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Abstract. In this paper, a new version of Ekeland’s variational principle is presented in partial b-metric spaces
via Cantor’s intersection theorem. As a consequence, some Caristi type fixed point theorems are proved in partial

b-metric spaces. Furthermore, the construction and number of fixed points are discussed.
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1. INTRODUCTION

In 1974, Ekeland proposed a variational principle, which is the basis of modern variational
calculus and has applications in many branches of mathematics, including optimization and
fixed point theory etc.(see [1,2] ). Since then, Bota [3] and Aydi [4] have applied Ekeland’s vari-
ational principle to various generalized metric spaces, such as b-metric spaces, partial metric
spaces(see [5,6]). Satish [7] compares the concepts of b-metric space and partial metric space

and generates partial b-metric space. In his paper, an analog of the Banach contraction principle
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as well as the Kannan type fixed point theorem was proved, and some examples were put for-
ward to illustrate this new space. (More papers concerning the fixed point theorems in b-metric
spaces and partial metric spaces can be seen in [8-19] and references therein).

Motivated by above research, in this paper, we’ll establish a new version of Ekeland’s vari-
ational principle in partial b-metric space. Then, the principle is applied to derive some fixed
point theorems in partial b-metric space.

This paper is organized as follows. In section 2, some definitions and notations are given.
In section 3, Cantor’s intersection theorem in partial b-metric spaces is proved, and a new ver-
sion of Ekeland’s variational principle is established. In section 4, some Caristi type fixed point
theorems are prove in partial b-metric spaces. Furthermore, the construction and numbers of

fixed points are also discussed.

2. PRELIMINARIES

In this section, some definitions and notations are presented.

Definition 2.1 [3] Let X be a nonempty set and let s > 1 be a given real number. A functional
d:X x X — R is said to be a b-metric if and only if for all x,y,z € X the following conditions
are satisfied:

(bM1) d(x,y) =0 if and only if x =y for all x,y € X

(bM2) d(x,y) = d(y,x) for all x,y € X

(bM3) there exists a real number s > 1, such that d(x,y) < s[d(x,z) +d(z,y)]
for all x,y,z € X.
The pair (X,d) is called a b-metric space.

Definition 2.2 [4] Let R™ denote the set of all non-negative real numbers. A partial metric

space is a pair(X, p) where X is a non-empty set and p : X x X — R™ is such that
(P1) p(x,y) = p(y,x) (symmetry);
(P2) if p(x,x) = p(x,y) = p(1,y), then x = y (equality);
(P3) p(x,x) < p(x,y) (small self-distances);
(P4) p(x,y) + p(z,2) < p(x,2) + p(y,z) (triangle inequality)
for all x,y,z € X. We will use the abbreviation PMS for the partial metric space(X, p).
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Remark 2.3 In a partial metric space (X, p), if x,y € X and p(x,y) = 0, then x =y, but the
converse may not be true.

Example 2.4 Let X =R,0 < r < 1 aconstant and b : X x X — R™ be defined by
p(x.y) =max{|x|",|y|"} forallx,yeX

Then (X, p) is a partial metric space.
Definition 2.5 [7] A partial >—metric on a nonempty set X is a function b: X x X — R™ such

that for all x,y,z € X,

(1) b(x,y) = b(y,x);
(2) if b(x,x) = b(x,y) = b(y,y), then x = y;
(3) b(x,x) < b(x,y);

(4) there exists a real number s > 1, such that b(x,y) < s[b(x,z) +b(y,2)] — b(z,2).

The partial b-metric space is a pair (X,b) such that X is a nonempty set and b is a b-metric on
X. The number s is called the coefficient of (X,b). We will use the abbreviation b — PMS for
the partial b-metric space(X,b).
Remark 2.6 Let (X,b) be a b-PMS,
(i) if b(x,y) = 0, then x = y;
(ii)if x # y, then b(x,y) > 0.
Remark 2.7 It is obvious that every partial metric space is a partial b-metric space with
coefficient s = 1 and every b-metric space is a partial b-metric space with the same coefficient
and zero self-distance. However, the converse of this fact need not hold.

