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𝟏. 𝟎 INTRODUCTION 

Let 𝐻  be a real Hilbert space with inner product 〈. , . 〉  and induced norm ‖. ‖ . Let 𝐾  be a 

nonempty closed convex subset of 𝐻. Let 𝑇: 𝐾 → 𝐾 be a mapping. We use 𝐹(𝑇) to denote the set 

of fixed points of 𝑇  and 𝑥𝑛 → 𝑥  (respectively, 𝑥𝑛 ⇀ 𝑥 ), the strong (respectively weak) 

convergence of the sequence {𝑥𝑛} to 𝑥. 

 𝑇 is said to be 𝐿-Lipshitzian if there exists 𝐿 > 0 such that  

        ‖𝑇𝑥 − 𝑇𝑦‖ ≤ 𝐿‖𝑥 − 𝑦‖, ∀𝑥, 𝑦 ∈ 𝐾.                                                                          (1.1) 

𝑇 is nonexpansive if  
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        ‖𝑇𝑥 − 𝑇𝑦‖ ≤ ‖𝑥 − 𝑦‖, ∀𝑥, 𝑦 ∈ 𝐾.                                                                               (1.2)                    

and quasi-nonexpansive  if 

        ‖𝑇𝑥 − 𝑝‖ ≤ ‖𝑥 − 𝑝‖, ∀𝑥 ∈ 𝐾 and 𝑝 ∈ 𝐹(𝑇).                                                              (1.3) 

From the definition, it easy to see that every nonexpansive mapping is Lipchistizian with 𝐿 = 1. 

Recall that a nonexpansive mapping  with a nonempty fixed point set is quasi-nonexpansive. 

𝑇 is said to be k-strictly pseudocontraction (see, for example [9]) if there exists 𝑘 ∈ [0,1) such 

that  

          ‖𝑇𝑥 − 𝑇𝑦‖2 ≤ ‖𝑥 − 𝑦‖2 + 𝑘‖(𝐼 − 𝑇)𝑥 − (𝐼 − 𝑇)𝑦‖2, ∀𝑥, 𝑦 ∈ 𝐾.                          (1.4) 

lf 𝑘 = 1 in (1.4), then 𝑇 is a pseudocontraction. It is well known that in real Hilbert spaces, the 

class of nonexpansive maps is a proper subclass of the class of 𝑘-strictly pseudocontractions. 

Furthermore, the class of 𝑘-strictly pseudocontractions is a proper subclass of the class of 

pseudocontractive maps. 

𝑇 is said to be demicontractive (see, for example [13]) if 𝐹(𝑇) = {𝑥 ∈ 𝐾: 𝑇𝑥 = 𝑥} ≠ ∅ and 

there exists 𝑘 ∈ [0,1) such that  

               ‖𝑇𝑥 − 𝑝‖2 ≤ ‖𝑥 − 𝑝‖2 + 𝑘‖𝑥 − 𝑇𝑥‖2, ∀𝑥 ∈ 𝐾 and 𝑝 ∈ 𝐹(𝑇).                          (1.5) 

𝑇 is said to satisfy Condition A (see, for example [11]) if 𝐹(𝑇) = {𝑥 ∈ 𝐾: 𝑇𝑥 = 𝑥} ≠ ∅ and 

there exists 𝜆 > 0 such that 

               〈𝑥 − 𝑇𝑥, 𝑥 − 𝑝〉 ≥ 𝜆‖𝑥 − 𝑇𝑥‖2, ∀𝑥 ∈ 𝐾 and 𝑝 ∈ 𝐹(𝑇).                                       (1.6) 

The class of 𝑘-strictly pseudocontraction with a nonempty fixed point set is a proper subclass of 

the class of demicontractive maps. 

𝑇 is said to be hemicontraction (see, for example [17]) if 𝑘 = 1 in (1.5). The class of 

pseudocontractive maps with a nonempty fixed point set is a proper subclass of the class of 

hemicontractive maps. 

 The class of demicontractive maps is a proper subclass of the class of hemicontractive maps 

(see, for example [8]). These two classes of mappings have been studied extensively by many 

researches (see, for example [8], [13], [17]).  

𝑇 is said to be 𝛼-demicontraction (see, for example [11]) if 𝐹(𝑇) = {𝑥 ∈ 𝐾: 𝑇𝑥 = 𝑥} ≠ ∅ and 

there exists 𝜆 > 0, 𝛼 ≥ 1 such that 

               〈𝑥 − 𝑇𝑥, 𝑥 − 𝛼𝑝〉 ≥ 𝜆‖𝑥 − 𝑇𝑥‖2, ∀𝑥 ∈ 𝐾 and 𝑝 ∈ 𝐹(𝑇).                                     (1.7) 

Clearly, (1.7) is equivalent to  

               ‖𝑇𝑥 − 𝛼𝑝‖2 ≤ ‖𝑥 − 𝛼𝑝‖2 + 𝑘‖𝑥 − 𝑇𝑥‖2, ∀𝑥 ∈ 𝐾 and 𝑝 ∈ 𝐹(𝑇),                      (1.8) 
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where 𝑘 = 1 − 2𝜆 ∈ [0,1).  The following proposition shows that α-demicontractive map is a 

Lipschitizian map. 

Proposition 1.1. Let 𝐾 be a nonempty subset of a real Hilbert space 𝐻 and let 𝑇: 𝐾 → 𝐾 be α-

demicontractive mapping. Assume that 𝑥 ∈ 𝐾 and 𝛼 ≥ 1. Then, 𝑇 is Lipschitizian. 

Proof. Using the fact that 𝑇 is α-demicontractive, we obtain the following estimates: 

                      ‖𝑇𝑥 − 𝛼𝑝‖2 ≤ ‖𝑥 − 𝛼𝑝‖2 + 𝑘‖𝑥 − 𝑇𝑥‖2 

                                              ≤ (‖𝑥 − 𝛼𝑝‖ + √𝑘‖𝑥 − 𝑇𝑥‖)2, 

so that  

                         ‖𝑇𝑥 − 𝛼𝑝‖ ≤ ‖𝑥 − 𝛼𝑝‖ + √𝑘‖𝑥 − 𝛼𝑝 + 𝛼𝑝 − 𝑇𝑥‖ 

                                              ≤ ‖𝑥 − 𝛼𝑝‖ + √𝑘‖𝑥 − 𝛼𝑝‖ + √𝑘‖𝛼𝑝 − 𝑇𝑥‖. 

Hence,  

                         ‖𝑇𝑥 − 𝛼𝑝‖ ≤ (
1+√𝑘

1−√𝑘
) ‖𝑥 − 𝛼𝑝‖ 

Therefore, 𝑇 is 𝐿-Lipschitizian with 𝐿 =
(1+√𝑘)

(1−√𝑘)
. 

𝑇 is said to be 𝛼-hemicontraction (see, for example [8]) if 𝐹(𝑇) = {𝑥 ∈ 𝐾: 𝑇𝑥 = 𝑥} ≠ ∅ and 

there exists 𝛼 ≥ 1 such that 

           ‖𝑇𝑥 − 𝛼𝑝‖2 ≤ ‖𝑥 − 𝛼𝑝‖2 + ‖𝑥 − 𝑇𝑥‖2, ∀𝑥 ∈ 𝐾 and 𝑝 ∈ 𝐹(𝑇).                              (1.9) 

 Observe that (1.7) is equivalent to  

          〈𝑥 − 𝑇𝑥, 𝑥 − 𝛼𝑝〉 ≥ 0, ∀𝑥 ∈ 𝐾 and 𝑝 ∈ 𝐹(𝑇).                                                            (1.10) 

In [17], an example of an 𝛼-hemicontractive mapping with 𝛼 > 1 which is not hemicontrative 

(see ([17], Example 2.2) is given and observe that there are hemicontractive (1-hemicontractive) 

maps which are not 𝛼-hemicontraction for 𝛼 > 1 (see, for example ([17], Example 2.1)). Also, 

in [17] an example of a mapping which is hemicontractive (1-hemicontractive) and 𝛼-

hemicontractive for 𝛼 > 1 but neither demicontractive (1-demicontraive) nor 𝛼-demicontractive 

for 𝛼 > 1 (see, for example ([17], Example 2.3) is given. 

In addition, if 𝑘 = 1 in (1.8), we get (1.9). Thus, the class of   𝛼-demicontractive mapping with 

𝛼 > 1 is a subclass of the class 𝛼-hemicontractive mapping. For other properties of 𝛼-

hemicontractive mappings, the reader may consult [17]. 

A mapping 𝑇: 𝐻 → 𝐻 is said to be 𝜂-strongly monotone if there exists 𝜂 > 0 such that 

                〈𝑇𝑥 − 𝑇𝑦, 𝑥 − 𝑦〉 ≤ 𝜂‖𝑥 − 𝑦‖2, ∀𝑥, 𝑦 ∈ 𝐻                                                         (1.11) 
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Iterative techniques for approximating fixed points of  nonexpansive mappings have been 

extensively studied based on the Mann’s or Mann-type  scheme by several authors (see, for 

example, [1 ], [5 ], [6], [ 16]). Recently,  Wang [18] and Igbokwe and Jim [9] introduced the 

hybrid iteration method which has been used in solving variational inequalities. 

Let 𝐻 be a Hilbert space, 𝑇: 𝐻 → 𝐻 a nonexpansive mapping with 𝐹(𝑇) = {𝑥 ∈ 𝐾: 𝑇𝑥 = 𝑥} ≠ ∅ 

and 𝐹: 𝐻 → 𝐻 an 𝜂-strongly monotone and Lipschiz mapping. Let {𝛼𝑛}𝑛=1
∞ ⊂ (0,1) and {𝜆𝑛}𝑛=1

∞  

be real sequences in [0,1), 𝜇 > 0. The sequence {𝑥𝑛}𝑛=1
∞  is generated from an arbitrary 𝑥1 ∈ 𝐻 

by 

             𝑥𝑛+1 = 𝛼𝑛𝑥𝑛 + (1 − 𝛼𝑛)𝑇𝜆𝑛+1𝑥𝑛, 𝑛 ≥ 1,                                                                (1.12) 

where 𝑇𝜆𝑛+1𝑥 = 𝑇𝑥 − 𝜆𝑛+1𝜇𝐹(𝑇𝑥), 𝜇 > 0.  

