 77 which shows w = v. Hence, S

and T have a unique common fixed point. U

Remarks 3.4. Note that if xy is a unique common fixed point of SP and T4, where p,q are some

positive integers then xq is a unique common fixed point of S and T.
Next, Theorem 3.1 is extended to a case of family of mappings satisfying the condition (1).

Theorem 3.5. Let (X, ||-,-||) be a 2-Banach space and {Fy} be a family of self mappings on X

such that

Iy — Fpy,ul| [1+ [Jx — Fox,ul]] - [|Jx — Foox,ul| [1+ ||y — Fpy, ull]
1—|—||x—y,uH ’ 1—|—||x—y,u||

o~ Byl [1+ lly — Facr.ae]] y— Faox,u[[1 + |lx — Py

1+||x_yau|| ’ 1+||X—y,1/lH

ru—%m@,

Y

| Fox — Fgy,ul| < /'Lmax{

9
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forall o, € A with a0 # B and x,y,u € X with x #y, where 0 < A < 1. Then there exists a

unique w € X satisfying Fow =w for all o0 € A.

Proof. Replacing Fy and Fg for § and T respectively in Theorem 3.1, an application of which
gives a unique w € X to satisfy Fow = Fgw = w. For any other member Fy, uniqueness of w

gives Fyw = w and this completes the proof. 0J

Remarks 3.6. Theorem 3.5 generalizes and improves the main results of (4,7, 12, 14, 24] in

the framework of 2-Banach spaces.

Example 3.7. Let X = R? and a 2-norm ||-,-|| be defined by ||x,y|| = |x1y2 — x2y1|. Note that
(X,||,-]]) is a 2-Banach space. Let S,T : X — X be two self mappings defined as follows:

X+y x+y
S(x;)’): (T’T)

T(u,v) = (gg)

For A € [%, 1), it can be easily viewed that all the conditions of Theorem 3.1 are satisfied.

and

11
Therefore, by Theorem 3.1, S and T have a unique common fixed point (5, E) inX.

3.1. Approximations. One of the most important iteration procedure is Picard iteration
schemes in approximating the fixed points. To overcome the difficulty that Picard iteration
does not converge to a fixed point of all kind of contractive mappings, some other iteration
schemes came to existence namely Mann iteration, Ishikawa iteration, Krasnoselskii iteration,
Jungck iteration etc.

In this section, we approximate the common fixed point of § and 7" by means of Jungck-

Krasnoselskii, Jungck-Mann and Jungck-Picard type iteration schemes.

Theorem 3.8. Let C be a nonempty closed convex subset of a 2-Banach space X and S,T :
C — C be two self mappings such that (1 —k)S(C) +kT(C) C S(C) for 0 < k <1 and S(C) is
closed. Suppose that S and T satisfy all the conditions of Theorem 3.1, then S and T have a

unique common fixed point. In addition, if, for arbitrary yy € C and any fixed number 6 with
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0 < 6 < 1, the sequence {y,} defined by
@ SOne1) = (1~ 8)S(n) + 8T (), V>0,

is asymptotically T-regular, then it converges to the unique common fixed point of S and T, with

a rate estimated by
1(SOns1) —wul < p"*'L,
where L € [0,1) and L > 0 are some constants.

Proof. 1t follows from Theorem 3.1 that S and 7 have a unique common fixed point w € X. Let

yo € C and the sequence {y, } be defined by (4). Now, for all u € X and n > 0, we have

1SGnt1) =wyull = [[(1=8)S(yn) + 8T (yn) —w,ull

&)

IN

(1 =8)[IS(n) —w,ull + 8T (yn) — w,ull
From (1), we obtain

1T ) =wull = [T (yn) = Sw,ul|
Ly = wyul]
[y = Ty, ul|[1 4 [[w — Sw, ull]

IA

Y

Y

U+ [lyn = wu]
[[yn = Sw, ]| {1+ [[w = Ty, ull]
L+ [y —wull ’
[[w =Ty, ]| [1+ [[yn = Sw, ul]
llyn —wiull ¢
U+ [lyn = wu]

As Sw=Tw =w and {y,} is asymptotically T-regular, letting n — o, we get

which brings a contradiction since A < 1. Therefore, ILm | T (yn) — w,ul| = 0. Now using (5),
n—oo

we have
1SYns1) —wyu| < (1—=6)|IS(yn) —w,ul|.

Proceeding in this manner, we obtain

(6) 1(Smat) —wyu| < u™*1L,
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where t = (1 —38) €[0,1) and L = ||Syp — w,u|| > 0 are some constants. As u € [0,1), using
(6) we get

lim | (S(ynt1) —w,ul| = 0.

n—yoo

This completes the proof. U

Remarks 3.9. Note that Theorem 3.8 gives the assurance of convergence of Jungck-

Krasnoselskii iteration scheme satisfying (1) in the context of 2-Banach spaces.

Corollary 3.10. Let C be a nonempty closed convex subset of a 2-Banach space X and T : C — C
be a mapping satisfying all the conditions of Corollary 3.2. Then T has a unique fixed point
w € X. Further, if for arbitrary xo € C, the sequence {x,} defined by

(7) Xpt1 = (1=08)x,+ 0T (xp,...,xn), Vn >0,
is asymptotically T -regular, then it converges to the unique fixed point of T, with a rate estimated

by

[0 = wyul] < p"L,

where U € [0,1) and L > 0 are some constants.