Example 2.8 [7] Let X = R", p > 1 aconstant and b : X x X — R be defined by
b(x,y) = [max{x,y}" +|x—y|"  forall x,y € X

Then (X,b) is a partial b-metric space with coefficient s = 27 > 1, but it is neither a b-metric
nor a partial metric space. Indeed, for any x > 0, we have b(x,x) = x” # 0; therefore, b is not a

b-metric on X. Also, forx =5,y =1,z =4 we have

blx,y) = 5" +47
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and

b(x,2) +b(z,y) —b(z,2) =5P + 1447 43P 4P =5P 4 1 43P

b(x,y) > b(x,z) +b(z,y) —b(z,z) forall p>1,

therefore, b is not a partial metric on X.
We have the following diagram where arrows stand for inclusions. The inverse inclusions do
not hold.
metric space — b—metric space
\ \
partial metric space — partial b—metric space

Every partial b-metric “5” on a nonempty set X generates a topology 7, on X whose base
is the family of open b-balls By, (x,€) where 7, = {Bj(x,€) :x € X,€ >0} and B, (x,€) = {y €
X :b(x,y) < €+Db(x,x)}. It is clear that the topological space (X, 7,) is Tp, but need not be 7j.

Now, we recall the definitions of convergent sequence and Cauchy sequence in b-PMS.

Definition 2.9 [7] Let (X,b) be a b-PMS, let {x,} be any sequence in X and x € X. Then

(1) asequence {x,} is said to be convergent with respect to 7, and converges to x € X if and
only if lim b(x,,x) = b(x,x);
n—oo
(2) a sequence {x,} in X is called Cauchy if and only if lirB b(xp,x;,) exists and is finite;
n,m—o0

(3) (X,b) is said to be complete b-PMS if every Cauchy sequence {x,} in X there exists

x € X, such that

nv}}lrgmb(xn,xm) = ,}Ef}ob(x"’x) = b(x,x).

Definition 2.10 [20] Let(X,b) be a b-PMS. For a subset A C X, if diam,(A) = sup{p(x,y) —
p(x,x) 1 x,y € A} is finite, then we call A a radii-bounded set and diam,(A) the radii-diameter
of A.

As an extension of strong b-metric space [21] , we give the concept of partial strong b-metric
space as follows.

Definition 2.11 Let X be a nonempty set and let s > 1 be a given real number. A functional
b:X xX — R" is said to be a strong partial b-metric if and only if for all x,y,z € X, the

following conditions are satisfied:
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(1) b(x,y) = b(y,x);
(2) if b(x,x) = b(x,y) = b(y,y), then x = y;
(3) b(x,x) < b(x,y);

(4) there exists a real number s > 1, such that b(x,y) < sb(x,z) +b(y,z) — b(z,2).

The pair (X,b) is called a strong partial b-metric space. The number s is called the coefficient

of (X,b). We will use the abbreviation sb-PMS for the strong partial b-metric (X,b).

3. MAIN RESULTS

In this section, we’ll present a new version of Ekeland’s variational principle in b-PMS.

To prove the main results, we need the following Lemma.

Lemma 3.1 (Cantor’s intersection theorem in b-PMS) Let (X,b) be a complete b-PMS, then
for every descending nested sequence {A, },cn+ of nonempty bounded closed subsets of X such
that lim diam,(A,) = 0, there exists x € X such that (| A, = {x}.

n—yeo neNt
Proof. Firstly, let us show [\ A, # 0.
neNT

For each n € NT, take x, € A,. Since {A,},cy+ is a descending nested sequence, we
get {x,} C Ay, then Vn € NT b(xy,x,) — b(x1,x1) < b(xn,x1) — b(x1,x1) < diam,(A). Thus,
{b(x4,x,)} is bounded, and then there exists a convergent subsequence. Without loss of gener-

ality, we may assume that {b(x,,x,)} is convergent.