Observe that if either 𝜆𝑛 = 0, ∀𝑛 ≥ 1 or 𝐹 ≡ 0, then (1.10) reduces to the well known Mann 

iteration method 

𝑥𝑛+1 = 𝛼𝑛𝑥𝑛 + (1 − 𝛼𝑛)𝑇 𝑥𝑛, 𝑛 ≥ 1,                                                                                (1.13) 

which has been used by several authors to approximate the fixed points of operators or operator 

equations.  

In 2007, Wang [18] obtained weak and strong convergence of (1.12)  to the fixed point of 𝑇 as 

follows: 

Theorem W [𝟏𝟖]. Let 𝐻 be a Hilbert space, 𝑇 ∶ 𝐻 → 𝐻 a nonexpansive mapping. If for any 

given 𝑥0 ∈ 𝐻, {𝑥𝑛} is defined by 

                     𝑥𝑛+1 = 𝛼𝑛𝑥𝑛 + (1 − 𝛼𝑛)𝑇𝜆𝑛+1𝑥𝑛, 𝑛 ≥ 1 

where {𝛼𝑛} and {𝜆𝑛} ⊂ [0,1) satisfy the following conditions 

(I)  𝛼 ≤ 𝛼𝑛 ≤ 𝛽 for some 𝛼, 𝛽 ∈ (0,1) 

(II) ∑ 𝜆𝑛 < ∞∞
𝑛=1  

(III) 0 < 𝜇 <
2𝜂

𝑘2⁄ , 

then,  

    (II) lim
𝑛→∞

‖𝑥𝑛 − 𝑞‖ exists for each 𝑞 ∈ 𝐹(𝑇); 

          (II) lim
𝑛→∞

‖𝑥𝑛 − 𝑇𝑥𝑛‖ = 0. 

Motivated by the work of Wang [18], Igbokwe and Jim [9] and the results of Osilike and Onah 

[17], it is our purpose in this paper to extend the results of Wang [18] and other related results 

currently in literature from nonexpansive mapping to the more general 𝛼-hemicontractive 
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mapping. Our results are much more general and also more applicable than the results of Wang 

[18] because the strong monotonicity condition imposed on 𝐹 is not required in our results. 

 

𝟐. 𝟎 PRELIMINARIES. 

For the sake of convenience, we restate the following concepts and results. 

Let 𝐸 be a real Banach space. A mapping 𝑇 with domain 𝐷(𝑇) in E is said to be demiclosed at 0, 

if for any sequence 𝑥𝑛 ⊂ 𝐸,  𝑥𝑛 ⇀ 𝑝 ∈ 𝐷(𝑇) and ‖𝑥𝑛 − 𝑇𝑥𝑛‖ → 0, then 𝑇𝑝 = 𝑝. 

A Banach space 𝐸 is said to have Opial property, if for any sequence {𝑥𝑛 ⊂ 𝐸} with  𝑥𝑛 ⇀ 𝑝, we 

have 

          lim
𝑛→∞

inf‖𝑥𝑛 − 𝑝‖ < lim
𝑛→∞

inf‖𝑥𝑛 − 𝑞‖,  

for all 𝑞 ∈ 𝐸 with 𝑞 ≠ 𝑝. It is well known [19] that a Hilbert space 𝐻 satisfies Opial’s condition. 

Let 𝐻 and K maintain their usual meaning. For each point 𝑥 ∈ 𝐻, there exists a unique nearest 

point of 𝐾, denoted by 𝑃𝐾𝑥, such that ‖𝑥 − 𝑃𝐾𝑥‖ ≤ ‖𝑥 − 𝑦‖, ∀𝑦 ∈ 𝐾. Such a 𝑃𝐾 is called metric 

projection from 𝐻 onto 𝐾. It is well known that 𝑃𝐾 is a firmly nonexpansive mapping from 𝐻 

onto 𝐾, i.e, 

                  ‖𝑃𝐾𝑥 − 𝑃𝐾𝑦‖2 ≤ 〈𝑃𝐾𝑥 − 𝑃𝐾𝑦, 𝑥 − 𝑦〉, ∀𝑥, 𝑦 ∈ 𝐻. 

Furthermore, for any 𝑥 ∈ 𝐻 and z ∈ K, z = 𝑃𝐾𝑥 if and only if  

                  〈𝑥 − 𝑧, 𝑧 − 𝑦〉 ≥ 0, ∀𝑦 ∈ 𝐾.  

Lemma 𝟐. 𝟏 (𝐒𝐞𝐞 [𝟏𝟕]).  ln a real Hilbert space 𝐻, the following inequalities hold: 

  ‖𝑡𝑥 + (1 − 𝑡)𝑦‖2 = 𝑡‖𝑥‖2 + (1 − 𝑡)‖𝑦‖2 − 𝑡(1 − 𝑡)‖𝑥 − 𝑦‖2, ∀𝑡 ∈ [0,1], ∀𝑥, 𝑦 ∈ 𝐻. 

Lemma 𝟐. 𝟐 (𝐒𝐞𝐞 [𝟏𝟖]). Let {𝑎𝑛}𝑛=1
∞ , {𝑏𝑛}𝑛=1

∞ ≥ 0, ∀𝑛 ≥ 1. Let  

                 𝑎𝑛+1 ≤ (1 + 𝛿𝑛)𝑎𝑛 + 𝑏𝑛, ∀𝑛 ≥ 1. 

If ∑ 𝛿𝑛 < ∞∞
𝑛=1  and ∑ 𝑏𝑛 < ∞∞

𝑛=1 , then lim
𝑛→∞

𝑎𝑛 exists. 

Lemma 𝟐. 𝟑 (𝐬𝐞𝐞 [ 𝟗]). Let 𝐸 be an arbitrary normed space and let {𝑡𝑛}𝑛=1
∞  be a sequence 

satisfying the following conditions: 

(i) 0≤ 𝑡𝑛 ≤ 𝑡 ≤ 1, for some 𝑡 ∈ (0,1), 

(ii) ∑ 𝑡𝑛 = +∞∞
𝑛=1 . 

Let {𝑈𝑛}𝑛=1
∞  and {𝑉𝑛}𝑛=1

∞  be two sequences such that 

(iii) 𝑈𝑛+1 = (1 − 𝑡𝑛)𝑈𝑛 + 𝑡𝑛𝑉𝑛, 𝑛 ≥ 1, 

(iv) lim
𝑛→∞

|𝑈𝑛| = 𝑑, for some 𝑑 ∈ [0, ∞) and 𝑛 ≥ 1, 
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(v)             lim
𝑛→∞

𝑠𝑢𝑝|𝑉𝑛| ≤ 𝑑, 𝑛 ≥ 1, 

(vi) ∑ 𝑡𝑗𝑉𝑗
∞
𝑛=1  is bounded. 

Then, 𝑑 = 0. 

Theorem 𝟐. 𝟏 [𝟒]. A Banach space 𝐸 is reflexive if and only if every (normed) bounded 

sequence in 𝐸 has a subsequence which converges weakly to an element of 𝐸. 

 

𝟑. 𝟎 MAIN RESULTS.  

Theorem  𝟑. 𝟏 . Let 𝐻 be a real Hilbert space and 𝐾 be a nonempty closed convex subset of  𝐻. 

Let 𝑇: 𝐾 → 𝐾 be a Lipschitz 𝛼-hemicontractive self map with Lipschitz constant 𝐿, 𝐿 > 0. 

Suppose 𝐹: 𝐻 → 𝐻 is an 𝐿1-Lipschizian mapping. For any 𝑥1 ∈ 𝐻, let  {𝑥𝑛} be generated by 

𝑥𝑛+1 = 𝛽𝑛𝑥𝑛 + (1 − 𝛽𝑛)𝑇𝑦𝑛
𝜆𝑛+1

𝑦𝑛 = 𝑃𝐾[𝛾𝑛𝑥𝑛 + (1 − 𝛾𝑛)𝑇𝑥𝑛
𝜆𝑛+1]

}                                                                                     (3.1) 

where  

𝑇𝑥𝜆𝑛+1 = 𝑇𝑥 − 𝜆𝑛+1𝜇𝐹(𝑇𝑥), 𝜇 > 0 ∀𝑥 ∈ 𝐻,  {𝛾𝑛}, 𝜆𝑛 ⊂ (0,1) and  {𝛽𝑛} ⊂ ]0,
1

2
] satisfy the 

following conditions: 

(i) 0 < 𝛽 < 𝛽𝑛 < 𝛾𝑛 < 1 for some 𝛽 ∈ (0,
1

2
) 

(ii) ∑ (1 − 𝛽) = +∞∞
𝑛=1  

(iii) ∑ (1 − 𝛽𝑛)2 < +∞∞
𝑛=1  

(iv) ∑ 𝜆𝑛 < +∞∞
𝑛=1  

Then,  

(a) lim
𝑛→∞

‖𝑥𝑛 − 𝛼𝑝‖ exists for each 𝑝 ∈ 𝐹(𝑇) 

(b) lim
𝑛→∞

‖𝑥𝑛 − 𝑇𝑥𝑛‖ = 0 

(c) {𝑥𝑛} converges strongly to a fixed point of  𝑇 if and only if lim
𝑛→∞

inf 𝑑(𝑥𝑛 , 𝐹(𝑇)) = 0 

Proof:  

