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Abstract. In this paper, an implicit iterative process with mixed errors for two finite family of asymp-
totically nonexpansive mappings is considered. Weak and strong convergence theorems for common fixed
points of two finite family of asymptotically nonexpansive mappings are established in a uniformly convex

Banach space.
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1. Introduction

Throughout this paper, we always assume that E is a real Banach space and K is a
nonempty subset of E. we denote the fixed point of the mapping T' by F(T) , — and —
denote weak and strong convergence, respectively.

Recall that T': K — K is said to be nonexpansive if

[Tx =Tyl < [z —yl, Ve,yeK. (1.1)
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T : K — K is said to be uniformly L-lipschitz if there exists a positive constant L such

that

| T"x — T™y|| < L||lx —vy||, Vr,y € K,n>1. (1.2)

T : K — K is said to be asymptotically nonexpansive if there exists a sequence {h,}

with h, € [1,+00) and lim,,_,, h, = 1 such that
|T"x —T"y|| < hy|lx —yl|, Vz,y e D(T), n>1. (1.3)

It is obvious, every asymptotically nonexpansive mapping is L-Lipschitzian with the u-
niform Lipschitz constant L = sup h,, : n > 1. Moreover, for a finit family {71, 75, --- , T}

of asymptotically nonexpansive mapping, we have, for all z,y € F
T = Tyl < Lllz —yl, Vi=1,2,-- Nk>1 (1.4)

where L = max{L = Ly, Ls,--- , Ly}, and L; is the Lipschitz constant of the mapping T;
In 2001, Xu and Ori [11], in the framework of Hilbert spaces, introduced the following
implicit iteration process for a finite family of nonexpansive mappings {71,75,--- ,Tn}

with {a,} a real sequence in (0,1) and an initial point zy:
1 = 12 + (1 — Oél)Tll’l,

Ty = agx1 + (1 — ag)Thxo,

TN = ONTN_1 T (1 — aN)TNxN,

Ty = anp2y + (1 —avi) iz,

which can written in the following compact form:
Ty = Ty + (1 — ) Thx,, Yn>1, (1.5)

where T}, = Ty (modn) (here the mod N takes values in {1,2,--- , N}).
They proved the weak convergence of the process (1.5) to a common fixed point in the

framework of Hilbert spaces.
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Subsequently, fixed point problems based on implicit iterative processes have been
considered by many authors, see, for example, [1,5-7,12]. In 2003, Sun [9] has extended
the process (1.5) for a finite family of asymptotically quasi-nonexpansive mappings, with

{a,} a real sequence in (0, 1), which is defined as follows:
1 = 0129 + (]. — Oél)Tll’l,

o = oy + (1 — ag)Thxs,

TN = ANTN_1 T (1 — CKN)TNiL'N,

2
Tyt = anpy + (1 —anp)TTeNg,

3
Tont+1 = aons1ToN + (1 — agny1) T Ton 11,

which can be written in the following compact form:
T = Qo + (1= an) Ty, Y > 1, (1.6)

where, for any n € N fixed, k(n) — 1 denotes the quotient of the division of n by N and

i(n) the rest, i.e.
n=(k(n)—1)N +i(n), i(n)e{l,2,---,N}.

Strong convergence theorems for fixed points of the mappings are obtained; see [9] for
more details.
In 2006, Chang et al. [1] established an implicit iterative process with errors for a finite

family of asymptotically nonexpansive mappings as follows:
Ty = Ty + (1 — Oén)T,-]Efg)ﬁn +u,, Vn>1, (1.7)

where n = (k(n) —1)N +i(n), i(n) € 1,2,--- | N, {u,} is a bounded sequence. Weak and
strong convergence theorems for fixed point of the mapping were established; see [1] for

more details.