Since lim diam,(A,) =0, we get lim {b(x,x,) — b(xp,Xm)} = 0, then
n—yo0 m,n—soo

iy blan.) = i bl o)

i.e., {xn},en+ is Cauchy. Thus, there is some x € X such that

m}’ilrilwb(xm,xn) = Ji_r}zlob(x,xn) = b(x,x)

Since Vn € N*,Vi € N* x,.; € A, and lim b(x,x,;) = b(x,x), we get x € A, = A,. Thus,
i—yo0

x€ () Ay, andhence, [ A, #0.

neNt neNt

Secondly, let us prove {A, },cn+ is a singleton.
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Conversely, suppose thereisy € (| A, and y # x. From (Pbl), we have that b(x,y),b(x,x),b(y,y)
neNt
are not equal. We draw contradictions in two cases.

Case 1. If b(x,y),b(x,x),b(y,y) are not equal to each other, then b(x,y) — b(x,x) = a > 0.
Sincey€ () A,, wehave lim diam,(A,) = sup{b(x,y) —b(x,x)|x,y € A, } =0. i.e., lim diam,(A,) <
n—roo

neNt fi—reo

o = b(x,y) — b(x,x), which ensures that y ¢ A,. Hence, y cannot be in () A,, a contradiction.
neNt

Case 2. If b(x,x) = b(y,y) # b(x,y), then b(x,y) — b(x,x) = & > 0. Similar to case 1, a
contradiction can be deduced. As for b(x,x) = b(x,y) # b(y,y) or b(x,y) = b(y,y) # b(x,x), a
similar method can be used to draw contradictions

Finally, we have () A, = {x}. O
neNt

Ekeland’s variational principle in b-PMS is presented as follows.
Theorem 3.2 Let (X, b) be a complete b-PMS (with s > 1), such that the partial b-metric b is
continuous and let f : X — R™ be a lower semicontinuous, proper and lower bounded function.

Let € > 0 and x¢ € X be such that

f(xo) < inf £(x) +e.

xeX

then there exists a sequence {x, },cn+ C X and x¢ € X such that

(1) lim x, = xg¢;
n—roo
(ii) b(xe,xn) —b(xXn,x,) < 37 neNT;
(iii) f(xe) + Yoo 30 (e, %) < f(%0) +b(x0,%0);

(iv) f(xe) + g wb(esxn) < f(x)+ oo 5b(x,xa), for every x # xe.

Proof. Consider the set

(1) T (xo0) = {x € X|f(x) +b(x,x0) < f(x0) + b(x0,%0) }-
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Noting that f is lower semicontinuous and xo € T'(xp), we have T'(x¢) is nonempty and closed

in (X,b) and for every y € T (xp)

b(y,x0) — b(x0,x0) < f(x0) — f(¥) < f(x0) —;g)f(f(x) <e

Choose x1 € T (xp) such that

2 f0r)+bixo) < inf {f(3) +b(xx0)} + £

x€T (xp) 2s

and let

1

T(xt) = L € T(0) F(0) + X, 5bx,) < £xt) + bloo,xa) + bt )

i=0

Inductively, we can suppose that x,_; € T (x,_7) was already chosen and we consider

1
T(xn-1) = {x€T(x-2)|f(x)+ Z Eb(%xi)
i=0
n—1 1

3) < [l +Z —b(xi,x,-1)}
Let us choose x, € T (x,_1) such that

n—1 1
“) S + ) Gblamx) < _inf {£(x) + Z b))} +

i=0 s x€T (x,-1) g

and define the set

n

T(x,) = {xET(xnl)]f(x)+;)§b(x,xi)

© < fla)+ Y b))

i=0
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T (x,) is nonempty and closed. From (4) and (5), it follows that for each y € T (x;,)

1 1 ol ol
S_nb(yaxn) - S—nb(xn,xn) < [flw)+ ;) ;b(xi,xn)] —[f(y)+ ;) ;b(y»xi)]

n—1

< [Flu)+ ;;bm,xn)]

n—1

— inf ){f(x)—i— ) %b(x,xi)}

x€T (xp—1

i=0
&€
6 :
(6) Jngn
Therefore, for all y € T (x,)
1 1 €
(7) s_nb()’,xn) - S_nb(xnaxn) < Jngn

Noting that

1 1
S—nb(y,xn) - S—nb(xn,xn) — 0 (n— ),

we have diamT (x,) — 0. Since (X,b) is a complete partial b-metric space, by Lemma 3.1,

there exists xg € X such that () 7'(x,) = {x¢}. By (2) and (6), we know that x; € X satisfies
n=0