Using the well known identity 

‖𝛽𝑥 + (1 − 𝛽)𝑦‖2 ≤ 𝛽‖𝑥‖2 + (1 − 𝛽)‖𝑦‖2 − 𝛽(1 − 𝛽)‖𝑥 − 𝑦‖2                                   (3.2)       

which holds ∀𝑥, 𝑦 ∈ 𝐻, 𝛽 ∈ (0,1), (3.1), and the fact that 𝑇 and 𝐹 are 𝐿-lipschizian, we estimate 

as follows: Since 𝐹(𝑇) is nonempty, let 𝛼𝑝 ∈ 𝐹(𝑇). Let 𝑥 ∈ 𝐾 be arbitrary, then we have: 
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 ‖𝑥𝑛+1 − 𝛼𝑝‖2 = ‖𝛽𝑛(𝑥𝑛 − 𝛼𝑝) + (1 − 𝛽𝑛)(𝑇𝜆𝑛+1𝑦𝑛 − 𝛼𝑝)‖
2
 

                        =   𝛽𝑛‖𝑥𝑛 − 𝛼𝑝‖2 +  (1 − 𝛽𝑛)‖𝑇𝜆𝑛+1𝑦𝑛 − 𝛼𝑝‖
2

− 𝛽𝑛(1 − 𝛽𝑛)‖𝑥𝑛 − 𝑇𝜆𝑛+1𝑦𝑛‖
2
 

Using 𝑇𝑥𝜆𝑛+1 = 𝑇𝑥 − 𝜆𝑛+1𝜇𝐹(𝑇𝑥), we obtain 

  ‖𝑥𝑛+1 − 𝛼𝑝‖2    ≤ 𝛽𝑛‖𝑥𝑛 − 𝛼𝑝‖2 + (1 − 𝛽𝑛)[‖𝑇𝑦𝑛 − 𝛼𝑝‖2 + 𝜆𝑛+1𝜇(‖𝑇𝑦𝑛 − 𝛼𝑝‖2 

                                +‖𝐹(𝑇𝑦𝑛)‖2) + 𝜆𝑛+1
2 𝜇2‖𝐹(𝑇𝑦𝑛)‖2] − 𝛽𝑛(1 − 𝛽𝑛)[‖𝑥𝑛 − 𝑇𝑦𝑛‖2 

                                 +𝜆𝑛+1𝜇(‖𝑥𝑛 − 𝑇𝑦𝑛‖2 + ‖𝐹(𝑇𝑦𝑛)‖2) + 𝜆𝑛+1
2 𝜇2‖𝐹(𝑇𝑦𝑛)‖2], 

and which on simplification gives 

 ‖𝑥𝑛+1 − 𝛼𝑝‖2  ≤ 𝛽𝑛‖𝑥𝑛 − 𝛼𝑝‖2 +  (1 − 𝛽𝑛)(1 + 𝜆𝑛+1𝜇)‖𝑇𝑦𝑛 − 𝛼𝑝‖2 

                             +(1 − 𝛽𝑛)𝜆𝑛+1𝜇(1 + 𝜆𝑛+1𝜇)‖𝐹(𝑇𝑦𝑛)‖2 

                            −𝛽𝑛(1 − 𝛽𝑛)(1 + 𝜆𝑛+1𝜇)‖(𝑥𝑛 − 𝛼𝑝) + (𝛼𝑝 − 𝑇𝑦𝑛)‖2 

                       −𝛽𝑛(1 − 𝛽𝑛)(1 + 𝜆𝑛+1𝜇)𝜆𝑛+1𝜇‖𝐹(𝑇𝑦𝑛)‖2 

                    ≤ 𝛽𝑛‖𝑥𝑛 − 𝛼𝑝‖2 + (1 − 𝛽𝑛)(1 + 𝜆𝑛+1𝜇)‖𝑇𝑦𝑛 − 𝛼𝑝‖2 

                       +(1 − 𝛽𝑛)(1 + 𝜆𝑛+1𝜇)𝜆𝑛+1𝜇‖𝐹(𝑇𝑦𝑛)‖2 − 𝛽𝑛(1 − 𝛽𝑛)(1 + 𝜆𝑛+1𝜇) 

                       × [‖𝑥𝑛 − 𝛼𝑝‖2 + ‖𝑥𝑛 − 𝛼𝑝‖2 + ‖𝑇𝑦𝑛 − 𝛼𝑝‖2 + ‖𝑇𝑦𝑛 − 𝛼𝑝‖2] 

                       −𝛽𝑛(1 − 𝛽𝑛)(1 + 𝜆𝑛+1𝜇)𝜆𝑛+1𝜇‖𝐹(𝑇𝑦𝑛)‖2 

                    ≤ 𝛽𝑛 − 2𝛽𝑛(1 + 𝜆𝑛+1𝜇)‖𝑥𝑛 − 𝛼𝑝‖2 + (1 − 𝛽𝑛)2(1 + 𝜆𝑛+1𝜇)𝐿2‖𝑦𝑛 − 𝛼𝑝‖2 

                     +(1 − 𝛽𝑛)2(1 + 𝜆𝑛+1𝜇)𝜆𝑛+1𝜇‖𝐹(𝑇𝑦𝑛)‖2,                                                           (3.3) 

since −2𝛽𝑛 < −𝛽𝑛. 

From  

      ‖𝐹(𝑇𝑦𝑛)‖ ≤  ‖𝐹(𝑇𝑦𝑛) − 𝐹(𝑇𝛼𝑝)‖ + ‖𝐹(𝑇𝛼𝑝)‖ 

                        ≤   𝐿1𝐿‖𝑦 − 𝛼𝑝‖ + ‖𝐹(𝑇𝛼𝑝)‖,                                                                  (3.4𝑎) 

it follows that  

   ‖𝐹(𝑇𝑦𝑛)‖2 ≤  𝐿1𝐿(1 + 𝐿𝐿1)‖𝑦𝑛 − 𝛼𝑝‖2 + (1 + 𝐿1𝐿)‖𝐹(𝑇𝛼𝑝)‖2 .                              (3.4𝑏) 

Also, from (3.1), we get 

     ‖𝑦𝑛 − 𝛼𝑝‖2 ≤ ‖𝛾𝑛𝑥𝑛 + (1 − 𝛾𝑛)𝑇𝑥𝑛
𝜆𝑛+1 − 𝛼𝑝‖

2

, 

                         = ‖𝛾𝑛(𝑥𝑛 − 𝛼𝑝) + (1 − 𝛾𝑛) (𝑇𝑥𝑛
𝜆𝑛+1 − 𝛼𝑝)‖

2

 

                          = 𝛾𝑛‖𝑥𝑛 − 𝛼𝑝‖2 + (1 − 𝛾𝑛) ‖𝑇𝑥𝑛
𝜆𝑛+1 − 𝛼𝑝‖

2

− 𝛾𝑛(1 − 𝛾𝑛) ‖𝑥𝑛 − 𝑇𝑥𝑛
𝜆𝑛+1‖

2

 

Using 𝑇𝑥𝜆𝑛+1 = 𝑇𝑥 − 𝜆𝑛+1𝜇𝐹(𝑇𝑥), we obtain 

‖𝑦𝑛 − 𝛼𝑝‖2   = 𝛾𝑛‖𝑥𝑛 − 𝛼𝑝‖2 + (1 − 𝛾𝑛)[‖𝛼𝑝 − 𝑇𝑥𝑛‖2 
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                          +2𝜆𝑛+1𝜇‖𝛼𝑝 − 𝑇𝑥𝑛‖‖𝐹(𝑇𝑥𝑛)‖ + 𝜆2
𝑛+1𝜇2‖𝐹(𝑇𝑥𝑛)‖2] 

                          −𝛾𝑛(1 − 𝛾𝑛)[‖𝑥𝑛 − 𝑇𝑥𝑛‖2 +  2𝜆𝑛+1𝜇‖𝑥𝑛 − 𝑇𝑥𝑛‖‖𝐹(𝑇𝑥𝑛)‖ 

                          +𝜆2
𝑛+1𝜇2‖𝐹(𝑇𝑥𝑛)‖2 

                      ≤ 𝛾𝑛‖𝑥𝑛 − 𝛼𝑝‖2 + (1 − 𝛾𝑛)[‖𝛼𝑝 − 𝑇𝑥𝑛‖2 

                         +𝜆𝑛+1𝜇(‖𝑇𝑥𝑛 − 𝛼𝑝‖2 + ‖𝐹(𝑇𝑥𝑛)‖2) + 𝜆2
𝑛+1𝜇2‖𝐹(𝑇𝑥𝑛)‖2] 

                         −𝛾𝑛(1 − 𝛾𝑛)[‖𝑥𝑛 − 𝑇𝑥𝑛‖2 +  𝜆𝑛+1𝜇(‖𝑥𝑛 − 𝑇𝑥𝑛‖2 + ‖𝐹(𝑇𝑥𝑛)‖2) 

                         +𝜆2
𝑛+1𝜇2‖𝐹(𝑇𝑥𝑛)‖2 

                      = 𝛾𝑛‖𝑥𝑛 − 𝛼𝑝‖2 + (1 − 𝛾𝑛)[(1 + 𝜆𝑛+1𝜇)‖𝑇𝑥𝑛 − 𝛼𝑝‖2 

                          +𝜆𝑛+1𝜇(1 + 𝜆𝑛+1𝜇)‖𝐹(𝑇𝑥𝑛)‖2] − 𝛾𝑛(1 − 𝛾𝑛)[(1 + 𝜆𝑛+1𝜇)‖𝑥𝑛 − 𝑇𝑥𝑛‖2 

                          +𝜆𝑛+1𝜇(1 + 𝜆𝑛+1𝜇)‖𝐹(𝑇𝑥𝑛)‖2]                                                          (3.5) 

Since 𝑇 is 𝛼 -hemicontractive, we obtain (from (3.5) 

‖𝑦𝑛 − 𝛼𝑝‖2 ≤ 𝛾𝑛‖𝑥𝑛 − 𝛼𝑝‖2 + (1 − 𝛾𝑛)[(‖𝑥𝑛 − 𝛼𝑝‖2 + ‖𝑥𝑛 − 𝑇𝑥𝑛‖2) 

                                           +𝜆𝑛+1𝜇(1 + 𝜆𝑛+1𝜇)‖𝐹(𝑇𝑥𝑛)‖2] 