420 YAN HAO*, XIAOSHUANG WANG, ATHUA TONG

In 2010, Filomena Cianciaruso et al. [2] considered the following implicit iterative

process for a finite family of asymptotically nonexpansive mappings:

Tp=(1—a, —V)Tn + anTi’zg)L)yn i,
(1.8)

where n = (k(n) — 1)N +i(n), i(n) € 1,2,--- | N, {an}, {Bn}, {7}, {6n} are four real
sequences in (0,1) satisfying o, +v, < 1 and §, + 0, < 1 for all n > 1. {u,},{v,}
are two bounded sequence and z( is a given point. They proved the implicit iterative
sequence {x,} defined by (1.8) converges to a common fixed point for a finite family of
asymptotically nonexpansive mappings in uniformly convex Banach spaces; see [2] for
more details.

In this paper, motivated by the above results, an implicit iterative process with mixed
errors for two finite family of asymptotically nonexpansive mappings is introduced. Weak
and strong convergence theorems are obtained. The results presented in this paper im-
prove and extend some results in Chang et al.[1], Filomena Cianciaruso et al.[2], Sun [9]
and some others.

Let {S;}Y, {T;}Y., : E — E be 2N asymptotically nonexpansive mappings. Define the

sequence {x,} as follows: zg € K, and

In = (1 — Qp — Pyn)itn*l + O‘nﬂ’zg)yn + YnUn,

(1.9)

Yo = (1= B — 00) 0 + BuSi) T + 60,1 > 1.

where n = (k(n) — 1)N +i(n), i(n) € 1,2,--- N, {an},{6n}, {7}, {0n} are four real
sequences in (0, 1) satisfying oy, +7, < 1 and 3, +6, < 1 for all n > 1, {u,}, {v,} are two
bounded sequences. The purpose of this paper is to approximate common fixed points of
the two families of mappings based on the iterative process. Weak and strong convergence

theorems are established.

2. Preliminaries
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Recall that a space E is said to satisfy Opial’s condition [5] if, for each sequence {z,}

in E, the convergence z,, — x weakly implies that

liminf ||z, — z| < liminf ||z, —y|, Vye€ E(y+# ).
n—oo n—oo

Recall that a mapping 7' : £ — E is semicompact if any sequence {x,} in F satisfying

limy, 00 || — Tz, || = 0 has a convergent subsequence.

Recall that a mapping T': E — E is demiclosed at the origin if for each sequence {z,}

in E, the convergence z,, — xo weakly and T'x,, — 0 strongly imply that Txy = 0.

Lemma 2.1 ([3]). Let K be a nonempty subset of a Banach space E, {S;}N AT}, :
E — E be 2N asymptotically nonexpansive mappings, then there exists a sequence {h,} C

[1,00) with h, — 1 such that, for all z,y € E,

1T = Tyl < hnlle —yll, 152 = S7yll < hnllz =y, vo > 1.

Lemma 2.2 ([10]).Let {a,}, {bn} and {c,} be three nonnegative sequences satisfying the

following condition:

a1 < (14by)ay, + ¢n,  Vn > ng,

where ng is some nonnegative integer, Y - b, < co and Y~ ¢, < co. Then the limit

lim,,—o @, exists.
Lemma 2.3 ([8]). Let E be a uniformly conver Banach space and 0 < p <t, < q <1,
for all n € N.Suppose further that {x,} and {y,} are sequences of E such that

lim sup ||, ]| < 7. limsup |ly|| < 7, lim £z, + (1= ta)yal| =7,
n—oo n—oo n—oo

hold for some r > 0, then lim, o ||€n — yn|| =0

Lemma 2.4 ([12]). Let E be a uniformly convex Banach space, K a nonempty closed
convex subset of E and T : K — K be an asymptotically nonexpansive mapping. Then the
mapping I —T is demiclosed at zero, i.e. for each sequence {x,} in K if {x,}convergence