Remarks 3.11. From Corollary 3.10, an approximation of fixed point of a self mapping by the
Krasnoselskii iteration scheme in 2-Banach spaces is obtained. Note that the result holds even

if {xn} is asymptotically S-regular.

Theorem 3.12. Let C be a nonempty closed convex subset of a 2-Banach space X and S,T :
C — C be two self mappings such that (1 —k)S(C) +kT(C) C S(C) for 0 <k <1 and S(C) is
closed. Suppose that S and T satisfy all the conditions of Theorem 3.1, then S and T have a

unique common fixed point. Moreover, if, for arbitrary yg € C, the sequence {y,} defined by

) Sn+1) = (1= Bn)S(n) + BuT (yu), Vn=>0,

where {B,} satisfies 0 < B, < 1,Vnand Y B, = oo, is asymptotically T-regular, then it con-
n=0
verges to the unique common fixed point of S and T, with a rate estimated by

1(SWns1) —wyul| < p" L,
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where |1 € [0,1) and L > 0 are some constants.

Remarks 3.13. In Theorem 3.12, the common fixed point is approximated by Juncgk-Mann
iteration scheme. When S is an identity mapping of X in Theorem 3.12, the approximation of

fixed point under Mann iteration scheme can be proved.

Theorem 3.14. Let (X,||-,-||) be a 2-Banach space and S,T : X — X be two mappings such
that T(X) C S(X) and S(X) is a closed subset of X . Suppose all the conditions of Theorem 3.1

are satisfied, then S and T have a unique common fixed point w € X. Further, if for arbitrary

xo € C, the sequence {y,} defined by

Yn = S(xn) = T(xn_]), Vn [ N

is asymptotically T-regular, then it converges to the unique common fixed point of S and T, with

a rate estimated by

[y —w,ull <AL,

where A € [0,1) and L > 0 are some constants.

Corollary 3.15. Let (X, ||-,-||) be a 2-Banach space and T : X — X be a mapping such that all
the conditions of Corollary 3.2 are satisfied. Then T has a unique fixed point X . In addition, if
for arbitrary xo € C, the sequence {z,} defined by

n=T(xp—1), YneN,

is asymptotically T -regular, then it converges to the unique fixed point of T, with a rate estimated

by

||lzn —wyul] < A"L,

where A € [0,1) and L > 0 are some constants.

Remarks 3.16. From Corollary 3.15, we obtain an approximation of fixed point of self mapping

by the Picard iteration scheme in 2-Banach space.
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4. APPLICATIONS

In this section, we prove the well-posedness of the common fixed point problem obtained in

our results.

Definition 4.1. Ler (X, ||-,-||) be a 2-Banach space and T be a self mapping on X. Then the

fixed point problem of T is said to be well-posed if

(1) T has a unique fixed point xg € X
(ii) for any sequence {x,} C X and lgn |xn — Txp,u|| = 0, we have
n—oo

lim ||x, — xo,u|| = 0.
n—oo

Let CFPP(S,T,X) denote a common fixed point problem of self mappings 7 and f on X and
CFP(S,T) denote the set of all common fixed points of 7 and f.

Definition 4.2. CFPP(S,T,X) is called well- posed if CFP(S,T) is singleton and for any se-

quence {x,} in X with

X€CFP(S,T) and lim ||x, — Sx,,u|| = lim ||x, — Tx,,ul| =0
n—oo n—oo

implies X = lim Xx;,.
n—yoo

Theorem 4.3. Let (X,||-,-||) be a 2-Banach space, S and T be two self mappings on X as in

Theorem 3.1. Then the common fixed point problem of S and T is well posed.

Proof. By Theorem 3.1, the mappings S and 7" have a unique common fixed point, say w € X.
Let {x,} be a sequence in X and lim ||Sx, — x,,u|| = lim || Tx, — x,,u|| = 0. Without loss of
n—oo n—soo

generality, let us assume that w # x,, for any non-negative integer n. Applying (1) and Sw =
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Tw = w, we have
W —=Xp,ull < N Tv—Txp,ul| + | T — 20, ]

= || Txy —xp, u|| +||[SW — T, u|

”)Cn B Txn?”” [1 + HW_SW7MH]
L+ [[w—xu,ull

IN

)

| Txp — X, u| +7Lmax{

[[w —Sw,ul[[1 + ||xn — Txn, ul[]
L+ [|w—xu,ull
W = Txn, ul|[1 + ||xn — Sw,ul[]
[0 — Sw, ul| [T+ [|w — Txp, u|]
W — xn,ul] 7
L+ ||w—xp, ul|

+b

)

+c

Y

+d

Letting n — oo, we obtain

[lw = xn, ]| < A[w =2, ul]

which brings a contradiction since A < 1. This completes the proof. 0

Corollary 4.4. Let (X, ||-,-||) be a 2-Banach space and T be a self mapping on X as in Corollary
3.2. Then the fixed point problem of T is well posed.

Remarks 4.5. Notice that well-posedness of the common fixed points obtained in Theorems 3.3

and 3.5 can easily be viewed.
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