                                           −𝛾𝑛(1 − 𝛾𝑛)[(1 + 𝜆𝑛+1𝜇)‖𝑥𝑛 − 𝑇𝑥𝑛‖2 

                                             +𝜆𝑛+1𝜇(1 + 𝜆𝑛+1𝜇)‖𝐹(𝑇𝑥𝑛)‖2] 

                                       = [𝛾𝑛 + (1 − 𝛾𝑛)(1 + 𝜆𝑛+1𝜇)]‖𝑥𝑛 − 𝛼𝑝‖2 

                                          +[(1 − 𝛾𝑛)(1 − 𝛾𝑛(1 + 𝜆𝑛+1𝜇))]‖𝑥𝑛 − 𝑇𝑥𝑛‖2 

                                          +(1 − 𝛾𝑛)(1 + 𝜆𝑛+1𝜇)𝜆𝑛+1𝜇(1 − 𝛾𝑛)‖𝐹(𝑇𝑥𝑛)‖2                   (3.6) 

Putting (3.4𝑏) into (3.6), with 𝑦𝑛 replaced by 𝑥𝑛, we have: 

 ‖𝑦𝑛 − 𝛼𝑝‖2 ≤ [𝛾𝑛 + (1 − 𝛾𝑛)(1 + 𝜆𝑛+1𝜇)]‖𝑥𝑛 − 𝛼𝑝‖2 

                         +[(1 − 𝛾𝑛)(1 − 𝛾𝑛(1 + 𝜆𝑛+1𝜇))]‖𝑥𝑛 − 𝑇𝑥𝑛‖2 

                         +(1 − 𝛾𝑛)2(1 + 𝜆𝑛+1𝜇)𝜆𝑛+1𝜇[𝐿1𝐿(1 + 𝐿1𝐿)‖𝑥𝑛 − 𝛼𝑝‖2 

                         +(1 + 𝐿1𝐿)‖𝐹(𝛼𝑝)‖2] 

                       = [𝛾𝑛 + (1 − 𝛾𝑛)(1 + 𝜆𝑛+1𝜇) + (1 − 𝛾𝑛)2(1 + 𝜆𝑛+1𝜇) 

                          × (1 + 𝐿1𝐿)𝜆𝑛+1𝜇𝐿1𝐿]‖𝑥𝑛 − 𝛼𝑝‖2 + [(1 − 𝛾𝑛)2(1 + 𝜆𝑛+1𝜇)]‖𝑥𝑛 − 𝑇𝑥𝑛‖2 

                          +(1 − 𝛾𝑛)2(1 + 𝜆𝑛+1𝜇)(1 + 𝐿1𝐿)𝜆𝑛+1𝜇‖𝐹(𝛼𝑝)‖2.                               (3.7) 

Putting (3.4𝑏) into (3.3) we get: 

 ‖𝑥𝑛+1 − 𝛼𝑝‖2 ≤ [𝛽𝑛 − 2𝛽𝑛(1 + 𝜆𝑛+1𝜇)]‖𝑥𝑛 − 𝛼𝑝‖2 + (1 − 𝛽𝑛)2(1 + 𝜆𝑛+1𝜇)𝐿2‖𝑦𝑛 − 𝛼𝑝‖2 

                            +(1 − 𝛽𝑛)2(1 + 𝜆𝑛+1𝜇)𝜆𝑛+1𝜇[𝐿𝐿1(1 + 𝐿𝐿1)‖𝑦𝑛 − 𝛼𝑝‖2 

                            +(1 + 𝐿𝐿1)‖𝐹(𝛼𝑝)‖2] 
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                        = [𝛽𝑛 − 2𝛽𝑛(1 + 𝜆𝑛+1𝜇)]‖𝑥𝑛 − 𝛼𝑝‖2 + (1 − 𝛽𝑛)2(1 + 𝜆𝑛+1𝜇) 

                           × [𝐿2 + 𝜆𝑛+1𝜇(1 + 𝐿𝐿1)𝐿𝐿1]‖𝑦𝑛 − 𝛼𝑝‖2 

                           +(1 − 𝛽𝑛)2(1 + 𝜆𝑛+1𝜇)𝜆𝑛+1𝜇(1 + 𝐿1𝐿)‖𝐹(𝛼𝑝)‖2                               (3.8) 

Putting (3.7) into (3.8), we obtain 

   ‖𝑥𝑛+1 − 𝛼𝑝‖2 ≤ [𝛽𝑛 − 2𝛽𝑛(1 + 𝜆𝑛+1𝜇)]‖𝑥𝑛 − 𝛼𝑝‖2 

                            +(1 − 𝛽𝑛)2(1 + 𝜆𝑛+1𝜇)[𝐿2 + 𝜆𝑛+1𝜇(1 + 𝐿1𝐿)𝐿1𝐿]{[𝛾𝑛 + (1 − 𝛾𝑛) 

                             × (1 + 𝜆𝑛+1𝜇) + (1 − 𝛾𝑛)2(1 + 𝜆𝑛+1𝜇)(1 + 𝐿1𝐿)𝜆𝑛+1𝜇𝐿1𝐿]‖𝑥𝑛 − 𝛼𝑝‖2 

                            +[(1 − 𝛾𝑛)2(1 + 𝜆𝑛+1𝜇)]‖𝑥𝑛 − 𝑇𝑥𝑛‖2 

                            +(1 − 𝛾𝑛)2(1 + 𝜆𝑛+1𝜇)(1 + 𝐿1𝐿)𝜆𝑛+1𝜇‖𝐹(𝛼𝑝)‖2} 

                            +(1 − 𝛽𝑛)2(1 + 𝜆𝑛+1𝜇)(1 + 𝐿1𝐿)𝜆𝑛+1𝜇‖𝐹(𝛼𝑝)‖2 

                         ≤ {1 + (1 − 𝛽𝑛)2(1 + 𝜆𝑛+1𝜇)[𝐿2 + 𝜆𝑛+1𝜇(1 + 𝐿𝐿1)𝐿𝐿1 

                            × (𝛾𝑛 + (1 − 𝛾𝑛)(1 + 𝜆𝑛+1𝜇)+(1 − 𝛾𝑛)2 

                            × (1 + 𝜆𝑛+1𝜇)(1 + 𝐿1𝐿)𝜆𝑛+1𝜇𝐿1𝐿)]}‖𝑥𝑛 − 𝛼𝑝‖2 

                            +(1 − 𝛽𝑛)2(1 + 𝜆𝑛+1𝜇)[(1 − 𝛾𝑛)2(1 + 𝜆𝑛+1𝜇)]‖𝑥𝑛 − 𝑇𝑥𝑛‖2 

                            +(1 − 𝛽𝑛)2(1 + 𝐿1𝐿)(1 + 𝜆𝑛+1𝜇)𝜆𝑛+1𝜇[1 + (1 − 𝛾𝑛)2]‖𝐹(𝛼𝑝)‖2  (3.9) 

Since, 

      ‖𝑥𝑛 − 𝑇𝑥𝑛‖ ≤ ‖𝑥𝑛 − 𝛼𝑝‖ + ‖𝑇𝑥𝑛 − 𝛼𝑝‖, 

it follows that  

 ‖𝑥𝑛 − 𝑇𝑥𝑛‖2 ≤ (1 + 𝐿)2‖𝑥𝑛 − 𝛼𝑝‖2                                                                           (3.10) 

Putting (3.10) into (3.9) imply that 

 ‖𝑥𝑛+1 − 𝛼𝑝‖2 ≤ {1 + (1 − 𝛽𝑛)2(1 + 𝜆𝑛+1𝜇)[𝐿2 + 𝜆𝑛+1𝜇(1 + 𝜆𝑛+1𝜇)(1 + 𝐿1𝐿)𝐿1𝐿 

                            × (𝛾𝑛 + (1 − 𝛾𝑛)(1 + 𝜆𝑛+1𝜇) + (1 − 𝛾𝑛)2 

                            × (1 + 𝜆𝑛+1𝜇)(1 + 𝐿1𝐿)𝜆𝑛+1𝜇𝐿1𝐿) 

                            +[(1 − 𝛾𝑛)2(1 + 𝜆𝑛+1𝜇)(1 + 𝐿)2]}‖𝑥𝑛 − 𝛼𝑝‖2 

                             +(1 − 𝛽𝑛)2(1 + 𝐿1𝐿)(1 + 𝜆𝑛+1𝜇)𝜆𝑛+1𝜇[1 + (1 − 𝛾𝑛)2]‖𝐹(𝛼𝑝)‖2. 

Let  

𝛿𝑛 = (1 − 𝛽𝑛)2(1 + 𝜆𝑛+1𝜇)[𝐿2 + 𝜆𝑛+1𝜇(1 + 𝜆𝑛+1𝜇)(1 + 𝐿1𝐿)𝐿1𝐿 

        × (𝛾𝑛 + (1 − 𝛾𝑛)(1 + 𝜆𝑛+1𝜇) + (1 − 𝛾𝑛)2(1 + 𝜆𝑛+1𝜇)(1 + 𝐿1𝐿)𝜆𝑛+1𝜇𝐿1𝐿)] 

        +(1 − 𝛽𝑛)2(1 + 𝜆𝑛+1𝜇)2(1 − 𝛾𝑛)2(1 + 𝐿)2 

and 
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 𝜌𝑛 = (1 − 𝛽𝑛)2(1 + 𝐿1𝐿)(1 + 𝜆𝑛+1𝜇)𝜆𝑛+1𝜇[1 + (1 − 𝛾𝑛)2]‖𝐹(𝛼𝑝)‖2. 

Then, 

               ‖𝑥𝑛+1 − 𝛼𝑝‖2 ≤ (1 + 𝛿𝑛)‖𝑥𝑛 − 𝛼𝑝‖2 + 𝜌𝑛 .                                     (3.11) 

From conditions (iii) and (iv),  ∑ 𝛿𝑛 < ∞ 𝑎𝑛𝑑 ∑ 𝜌𝑛 < ∞∞
n=1

∞
𝑛=1 . 