weakly to g € K and (I — T')z,, convergence strongly to 0, then (I —T)q = 0.
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Lemma 2.5 ([4]). Let X be a Banach space satisfying Opial’s condition and let {z,} be
a sequence in X. let u,v € X be such that lim,,_, ||z, —u|| = 0 and lim,,_, ||z, —v|| =0
exist. if {xpn, } and {x,,} are subsequences of {x,} which convergence weakly to u and v,

respectively, then u = v.
3. Main results

Lemma 3.1. Let E be a Banach space and K be a nonempty closed and convexr subset
of E. Let {S}N  {T;}Y, : K — K be 2N asymptotically nonexpansive mappings with
F=NY, F(T)NF(S;) # 0. Let {u,} and {v,} be two bounded sequence in K. Let {c,},
{6.}, {7} and {6,} be four real sequences in [0, 1] satisfying the following conditions:

(&) an+9n <1and B, +d, <1Vn>1;
(b) limsup,,_,., an < 1;
(C) ZZO:I Tn < O, Z;.LO:I 5” < o9, Z;.Lo:l(hn - 1) < 05

Let {x,} be defined by (1.9). Then lim,,_, ||z, — p|| exists for all p € F.
Proof. In view of Lemma 2.1, we have for any z,y € K,
T w = TEWy|| < halle = yll, 15552 — SED Y| < bl = yl.

Picking p € F', we have

k(n
Hxn - p” = H(l - Qp — 7n>($n—1 _p) + O‘n(Ti(;))yn - p) + Vn(un - p)”

k(n
< (1= = )5t — pll+ Ty — pll + Al — pl.

Setting M, = sup,,» ||un, — p||, we have
|z = pll < (1 = an = ) |21 = Pl + anhnllyn — pll + Min, (3.1)
Notice that

lyn = pll = (1 = B = 8a) (2 = P) + Bul(SE w0 = p) + 80 (v — )]
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Set My = sup,,>; [|v, — pl|, we have
0 = Pl < (1= Bl =l + Bulalls — ol + Madi
= (L= B+ Buhn)llzn = pll + M2, (3.2)
< |z = pll + Mad,.
It follows that

Hxn - p” S (1 — Qp — ’Vn)Hxnfl - p” + Oénhiﬂl’n - p” + MlVﬂ + M2anhn5n

(3.3)
S (1 - O‘n)Hxn—l - p” + O‘nhi”xn - p” + Ml’}/n + M2anhn5n-
This implies that
1—a, My~ + Msay, h,, 6,
— < " g, —
(3.4)
B 1 —a,h? Tt P 1 —a,h? '

By hypothesis(b), it follows that there exists A < 1, such that a,, < A for big n. It follows

that
an(h? —1) - AhZ—=1)  Ahy, + 1)h .
l—ayh2 = 1—M2  1—-Xh2 " 7
From lim,,_,, h, = 1, it derives that lim, ’\1(#;;21) = % Then there exists a real

constant L; > 0 such that
AMhy, +1)

1—)\]12 S thn Z 1.

It follows from the hypothesis that 2@1 alan’iggl ) convergence. Similarly, we can prove

that > o, %ﬁ;h”&” convergence. In view of Lemma 2.2 and (2.4), we find that

lim,, 0 ||z, — pl| exist for all p € F.

Lemma 3.2. Let E be a uniformly convexr Banach space and K be a nonempty closed
and conver subset of E. Let {S;}N, {T}Y, : K — K be 2N asymptotically nonezpansive
mappings with F = (X, F(T;) N F(S;) # 0. Let {u,} and {v,} be two bounded sequences
in E. Let {oa,}, {Bn}, {1} and {5,} be four real sequences in [0, 1] satisfying the following
conditions:

(a) apn+y <land B, +6, <1 Vn>1;

(b) limsup,,_,., an < 1;
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(c) Ziil Yn < OO, 220:1 O, < 00, Ziil(hn —1) < occ.