(i1). Thus x,, — x¢ as n — oo,

Moreover, for all x # x¢, we have x # () T(x,), so there exists m € N™ such that

n=0
m—1 1 m o
fem) + Z ;b(xm,x,-) < f(x)+ Z ;b(x,x,-)
i=0 i=0

By (1), (3) and (4), for every g > m, we obtain

41 1
f(x€)+2;b(x£axi) < f(xq)‘f’Z;b(xq,xi)
i=0 i=0
|
< f(xm)"f’Z;b(xmaxi)
i=0
< f(x0) + b(x0,X0).
Thus (iii) and (iv) hold.
This ends the proof. U
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Corollary 3.3 Let (X,b) be a complete partial b-metric spaces (with s > 1), such that the
partial b—metric b is continuous and let f : X — R be a lower semicontinuous, proper and
lower bounded mapping. Then, for every € > 0, there exists a sequence {x,};_, C X and

Xe¢ € X such that

(i) f(x0) < inf £(x) +e
(ii) lim x, = xe
(i) f(xe) + X 37b(xe, %) < f(x0)

(V) f(xe) + Xog db(xe,xn) < f(x) + Loe_o b (x,x,) for any x € X and x # Xe.

Now, we’ll present some generalizations of the Caristi type fixed point theorem.
Theorem 3.4 Let (X,b) be a complete partial b-metric spaces (with s > 1), such that the
partial b-metric b is continuous and let 7 : X — X be an operator for which there exists a lower

semicontinuous mapping f : X — R™, such that
(®) b(T(l/l),V) < sb(u7T(u))—|—b(u,v) _b(uau)

§2

©) s—1

b(u,T(u)) < f(u) = f(T(u))

for any u,v € X. Then T has at least one fixed point.
Proof. By Corollary 3.3, for each € > 0, there exists a sequence {x,},en C X, such that

X, —> Xg asn — oo, xg € X and
flxe) + Z S—nb(xs,xn) < fx)+ Z s—nb(x,xn) VxeX
n=0 n=0

In what follows, we’ll prove that x; is a fixed point of 7.

Conversely, suppose that xg # T (x¢). Let x = T (x¢ ), we get that
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Using (8), for u = x¢,v = x;,, we have

fle)— f(Te) < Y ~b(T(xe) o) — ¥ —blxe, )

n:OSn n=0"%
|
= X ()5 bl
< nfbsinb(xg,T(xg)) (by condition (8))
2
= (e, T(xe)).
ie.,
2
(10) Fle) = F(T(xe)) < —blxe. T(xe)).
In (9),let u = x¢, then
2
(an —b(xe, T(xe)) < flxe) = F(T(xe)).

Combing the inequalities (10) with (11), we obtain that
2 §2

b(xe,T(xe)) < fxe) = f(T(xe)) <

s—1 5§ —

S

1b(xg, T(x¢)).

which is a contradiction. Thus x¢ = T (x¢) , i.e., X is a fixed point of T O

Corollary 3.5 Assume the conditions of Theorem 4.1 are all satisfied.

(1) If there exists wy € X , f(my) = ;g}f(f(x) then @y is fixed point of T;

(2) If for arbitrary w € X , f(w) > ;g[; f(x), i.e., the infinimum of f can not be attained,
then 7 has infinite fixed points in X;

(3) If T is continuous on X, then for any ug € X, the iterative sequence {u, }, (where u,; =
T(un), n=0,1,2,---) converges to a fixed point of T in X.