Thus, using Lemma 2.2, it follows that lim
𝑛→∞

‖𝑥𝑛 − 𝛼𝑝‖ exists. Hence, {𝑥𝑛}𝑛=1
∞  is bounded and 

this completes the proof of (a). 

Since 𝑇𝑥𝜆𝑛+1 = 𝑇𝑥 − 𝜆𝑛+1𝜇𝐹(𝑇𝑥), using (3.1), we obtain 

   ‖𝑥𝑛+1 − 𝑇𝑥𝑛+1‖ ≤ 𝛽𝑛‖𝑥𝑛 − 𝑇𝑥𝑛‖ + 𝛽𝑛‖𝑇𝑥𝑛 − 𝑇𝑥𝑛+1‖ + (1 − 𝛽𝑛)‖𝑇𝑦𝑛 − 𝑇𝑥𝑛+1‖ 

                                  +(1 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝑥𝑛)‖ 

                                ≤ 𝛽𝑛‖𝑥𝑛 − 𝑇𝑥𝑛‖ + 𝛽𝑛𝐿‖𝑥𝑛 − 𝑥𝑛+1‖ + (1 − 𝛽𝑛)𝐿‖𝑦𝑛 − 𝑥𝑛+1‖ 

                                   +(1 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝑥𝑛)‖                                                                   (3.12) 

Now, we estimate ‖𝑥𝑛 − 𝑥𝑛+1‖: 

Again, using (3.1) and the fact that 𝑇𝑥𝜆𝑛+1 = 𝑇𝑥 − 𝜆𝑛+1𝜇𝐹(𝑇𝑥), we obtain 

         ‖𝑥𝑛 − 𝑥𝑛+1‖ ≤ (1 − 𝛽𝑛)‖𝑥𝑛 − 𝑇𝑦𝑛‖ + (1 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝑦𝑛)‖                          (3.13) 

Observe that 

 ‖𝑥𝑛 − 𝑇𝑦𝑛‖ ≤ ‖𝑥𝑛 − 𝛼𝑝‖ + 𝐿‖𝑦𝑛 − 𝛼𝑝‖, 

which, using  𝑇𝑥𝜆𝑛+1 = 𝑇𝑥 − 𝜆𝑛+1𝜇𝐹(𝑇𝑥) and (3.1), gives  

‖𝑥𝑛 − 𝑇𝑦𝑛‖ ≤ ‖𝑥𝑛 − 𝛼𝑝‖ + 𝐿‖𝛾𝑛(𝑥𝑛 − 𝛼𝑝) + (1 − 𝛾𝑛)(𝑇𝑥𝑛 − 𝛼𝑝)‖ 

                       +(1 − 𝛾𝑛)𝜆𝑛+1𝜇𝐿‖𝐹(𝑇𝑥𝑛)‖ 

                   ≤ ‖𝑥𝑛 − 𝛼𝑝‖ + 𝛾𝑛𝐿‖𝑥𝑛 − 𝛼𝑝‖ + (1 − 𝛾𝑛)𝐿2‖𝑥𝑛 − 𝛼𝑝‖ 

                      +(1 − 𝛾𝑛)𝜆𝑛+1𝜇𝐿‖𝐹(𝑇𝑥𝑛)‖ 

                    = [1 + 𝛾𝑛𝐿 + (1 − 𝛾𝑛)𝐿2]‖𝑥𝑛 − 𝛼𝑝‖ + (1 − 𝛾𝑛)𝜆𝑛+1𝜇𝐿‖𝐹(𝑇𝑥𝑛)‖ 

                    ≤ (1 + 𝐿)2‖𝑥𝑛 − 𝛼𝑝‖ + 𝜆𝑛+1𝜇𝐿‖𝐹(𝑇𝑥𝑛)‖                                                  (3.14) 

Putting (3.14) into (3.13), we get 

 ‖𝑥𝑛 − 𝑥𝑛+1‖ ≤ (1 − 𝛽𝑛)[(1 + 𝐿)2‖𝑥𝑛 − 𝛼𝑝‖ + 𝜆𝑛+1𝜇𝐿‖𝐹(𝑇𝑥𝑛)‖] 

                          +(1 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝑦𝑛)‖. 

Substituting for ‖𝐹(𝑇𝑥𝑛)‖ and ‖𝐹(𝑇𝑦𝑛)‖ using (3.4𝑎), we get 

‖𝑥𝑛 − 𝑥𝑛+1‖ ≤ (1 + 𝐿)2(1 − 𝛽𝑛)‖𝑥𝑛 − 𝛼𝑝‖ + (1 − 𝛽𝑛)𝜆𝑛+1𝜇𝐿(𝐿1𝐿‖𝑥𝑛 − 𝛼𝑝‖ + ‖𝐹(𝑇𝛼𝑝)‖) 

                          +(1 − 𝛽𝑛)𝜆𝑛+1𝜇(𝐿1𝐿‖𝑦𝑛 − 𝛼𝑝‖ + ‖𝐹(𝑇𝛼𝑝)‖) 

                       = (1 − 𝛽𝑛)[(1 + 𝐿)2 + 𝜆𝑛+1𝜇𝐿1𝐿]‖𝑥𝑛 − 𝛼𝑝‖ + 2(1 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝛼𝑝)‖ 
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                         +(1 − 𝛽𝑛)𝜆𝑛+1𝜇𝐿1𝐿‖𝑦𝑛 − 𝛼𝑝‖.                                                                        (3.15) 

Furthermore, since  𝑇𝑥𝜆𝑛+1 = 𝑇𝑥 − 𝜆𝑛+1𝜇𝐹(𝑇𝑥), we get (from (3.1)) that 

 ‖𝑦𝑛 − 𝛼𝑝‖ ≤ (1 − 𝛾𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + ‖𝑥𝑛 − 𝛼𝑝‖ + (1 − 𝛾𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝑥𝑛)‖ 

                    ≤ (1 − 𝛾𝑛)‖𝑥𝑛 − 𝛼𝑝‖ + (1 − 𝛾𝑛)‖𝑇𝑥𝑛 − 𝛼𝑝‖ + 𝛾𝑛‖𝑥𝑛 − 𝛼𝑝‖ 

                       +(1 − 𝛾𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝑥𝑛)‖, 

which, using (3.4𝑎),  gives 

 ‖𝑦𝑛 − 𝛼𝑝‖ ≤ [(1 + 𝐿) + 𝜆𝑛+1𝜇𝐿1𝐿]‖𝑥𝑛 − 𝛼𝑝‖ + 𝜆𝑛+1𝜇‖𝐹(𝑇𝛼𝑝)‖.                               (3.16) 

Putting (3.16) into (3.15) and simplifying, we get 

 ‖𝑥𝑛 − 𝑥𝑛+1‖ ≤ (1 − 𝛽𝑛)[(1 + 𝐿)2 + 𝜆𝑛+1𝜇𝐿1𝐿2]‖𝑥𝑛 − 𝛼𝑝‖ + 2(1 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝛼𝑝)‖ 

                         +(1 − 𝛽𝑛)𝜆𝑛+1𝜇𝐿1𝐿{[1 + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿]‖𝑥𝑛 − 𝛼𝑝‖ + 𝜆𝑛+1𝜇‖𝐹(𝑇𝛼𝑝)‖} 

                       ≤ 2(1 − 𝛽𝑛)2{[(1 + 𝐿)2 + 𝜆𝑛+1𝜇𝐿1𝐿2(2 + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿]‖𝑥𝑛 − 𝛼𝑝‖ 

                                   +𝜆𝑛+1𝜇 × (2 + 𝜆𝑛+1𝜇𝐿1𝐿)‖𝐹(𝑇𝛼𝑝)‖},                                           (3.17) 

since (1 − 𝛽𝑛)2 = (1 − 𝛽𝑛) − 𝛽𝑛(1 − 𝛽𝑛). ⟹ (1 − 𝛽𝑛) = 2(1 − 𝛽𝑛)2. 

Next, we estimate  ‖𝑦 − 𝑥𝑛+1‖: 

From (3.1) and the fact that  𝑇𝑥𝜆𝑛+1 = 𝑇𝑥 − 𝜆𝑛+1𝜇𝐹(𝑇𝑥), we obtain 

  ‖𝑦 − 𝑥𝑛+1‖  ≤ ‖𝑦𝑛 − 𝑇𝑦𝑛‖ + 𝛽𝑛‖𝑥𝑛 − 𝑇𝑦𝑛‖ + (1 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝑦𝑛)‖                  (3.18) 

But, 

  ‖𝑦𝑛 − 𝑇𝑦𝑛‖ ≤ ‖𝛾𝑛𝑥𝑛 + (1 − 𝛾𝑛)(𝑇𝑥𝑛 − 𝜆𝑛+1𝜇𝐹(𝑇𝑥𝑛)) − 𝑇𝑦𝑛‖ 

                     ≤ (1 − 𝛾𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + ‖𝑥𝑛 − 𝑇𝑦𝑛‖ + (1 − 𝛾𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝑥𝑛)‖          (3.19) 

Putting (3.14) into (3.19), we get 

 ‖𝑦𝑛 − 𝑇𝑦𝑛‖ ≤ (1 − 𝛾𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + (1 + 𝐿)2‖𝑥𝑛 − 𝛼𝑝‖ + 𝜆𝑛+1𝜇𝐿‖𝐹(𝑇𝑥𝑛)‖ 

                        +(1 − 𝛾𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝑥𝑛)‖  

                      ≤ (1 − 𝛽𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + (1 + 𝐿)2‖𝑥𝑛 − 𝛼𝑝‖ + (1 + 𝐿 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝑥𝑛)‖ 

Using (3.4𝑎), the last inequality becomes 

 ‖𝑦𝑛 − 𝑇𝑦𝑛‖ ≤ (1 − 𝛽𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + (1 + 𝐿)2‖𝑥𝑛 − 𝛼𝑝‖ 

                       +(1 + 𝐿 − 𝛽𝑛)𝜆𝑛+1𝜇(𝐿1𝐿‖𝑥𝑛 − 𝑝‖ + ‖𝐹(𝑇𝛼𝑝)‖) 