Let the sequences {x,} and {y,} be defined by (1.9). Then
lim (2, — Sk a|| = 0,
n—o00 i(n)

lim ||z, — Tf(n)

Proof. For all p € F, it follows from Lemma 3.1 that lim, . ||z, — p|| exists.

lim,, o0 |25, — p|| = d for some d > 0. It follows from (3.2) that
[yn = pll < hnll2n = pll + M2,
Taking limsup,,_,., in both sides, we obtain

limsup ||y, — p|| < limsup ||z, — p|| = lim ||z, — p|| = d,
n—00 n—00 n—00

and
lim sup “Ti(g))yn —p|| < limsup hy ||y, — p|| = lim |y, —p|| = d.
n—oo n—oo

n—oo

Notice that

k(n k(n
T4y = b+ Yol — o) < N5y — 2l + Yl — 20 |-

It follows that
liflnﬁsogp IIYQIZS)L)yn — P4 n(tn — zp)|| < d,
and
[2n-1 =D+t = Tn) || < [[2n-1 = pll + Ynlltin = 2na.

These imply that

limsup ||2,—1 — p + Yn(tn — Tn1)| < d.

n—o0

Let

(3.5)
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On the other hand, we have

d=lim |z, - p|
n—oo

= nlg{.lo ||(1 — O — /Yn)l'n—l + anT‘Z]Z,(;)l)yn + TnUn — p”
= nh—golo HanT‘l]z,(g)yn + (1 - an)xnfl — TnTn-1 + InlUn — (1 - an)p - Oéan

)

= lim HOénTﬁS; Yn — QpD + QpYplUn — O YnTn—1 + (1 - an)xnfl

n—oo

— (1 = an)p — Ynn-1 + Ynlln — O Ynln + 0 YnZn_1||

= lim ||an<7;]zfl7;)yn =P+ Vn(Un — Tp1)) + (1 = an)(Tno1 — P+ Yo (tn — 2n-1))]-

n—0o0

(3.7)
From (3.5),(3.6) and (3.7), we find from Lemma 2.3 that
. k(n
Jim |75y, — || =0, (3.8)
Notice that
k(n k(n
|2 — Ty yull < [[2n = 2ns | + 201 — T5 g
< (14 an)[a-1 = Ty vull + allttn = 21 .
It follows from (3.8) that
lim ||z, — TEy, || = 0. (3.9)
n—o00 i(n)
Notice that
k(n k(n k(n
2 = pll < Nl = TSyl + 1755 v = Pl < Nn = T4 vl + il — I
It follows that
d = lim ||z, — p| <liminf ||y, — p||,
n—oo n—oo
In view of
d < liminf ||y, — p|| < limsup ||y, — p|| < d,
n—r00 n—00
We find that lim,, . ||y, — p|| = d. Since lim,, . ||z, — p|| = d, we see that
lim sup ||Sf(§:;)xn —p|| < limsup Ay ||z, — pl| = d. (3.10)

n—o0 n—oo
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Notice that
1S5 20 = p + 00 (v — 20) | < IS5 2 — DIl + 0allvn — |-

It follows that

lim sup ||S — P+ (v — x| < d,

n—oo

and ||z, —p + 0n(vy — x)|| < ||@n — p|| + 0nl|vn — 24|, which implies that

limsup ||z, —p + 0n (v, — )| < d.

n—o0

On the other hand, we have
d = lim |[y, — pl|
n—00

- (]- - Bn)p - 5nxn + 5nvn - Bnénvn + Bn(;nxn“

= nlggo ||Bn(5’zk(§$)xn —p+ 5n(vn - xn)) + (1 - Bn)(xn —p+ 5n(vn - xn))”

In view of (3.11),(3.12), and (3.13), we obtain from Lemma2.3 that
. k(n
lim [z, — Sy ]| = 0.