Proof. (1) Let u = wy. By condition (9), we have
Zib(y, T (@) < f(an) - f(T(a))
Thus

F(T (@) < flan) — Z5b(wo, T (ax))
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Therefore, we must have
F(T (@) = inf £(x) = f(ov)

This implies that b(wy, T (ep)) = 0, that is, @y = T (). Hence, oy is a fixed point of 7.
2) Letg = % By Corollary 3.3, there exists a sequence {x,}, o C X and x¢; € X such

that

[e]

Flee) + X (e, xn) < f(x0) < inf £(x) +

n=1

By Theorem 4.1, we have

Xgl - T(-x81) and f(xgl) g ;g)féf(‘x) + 81

Fxey )= inf £ (x)

Let & = min{z—lz, 5

}. In a similar manner, we have a fixed point Xe,, which satisfies
Xey = T(xez) and f(xé‘z) S xlg)f(‘,f(x) +€2

Then, we have

flxe) — in}f(f(x) 1 3
flxe,) < inf £(x) + sr = 3/ () + 5 Inf () < flxe,)
Let &3 = min{z%, w}, we have xg, € X such that xg, = 7' (x¢,) and f(xe,) < f(xg,).
Generally, when x¢, exists, let &1 = min{zk%, w}, there is xg,,, € X such that

Xegr = T(xng) and f(x€k+l) < f(xg,)-

Continuing this process, we obtain a sequence {x¢, } C X such that
Xy = T (Xg,y)

f<x£k+l) < f(xSk)

That is, T has infinite fixed points in X.
(3) Forevery ug € X,upy1 =T (uy)(n=0,1,2,---). By condition (9), we have

S2

5 lb(umunJrl) < f(”n) _f(un+l)

Then {f(uy,)} is decreasing and lower bounded, {f(u,)} is convergent. Hence, for Ve > 0 and

Vp € N, there exists N, when n > N, we have 0 < f(u,,) — f(un4p) < €. At this time, let v = u,,
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by assumptions (8) and (9), we have

b(”nv un-i—[’) = b(T(u’H‘P—l)’ u”)

IN

sb(tp+p—1,tnp) + b(ntp—1,n)

IN

Sb(un+p—1 ) Mn+p) + sb(un+p—2, Mn+p—1) + -

+ sb(upi2,tny1) +b(ttny1,un)

< S; 1 [f(”n-i-l?—l) - f(”nﬂ?)] + %[f(”n-i-p—Z) - f(”n+p—l)] +
b L )~ Flunia)) + S ) Flani)
< f(u”JFP*l) _f(un-i-p) +f(un+p72) - f(un+p,1) + -

+ fungr) = f(uns2) + f(un) = f(uny1)
(12) = f(un) = f(unsp)-

That is
b(un,un+p) = f(un) _f(un+P) <€
1.e.,

Therefore, {u,} is Cauchy, there exists @ € X such that lim u, = @.
n—yoo

Since u,+1 = T (u,) and T is continuous, we’ll obtain that
® = lim u,+1 = lim T (u,) = T(lim u,) =T(®)
n—soo n—soo

n—oo

Then, sequence {u,} converges to fixed point of 7. O

Corollary 3.6 Let (X,b) be a complete partial sb-metric spaces (with s > 1). Suppose T :

X — X be a mapping such that
(13) b(T(x),T(y)) < Ab(x,y) for all x,yeX

where A € (0,1). Then T has a unique fixed point u € X and b(u,u) =0
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Proof. Let us first show the existence of fixed point. (X,b) is a complete partial sb-metric
spaces implies

b(x,y) < sb(x,z) +b(y,2) —b(z,z)  forallx,y,z€X

Taking x = T'(u),y = v and z = u, we have
b(T(u),v) <sb(u,T(u))+b(u,v)—b(u,u)  forallu,veX

so (8) holds.
Define f: X — R as follows

S2
BT TR

=17

Then f: X — R™ is lower semi-continuous, bounded below and

52 1 52 1
00— FIE) = o b(T(@)x) b, T ()

S2

> T LT (3),0) ~ AB(T(3) )]
2

(14) = H(T().)
SZ
£ = AT () > ~b(T(x) )

Hence (9) holds. By Theorem 4.1, there exists u € X such that u = T (u).

Let v € X is a fixed point of 7', then
b(u,v) = b(Tu,Tv) < Ab(u,v)

Hence b(u,v) = 0, which means u = v. i.e., the fixed point of T is unique.
Finally, if u is a fixed point of 7 and b(u, u) # 0, then from (13), we have b(u,u) = b(Tu,Tu) <

Ab(u,u) < b(u,u), a contradiction. Therefore b(u,u) = 0. O
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