                    ≤ (1 − 𝛽𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + [(1 + 𝐿)2 + (1 + 𝐿 − 𝛽𝑛)𝜆𝑛+1𝜇𝐿1𝐿]‖𝑥𝑛 − 𝛼𝑝‖ 

                       +(1 + 𝐿 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝛼𝑝)‖         (3.20)                                                                        

Putting (3.20) and (3.14) into (3.18), we get 

    ‖𝑦𝑛 − 𝑥𝑛+1‖ ≤ (1 − 𝛽𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + [(1 + 𝐿)2 + (1 + 𝐿 − 𝛽𝑛)𝜆𝑛+1𝜇𝐿1𝐿]‖𝑥𝑛 − 𝛼𝑝‖ 
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                            +(1 + 𝐿 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝛼𝑝)‖ + 𝛽𝑛[(1 + 𝐿)2‖𝑥𝑛 − 𝛼𝑝‖ 

                            +𝜆𝑛+1𝜇𝐿‖𝐹(𝑇𝑥𝑛)‖] + (1 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝑦𝑛)‖ 

                         ≤ (1 − 𝛽𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + [2(1 + 𝐿)2 + (1 + 𝐿 − 𝛽𝑛)𝜆𝑛+1𝜇𝐿1𝐿]‖𝑥𝑛 − 𝛼𝑝‖ 

                            +(1 + 𝐿 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝛼𝑝)‖ + 𝜆𝑛+1𝜇𝐿‖𝐹(𝑇𝑥𝑛)‖ 

                           +(1 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝑦𝑛)‖, 

which, using (3.4𝑎) and simplifying, gives 

‖𝑦𝑛 − 𝑥𝑛+1‖ ≤ (1 − 𝛽𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + [2(1 + 𝐿)2 + (1 + 𝐿 − 𝛽𝑛)𝜆𝑛+1𝜇𝐿1𝐿]‖𝑥𝑛 − 𝛼𝑝‖ 

                              +(1 + 𝐿 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝛼𝑝)‖ + 𝜆𝑛+1𝜇𝐿(𝐿1𝐿‖𝑥𝑛 − 𝛼𝑝‖ + ‖𝐹(𝑇𝛼𝑝)‖) 

                              +(1 − 𝛽𝑛)𝜆𝑛+1𝜇(𝐿1𝐿‖𝑦𝑛 − 𝛼𝑝‖ + ‖𝐹(𝑇𝛼𝑝)‖) 

                          ≤ (1 − 𝛽𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + [2(1 + 𝐿)2 + (1 − 𝛽𝑛 + 2𝐿)𝜆𝑛+1𝜇𝐿1𝐿]‖𝑥𝑛 − 𝛼𝑝‖ 

                            + [2(1 + 𝐿) − 𝛽𝑛]𝜆𝑛+1𝜇‖𝐹(𝑇𝛼𝑝)‖ +  𝜆𝑛+1𝜇𝐿1𝐿‖𝑦𝑛 − 𝛼𝑝‖ 

Substituting for ‖𝑦𝑛 − 𝛼𝑝‖ using (3.16), we have: 

‖𝑦𝑛 − 𝑥𝑛+1‖ ≤ (1 − 𝛽𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + [2(1 + 𝐿)2 + (1 − 𝛽𝑛 + 2𝐿)𝜆𝑛+1𝜇𝐿1𝐿]‖𝑥𝑛 − 𝛼𝑝‖ 

                             +[2(1 + 𝐿) − 𝛽𝑛]𝜆𝑛+1𝜇‖𝐹(𝑇𝛼𝑝)‖ 

                             + 𝜆𝑛+1𝜇𝐿1𝐿{[(1 + 𝐿) + 𝜆𝑛+1𝜇𝐿1𝐿] × ‖𝑥𝑛 − 𝛼𝑝‖ + 𝜆𝑛+1𝜇‖𝐹(𝑇𝛼𝑝)‖} 

                             ≤ (1 − 𝛽𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + [2(1 + 𝐿)2 

                              + 𝜆𝑛+1𝜇𝐿1𝐿(3 + 3𝐿 + 𝜆𝑛+1𝜇𝐿1𝐿)]‖𝑥𝑛 − 𝛼𝑝‖ 

                              + 𝜆𝑛+1𝜇[2(1 + 𝐿) + 𝜆𝑛+1𝜇𝐿1𝐿]‖𝐹(𝑇𝛼𝑝)‖                                          (3.21) 

Putting (3.4𝑎), (3.17) and (3.21)   into (3.12), we get: 

    ‖𝑥𝑛+1 − 𝑇𝑥𝑛+1‖ ≤ 𝛽𝑛‖𝑥𝑛 − 𝑇𝑥𝑛‖ + 2𝛽𝑛𝐿(1 − 𝛽𝑛)2{[(1 + 𝐿)2 + 𝜆𝑛+1𝜇𝐿1𝐿2 

                                   × (2 + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿]‖𝑥𝑛 − 𝛼𝑝‖ 

                                   +𝜆𝑛+1𝜇(2 + 𝜆𝑛+1𝜇𝐿1𝐿)‖𝐹(𝑇𝛼𝑝)‖} + (1 − 𝛽𝑛)𝐿{(1 − 𝛽𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ 

                                   +[2(1 + 𝐿)2 +  𝜆𝑛+1𝜇𝐿1𝐿(2 + 3𝐿 +  𝜆𝑛+1𝜇𝐿1𝐿)]‖𝑥𝑛 − 𝛼𝑝‖ 

                                   +𝜆𝑛+1𝜇[2(1 + 𝐿) + 𝜆𝑛+1𝜇𝐿1𝐿]‖𝐹(𝑇𝛼𝑝)‖} + (1 − 𝛽𝑛)𝜆𝑛+1𝜇‖𝐹(𝑇𝑥𝑛)‖. 

 ⇒ ‖𝑥𝑛+1 − 𝑇𝑥𝑛+1‖ ≤ (𝛽𝑛 + (1 − 𝛽𝑛)2𝐿)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + 2𝛽𝑛𝐿(1 − 𝛽𝑛)2{[(1 + 𝐿)2 

                                     +𝜆𝑛+1𝜇𝜇𝐿1𝐿2(2 + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿]‖𝑥𝑛 − 𝛼𝑝‖] + 𝜆𝑛+1𝜇 

                                     × (2 + 𝜆𝑛+1𝜇𝐿1𝐿)‖𝐹(𝑇𝛼𝑝)‖} + (1 − 𝛽𝑛)𝐿[2(1 + 𝐿)2 +  𝜆𝑛+1𝜇𝐿1𝐿 

                                     × (2 + 3𝐿 +  𝜆𝑛+1𝜇𝐿1𝐿)]‖𝑥𝑛 − 𝛼𝑝‖ + (1 − 𝛽𝑛)𝜆𝑛+1𝜇[2(1 + 𝐿) 

                                     +𝜆𝑛+1𝜇𝐿1𝐿]‖𝐹(𝑇𝛼𝑝)‖ + (1 − 𝛽𝑛)𝜆𝑛+1𝜇[𝐿1𝐿‖𝑥𝑛 − 𝛼𝑝‖ + ‖𝐹(𝑇𝛼𝑝)‖] 

                                  ≤ (1 + (1 − 𝛽𝑛)2𝐿)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + 2(1 − 𝛽𝑛)2{[𝐿𝛽𝑛(1 + 𝐿)2 
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                                      + 𝜆𝑛+1𝜇𝐿1𝐿2𝛽𝑛(2 + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿]] + (1 − 𝛽𝑛)2𝐿[2(1 + 𝐿)2 

                                      + 𝜆𝑛+1𝜇𝐿1𝐿(2 + 3𝐿 +  𝜆𝑛+1𝜇𝐿1𝐿)] + (1 − 𝛽𝑛)2𝜆𝑛+1𝜇𝐿1𝐿}𝑀 

                                      +2𝜆𝑛+1𝜇(1 − 𝛽𝑛)2{𝐿𝛽𝑛(2 + 𝜆𝑛+1𝜇𝐿1𝐿) + 𝐿[2(1 + 𝐿) 

                                      + 𝜆𝑛+1𝜇𝐿1𝐿] + 1}‖𝐹(𝑇𝛼𝑝)‖. 

 ∴ ‖𝑥𝑛+1 − 𝑇𝑥𝑛+1‖ ≤ (1 + 𝛿𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + 𝜌𝑛,                                                                      (3.22) 

where 

 𝛿𝑛 = (1 − 𝛽𝑛)2𝐿 

and  

 𝜌𝑛 = 2(1 − 𝛽𝑛)2{[𝐿𝛽𝑛(1 + 𝐿)2+ 𝜆𝑛+1𝜇𝐿1𝐿2𝛽𝑛(2 + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿]] 

           +(1 − 𝛽𝑛)2𝐿[2(1 + 𝐿)2+ 𝜆𝑛+1𝜇𝐿1𝐿(2 + 3𝐿 +  𝜆𝑛+1𝜇𝐿1𝐿)] + (1 − 𝛽𝑛)2𝜆𝑛+1𝜇𝐿1𝐿}𝑀 

           +2𝜆𝑛+1𝜇(1 − 𝛽𝑛)2{𝐿𝛽𝑛(2 + 𝜆𝑛+1𝜇𝐿1𝐿) + 𝐿[2(1 + 𝐿)+ 𝜆𝑛+1𝜇𝐿1𝐿] + 1}‖𝐹(𝑇𝛼𝑝)‖ 

From conditions (iii) and (iv), it follows that  ∑ 𝛿𝑛 < ∞ and ∑ 𝜌𝑛 < ∞. Also, it follows from 

Lemma 2.2 that lim
𝑛→∞

‖𝑥𝑛 − 𝑇𝑥𝑛‖ exists. Let  lim
𝑛→∞

‖𝑥𝑛 − 𝑇𝑥𝑛‖ = 𝑑, and set 

𝑈𝑛 = (𝑥𝑛 − 𝑇𝑥𝑛). It follows (3.11*) that: 