Notice that
k(n k(n (n k(n)
1T 20 = wall < T2 = T yll + [T 9 — 2

k(n)
< hal|Zn — yull + ”Tz (n) yn — Zn|

< hpBnllTn — k(n a:nH + hplnl|vn — x| + HT@ ) Yy — Tyl

It follows from (3.9), and (3.14) that

lim ||z, — T, 53 z,| = 0.
n—oo

This completes the proof.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Corollary 3.3. Under the same hypotheses of lemma 2.2, we also have the following:

lim Hyn - xn“ =0, lim Hxn—l k:(n an =0,
n—o00 n—00
lim [|z, — 21| = 0, lim |75z, — S35 | = 0.
n—oo

Proof. Notice that
1y = @all = 118a (S @0 = ) + 0 (00 = @a)ll < Bull Sty @0 — wall + Sullvn — 2|
In view of (3.14), we see from the restriction (b) that
Tim [y, — @l = 0. (3.16)

Notice that

| — T T*

o wall < s = THS vl + 17505 g = Ty
k(n
S Hxn—l - T‘z(n) yn” + hnHyn - an

It follows from (3.8), and (3.16) that

Hm |21 — T8z, = 0.

00 Litn)
Notice that
|70 = Znall < @l TS v = Tna] + Fnlltn — 2na
It follows that
nh_{go |zn — @p_1]| = 0. (3.17)
Notice that

k k k k(n
1Tz — SE |l < T 20 — 2all + 20 — S0 2l

It follows from (3.14), and (3.15) that

lim |7z, — S§0a,| = 0.

n—oo I 4(n) z(n
Remark 3.4. By corollary 3.3, we can derive

li_)rn %t — xnl = 0,Vj € N. (3.18)
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Corollary 3.5. Under the same hypotheses of Lemma 3.2, we have the following:

lim ||z, — Tix,|| =0, lim ||z, — Siz,|| =0

lim ||Six, — Tix,|| =0,VI=1,2,--- N.
n—oo

Proof. Notice that

|21 = Timanll < lon-1 = Ty wall + | T @ = Tigmyal

T (n)

< s = Tl + Pal| Ty ™ 2 — |
. . (3.19)
< lwnr = Tyl + ha (1T ' —TJ Tl
k(n
+ T 2y — Ta—ny-ll + 2 -1 — zal)-
It follows that
k(n)—1 k(n)—1
1T 2 = T 2wl < Lllen = @l (3.20)
Notice that
k(n)—1 n—N
1T A nn = 2wyl = TN Ty = eyl (3.21)

Substituting (3.20), and (3.21) into (3.19), we arrive at
k(n k(n—N
|21 = Tigm@nll < llta-1 = Toy @all + L22n = 2wl + LIT 0 Tnn = Ty
+ Lll#n—(v41) = @nl|
This finds that

Tim |z = Tigyanl| = 0

In view of

[ = Tigmyenll < lln = 2nall + 20 = Tigyaall,

we obtain that

lim ||z, — Timyxn|| = 0. (3.22)
n—oo
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In particular

kaNH — Tlka+1H — O, k — +00;

kaN+2 — TkaN+2H — O, k— +00;

|zkn+n — TnTry+n| = 0,k = +o0.
Moreover for [,7 =1,2,--- N,
[Ty +5 = Tihn il < M@k = ol + |1 Toyt = Tidogy |
+ Ll[@py+1 — Tryil| = 0,k = +o0,

and this is equivalent to

T}Lrgo |xn — Tixy|| = 0,¥Vl=1,2,--- N. (3.23)
Similarly, by using the same argument as in the proof above, we have

nh_g}OHxn_Slan =0,VI=1,2,---N. (3.24)

Since
1S12n — Tizn || < ||Siwn — wn | + | T, — 2],

we find from (3.23), and (3.24) that

lim || Sz, — Tix,|| =0,VI=1,2,--- N. (3.25)
n—oo

Theorem 3.6. Let E be a real uniformly convex Banach space which satisfies Opial’s
condition and K be a nonempty closed and convex subset of E. Let {S;}N AT}, : K —
K be 2N asymptotically nonexpansive mappings with F = N, F(T;) N F(S;) # 0. Let
{u,} and {v,} be two bounded sequence in K. Let {a,}, {Bn}, {7} and {0,} be four real
sequences in [0, 1] satisfying the following conditions:

(a) ap+ v <land B, +6,<1,Yn>1;

(b) limsup,,_,., an < 1;

(C) Z;; Yn < OO, Zzozl 5n < 00, 220:1(}% - 1) < 005
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Let the sequence {x,} be defined by (1.9). Then the sequence {z,} weakly converges to a
common fized point of {T1, Ty, -+ ,Tn,S1, S, - ,Sn} in K.

Proof. It follows from Corollary 3.5 that
lim ||z, — Tix,|| = 0, lim ||z, — Siz,||=0,vI=1,2,---  N.
n— oo n— o0

Since E' is uniformly convex and {x,} is bounded, we may assume that x, — ¢ weakly
as n — 0o, without loss of generality. By Lemma 2.4 that T; and S; are demiclosed at
0, so that ¢ € F = (i, F(T;) N F(S;). Suppose that subsequences {z,, } and {z,, } of
{z,} converge weakly to u and v respectively, By demiclosedness principle, u,v € F =
NY, F(T;) N F(S;). By Lemma 3.1, we see that lim, . ||z, — u| and lim, . ||v, — |
exist. It follows from Lemma 2.5 that u = v, therefore, {z,,} converges weakly to a

common fixed point of {7}, T3, - ,Tn,S1,S2, -+ ,Sy}n E.

Theorem 3.7. Let E be a real uniformly convex Banach space, K be a nonempty closed
and conver subset of E. Let {S;}N, AT }Y, : K — K be 2N asymptotically nonezpansive
mappings with F = ﬂfil F(T;) N F(S;) # 0. Assume that there exists at least a T;(i € I)
which is semi-compact. Let {u,} and {v,} be two bounded sequence in K. Let {a,},

{Bn}, {7} and {d,} be four real sequences in [0, 1] satisfying the following conditions:

a) ap + 7 <land B,+6,<1,Vn>1;

(a)
(b) 0 < liminf, o a,, < limsup,,_,. a, < 1;
(c) limsup,,_,., Bn < 1;

)

(d fozl Tn < OO0, Zle Oon < Oovzle(hn —1) < o0.

Then the sequence {z,} defined by (1.9) converges strongly to a common fized point of
{T17T27"' 7TN7517527"' ,SN}Z” E.

Proof. In view of the assumptions, we see that there exists a semi-compact mapping
T, € {11, T3, --- T}, without loss generality, we assume that 7} is semi-compact. In view

of (3.22), we assures that

lim ||z, — T)x,| = 0. (3.26)
n—oo
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Hence there exists a subsequence {z,,} C {z,} such that z,, — z*. It follows that

[The” — 2*|| < | Thx”™ — Thn,

+ ||Tlxm — Tn;

+ |z, — 27

< (L D)||wn, = 2| + (| Thwen, — wn,

It follows from (3.26) that | 7;z* — x*|| = 0 for any | € I. Notice that

|Six™ — «*|| < ||Six™ — Sz,

+ llzn, — 27

It follows from (3.25), and (3.26) that ||.S;z* —2*|| = 0 for any [ € I. This implies that 2* €
F = ﬂfvzl F(T;) N F(S;). By Lemma 3.1, we see that lim,,_,« ||z, — 2*|| exists. It follows
from x,, — =* that lim,_, ||z, — 2*|| = 0. Hence, the iterative sequence {x,} defined by
(1.9)converges strongly to a common fixed point of {T1,Ts,--- ,Tx,S1,Ss,- -+, Sx}in E.
This completes the proof.
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