𝑈𝑛+1 = (1 − 𝑡𝑛)𝑈𝑛 + 𝑡𝑛𝑉𝑛,                                                                               …             (3.23) 

where  𝑡𝑛 = 1 − 𝛽𝑛 and  

          𝑡𝑛𝑉𝑛 = 𝛽𝑛(𝑇𝑥𝑛 − 𝑇𝑥𝑛+1) + (1 − 𝛽𝑛)(𝑇𝑦𝑛 − 𝑇𝑥𝑛+1)+(1 − 𝛽𝑛)𝜆𝑛+1𝜇 𝐹(𝑇𝑦𝑛) 

 ⟹ 𝑡𝑛𝑉𝑛 ≤ 𝛽𝑛(𝑇𝑥𝑛 − 𝑇𝑥𝑛+1) + 2(1 − 𝛽𝑛)2(𝑇𝑦𝑛 − 𝑇𝑥𝑛+1)+2(1 − 𝛽𝑛)2𝜆𝑛+1𝜇 𝐹(𝑇𝑦𝑛) 

   ⟹ 𝑉𝑛 = (𝑥𝑛 − 𝑇𝑥𝑛) +
𝛽𝑛

(1−𝛽𝑛)
((𝑇𝑥𝑛 − 𝑇𝑥𝑛+1) + 2(1 − 𝛽𝑛)(𝑇𝑦𝑛 − 𝑇𝑥𝑛+1) 

                 +2(1 − 𝛽𝑛)𝜆𝑛+1𝜇 𝐹(𝑇𝑦𝑛)) − (𝑥𝑛 − 𝑇𝑥𝑛) 

               ≤ (𝑥𝑛 − 𝑇𝑥𝑛) +
𝛽𝑛

(1−𝛽𝑛)
((𝑇𝑥𝑛 − 𝑇𝑥𝑛+1) + (1 − 𝛽𝑛) (1 +

𝛽𝑛

(1−𝛽𝑛)
) (𝑇𝑦𝑛 − 𝑇𝑥𝑛+1) 

                 +2(1 − 𝛽𝑛)𝜆𝑛+1𝜇 𝐹(𝑇𝑦𝑛)) 

 ⇒ ‖𝑉𝑛‖ ≤   ‖𝑥𝑛 − 𝑇𝑥𝑛‖ +
𝛽𝑛

(1−𝛽𝑛)
‖𝑇𝑥𝑛 − 𝑇𝑥𝑛+1‖ + 2(1 − 𝛽𝑛)‖𝑇𝑦𝑛 − 𝑇𝑥𝑛+1‖ 

                  +2(1 − 𝛽𝑛)𝜆𝑛+1𝜇 ‖𝐹(𝑇𝑦𝑛)‖ 

                ≤  ‖𝑥𝑛 − 𝑇𝑥𝑛‖ +
𝐿𝛽𝑛

(1−𝛽𝑛)
‖𝑥𝑛 − 𝑥𝑛+1‖ + 2(1 − 𝛽𝑛)𝐿‖𝑦𝑛 − 𝑥𝑛+1‖ 

                   +2(1 − 𝛽𝑛)𝜆𝑛+1𝜇 ‖𝐹(𝑇𝑦𝑛)‖                                                                      (3.24) 

Putting (3.17), (3.21) and (3.4𝑎) into (3.24), we get: 

 ‖𝑉𝑛‖ ≤  ‖𝑥𝑛 − 𝑇𝑥𝑛‖ +
𝐿𝛽𝑛

(1−𝛽𝑛)
{2(1 − 𝛽𝑛)2{[(1 + 𝐿)2 + 𝜆𝑛+1𝜇𝐿1𝐿2(2 + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿] 
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             × ‖𝑥𝑛 − 𝛼𝑝‖ + 𝜆𝑛+1𝜇(2 + 𝜆𝑛+1𝜇𝐿1𝐿)‖𝐹(𝑇𝛼𝑝)‖} + 2𝐿(1 − 𝛽𝑛) 

             × {(1 − 𝛽𝑛)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + [2(1 + 𝐿)2 +  𝜆𝑛+1𝜇𝐿1𝐿(2 + 3𝐿 + 𝜆𝑛+1𝜇𝐿1𝐿)]‖𝑥𝑛 − 𝛼𝑝‖ 

             + 𝜆𝑛+1𝜇[2(1 + 𝐿) +   𝜆𝑛+1𝜇𝐿1𝐿]‖𝐹(𝑇𝛼𝑝)‖} + 2(1 − 𝛽𝑛) 

             × 𝜆𝑛+1𝜇{𝐿1𝐿‖𝑦𝑛 − 𝛼𝑝‖ + ‖𝐹(𝑇𝛼𝑝)‖}, 

which using (3.16), gives 

‖𝑉𝑛‖ ≤  ‖𝑥𝑛 − 𝑇𝑥𝑛‖ + (1 − 𝛽𝑛)𝐿{[(1 + 𝐿)2 + 𝜆𝑛+1𝜇𝐿1𝐿2(2 + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿]‖𝑥𝑛 − 𝛼𝑝‖ 

            +𝜆𝑛+1𝜇(2 + 𝜆𝑛+1𝜇𝐿1𝐿)‖𝐹(𝑇𝛼𝑝)‖} + 2𝐿(1 − 𝛽𝑛)2‖𝑥𝑛 − 𝑇𝑥𝑛‖ 

            +2𝐿(1 − 𝛽𝑛)[2(1 + 𝐿)2 +  𝜆𝑛+1𝜇𝐿1𝐿(2 + 3𝐿 + (2 + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿))]‖𝑥𝑛 − 𝛼𝑝‖ 

            +𝜆𝑛+1𝜇(1 − 𝛽𝑛)(4 + 𝜆𝑛+1𝜇𝐿1𝐿)‖𝐹(𝑇𝛼𝑝)‖ + 𝜆𝑛+1𝜇(1 − 𝛽𝑛) 

            × {[2 + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿]‖𝑥𝑛 − 𝛼𝑝‖ + 𝜆𝑛+1𝜇‖𝐹(𝑇𝛼𝑝)‖} 

            

           ≤ (1 + 2𝐿(1 − 𝛽𝑛)2)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + 2(1 − 𝛽𝑛)2{𝐿[(1 + 𝐿)2+𝜆𝑛+1𝜇𝐿1𝐿2 

              × (2 + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿] + 𝐿[2(1 + 𝐿)2 +  𝜆𝑛+1𝜇𝐿1𝐿(2 + 3𝐿 + 𝜆𝑛+1𝜇𝐿1)𝐿] 

              +𝜆𝑛+1𝜇𝐿1𝐿(1 + 𝐿) + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿}𝑀 + 2𝜆𝑛+1𝜇(1 − 𝛽𝑛)2 

              × [3(1 + 𝜆𝑛+1𝜇𝐿1𝐿) + 2(1 + 𝐿)]‖𝐹(𝑇𝛼𝑝)‖. 

It follows from the last inequality that: 

‖𝑉𝑛‖ ≤  (1 + 2𝐿(1 − 𝛽𝑛)2)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + 𝜓𝑛,                                                   (3.25) 

where 

  𝜓𝑛 = 2(1 − 𝛽𝑛)2{𝐿[(1 + 𝐿)2 + 𝜆𝑛+1𝜇𝐿1𝐿2(2 + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿] + 𝐿[2(1 + 𝐿)2 

           +𝜆𝑛+1𝜇𝐿1𝐿2(2 + 3𝐿 + 𝜆𝑛+1𝜇𝐿1)𝐿] + 𝜆𝑛+1𝜇𝐿1𝐿(1 + 𝐿) + (1 + 𝜆𝑛+1𝜇𝐿1)𝐿}𝑀 

          +2𝜆𝑛+1𝜇(1 − 𝛽𝑛)2[3(1 + 𝜆𝑛+1𝜇𝐿1𝐿) + 2(1 + 𝐿)]‖𝐹(𝑇𝛼𝑝)‖. 

From condition (iii) and (iv), ∑ 𝜓𝑛 < ∞∞
𝑛=1 , hence lim

𝑛→∞
𝜓𝑛 exists.  

Since lim
𝑛→∞

‖𝑥𝑛 − 𝑇𝑥𝑛‖ exists,  ‖𝑉𝑛‖ ≤ (1 + 𝐿(1 − 𝛽𝑛)2)‖𝑥𝑛 − 𝑇𝑥𝑛‖ + 𝑄, 𝑄 > 0. 

Therefore, lim
𝑛→∞

𝑠𝑢𝑝‖𝑉𝑛‖ ≤ 𝑑. Observe that: 

 ‖∑ 𝑡𝑖𝑉𝑖
𝑛
𝑖=1 ‖ = ‖∑ (𝐿(𝑥𝑖 − 𝑥𝑖+1) + 𝐿(1 − 𝛽𝑖)(𝑦𝑖 − 𝑥𝑖+1) + 𝜆𝑖+1𝜇𝐹(𝑇𝑦𝑖))𝑛

𝑖=1 ‖ 

                     ≤ 𝐿‖∑ (𝑥𝑖 − 𝑥𝑖+1)𝑛
𝑖=1 ‖ + 𝐿‖∑ (1 − 𝛽𝑖)(𝑦𝑖 − 𝑥𝑖+1)𝑛

𝑖=1 ‖ + 𝜇‖∑ (𝜆𝑖+1)𝐹(𝑇𝑦𝑖)
𝑛
𝑖=1 ‖ 

                     ≤ 𝐿‖𝑥1 − 𝑥𝑛+1‖ + 𝐿‖𝑦1 − 𝑥𝑛+1‖ + 𝜇𝐷 ∑ 𝜆𝑖+1
𝑛
𝑖=1  

                     = 𝐿‖𝑥1 − 𝛼𝑝 + 𝛼𝑝 − 𝑥𝑛+1‖ + 𝐿‖𝑦1 − 𝛼𝑝 + 𝛼𝑝 − 𝑥𝑛+1‖ + 𝜇𝐷 ∑ 𝜆𝑖+1
𝑛
𝑖=1  

                     ≤ 𝐿‖𝑥1 − 𝛼𝑝‖ + 𝐿‖𝑥𝑛+1 − 𝛼𝑝‖ + 𝐿‖𝑦1 − 𝛼𝑝‖ + 𝐿‖𝑥𝑛+1 − 𝛼𝑝‖ + 𝜇𝐷 ∑ 𝜆𝑖+1
𝑛
𝑖=1  

                    = 𝐿‖𝑥1 − 𝛼𝑝‖ + 2𝐿‖𝑥𝑛+1 − 𝛼𝑝‖ + 𝐿‖𝑦1 − 𝛼𝑝‖ + 𝜇𝐷 ∑ 𝜆𝑖+1
𝑛
𝑖=1 ≤ 𝐾∗, 
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 for all 𝑛 ≥ 1 and for some 𝐾∗ > 0. Hence, {∑ 𝑡𝑖𝑉𝑖
𝑛
𝑖=1 }𝑛=1

∞  is bounded. It now follows that, from 

Lemma 2.3,   

lim
𝑛→∞

‖𝑥𝑛 − 𝑇𝑥𝑛‖ = 0.  This completes the proof of (𝑏). 

Furthermore, from (3.11), we have: 

    ‖𝑥𝑛+1 − 𝛼𝑝‖2       ≤ (1 + 𝛿𝑛)‖𝑥𝑛 − 𝛼𝑝‖2 + 𝜌𝑛 

                                  ≤ ‖𝑥𝑛 − 𝛼𝑝‖2 + 𝛿𝑛𝑀2 + 𝜌𝑛. 

     ⇒ ‖𝑥𝑛+1 − 𝛼𝑝‖2  ≤ ‖𝑥𝑛 − 𝛼𝑝‖2 + 𝑏𝑛,                                                                     (3.27) 

where 𝑏𝑛 = 𝛿𝑛𝑀2 + 𝜌𝑛.  Hence, 

                [𝑑(𝑥𝑛+1, 𝐹(𝑇))]2 ≤ [𝑑(𝑥𝑛, 𝐹(𝑇))]
2

+ 𝑏𝑛. 

Since ∑ 𝑏𝑛 < ∞, it follows from Lemma 2.2 that lim
𝑛→∞

𝑑(𝑥𝑛, 𝐹(𝑇)) exists. If {𝑥𝑛}𝑛=1
∞  converges 

strongly to a fixed point 𝛼𝑝 of 𝑇, then lim
𝑛→∞

‖𝑥𝑛 − 𝛼𝑝‖ = 0. 

 Since 0 ≤ 𝑑(𝑥𝑛, 𝐹(𝑇)) ≤ ‖𝑥𝑛 − 𝛼𝑝‖, we have lim
𝑛→∞

inf 𝑑(𝑥𝑛, 𝐹(𝑇)) = 0.  

Conversely, suppose lim
𝑛→∞

inf 𝑑(𝑥𝑛, 𝐹(𝑇)) = 0, then we have lim
𝑛→∞

𝑑(𝑥𝑛, 𝐹(𝑇)) = 0. Thus, for 

arbitrary 𝜀 > 0, ∃𝑁1 > 0 ∋ 𝑑(𝑥𝑛, 𝐹(𝑇)) <
𝜀

4
, ∀𝑛≥ 𝑁1. 

Also, ∑ 𝑏𝑛 < ∞ implies that there exists an 𝑁2 > 0 ∋ ∑ 𝑏𝑗 <
𝜀

4
, ∀𝑛 ≥ 𝑁2.∞

𝑗=1  

Choose 𝑁 = 𝑚𝑎𝑥(𝑁,1 𝑁2), then 𝑑(𝑥𝑁 , 𝐹(𝑇)) <
𝜀

4
and ∑ 𝑏𝑗 <

𝜀

4
.∞

𝑗=1  It follows, from (3.27), that 

∀𝑛, 𝑚 ≥ 𝑁 and ∀𝑝 ∈ 𝐹(𝑇), we have 

    ‖𝑥𝑛 − 𝑥𝑚‖ ≤ ‖𝑥𝑛 − 𝛼𝑝‖ + ‖𝑥𝑚 − 𝛼𝑝‖ 

                        ≤ ‖𝑥𝑁 − 𝛼𝑝‖ + ∑ 𝑏𝑗 + ‖𝑥𝑁 − 𝛼𝑝‖ + ∑ 𝑏𝑗
𝑚
𝑗=1

𝑛
𝑗=1  

                          ≤ 2‖𝑥𝑁 − 𝛼𝑝‖ + 2 ∑ 𝑏𝑗 .∞
𝑗=𝑁  

Taking the infimum over all 𝛼𝑝 ∈ 𝐹(𝑇), we obtain: 

 ‖𝑥𝑛 − 𝑥𝑚‖ ≤ 2𝑑(𝑥𝑁 , 𝐹(𝑇)) + 2 ∑ 𝑏𝑗
∞
𝑗=1 < 2 (

𝜀

4
) + 2 (

𝜀

4
) =

𝜀

2
+

𝜀

2
= 𝜀, ∀𝑛, 𝑚 ≥ 𝑁. 

Thus, {𝑥𝑛}𝑛=1
∞ is Cauchy.  Suppose lim

𝑛→∞
𝑥𝑛 = 𝑢, then since lim

𝑛→∞
‖𝑥𝑛 − 𝑇𝑥𝑛‖ = 0, we have u ∈

F(T).This completes the proof of (c). 

Theorem 𝟑. 𝟐.  Let 𝑇: 𝐾 → 𝐾  be a Lipschitz 𝛼 -h emicontractive  mapping, with Lipschiz 

constant 𝐿 , 𝐿 > 0, where 𝐾  is a closed  convex subset of a real Hilbert space 𝐻 .  Let the 

conditions of Theorem 3.1 be satisfied. If (𝐼 − 𝑇) is demiclosed at zero, then for any arbitrary 

𝑥1 ∈ 𝐾, the sequence {𝑥𝑛}𝑛=1
∞  converges weakly to the fixed point of 𝑇. 
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Proof: 

From Theorem 3.1, lim
𝑛→∞

‖𝑥𝑛 − 𝑇𝑥𝑛‖ = 0.  The closedness of the subspace 𝐾  guarantees its 

completeness, and 𝐾 is a Hilbert space which is reflexive. Therefore, from the boundedness of 

{𝑥𝑛}𝑛=1
∞ , and reflexivity of 𝐾, Theorem 2.1 guarantees the existence of a subsequence {𝑥𝑛𝑗}

𝑗=1

∞
 

of {𝑥𝑛}𝑛=1
∞ , such that {𝑥𝑛𝑗}

𝑗=1

∞
converges weakly to 𝑞 ∈ 𝐾.  Since lim

𝑛→∞
‖𝑥𝑛 − 𝑇𝑥𝑛‖ = 0. and 𝐼 −

𝑇 is demiclosed at zero, then 𝑇𝑞 = 𝑞. 

Hence, 𝑞 ∈ 𝐹(𝑇). To prove uniqueness of 𝑞, we consider a subsequence {𝑥𝑛𝑘}𝑘=1
∞   of {𝑥𝑛}𝑛=1

∞ , 

which converges weakly to 𝑞′ ∈ 𝐾.  As before, 𝑞′ ∈ 𝐹(𝑇). 

Since  𝑞, 𝑞′ ∈ 𝐹(𝑇),  for each 𝑥, 𝑦 ∈ 𝐾,  if {𝑥𝑛}𝑛=1
∞  is a sequence in 𝐾 ⊆ 𝐻  which converges 

weakly to 𝑧, by Marino and Xu [12], 

lim
𝑛→∞

𝑠𝑢𝑝‖𝑥𝑛 − 𝛼𝑝‖2 = lim
𝑛→∞

𝑠𝑢𝑝‖𝑥𝑛 − 𝑧‖2 + ‖𝑧 − 𝛼𝑝‖2 

Hence,  

 lim
𝑛→∞

‖𝑥𝑛 − 𝛼𝑞‖2 = lim
𝑗→∞

‖𝑥𝑛𝑗 − 𝛼𝑞‖
2

= lim
𝑗→∞

‖𝑥𝑛𝑗 − 𝛼𝑞′‖
2

+ ‖𝛼𝑞′ − 𝛼𝑞‖2 

                            = lim
𝑗→∞

‖𝑥𝑚𝑗 − 𝛼𝑞′‖
2

+ ‖𝛼𝑞′ − 𝛼𝑞‖2 

Therefore, 𝛼𝑞 = 𝛼𝑞′ proving the uniqueness of 𝛼𝑞  which implies that {𝑥𝑛}𝑛=1
∞  converges to 

𝛼𝑞, completing the proof of Theorem 3.2. 

Corollary 

Let 𝐻 be a real Hilbert space and 𝐾 be a nonempty closed convex subset of 𝐻. Let 𝑇: 𝐾 → 𝐾 be 

𝛼-demicontractive self map. Suppose 𝐹: 𝐻 → 𝐻 is an 𝐿1-Lipschizian mapping. For any 𝑥1 ∈ 𝐻, 

let  {𝑥𝑛} be generated by 

𝑥𝑛+1 = 𝛽𝑛𝑥𝑛 + (1 − 𝛽𝑛)𝑇𝑦𝑛
𝜆𝑛+1

𝑦𝑛 = 𝑃𝐾[𝛾𝑛𝑥𝑛 + (1 − 𝛾𝑛)𝑇𝑥𝑛
𝜆𝑛+1]

}                                                                                     

where  

𝑇𝑥𝜆𝑛+1 = 𝑇𝑥 − 𝜆𝑛+1𝜇𝐹(𝑇𝑥), 𝜇 > 0 ∀𝑥 ∈ 𝐻, {𝛽𝑛}, {𝛾𝑛} ⊂ (0,1) and 𝜆𝑛 ⊂ (0,1) satisfy the 

following conditions: 

(v) 0 < 𝛽 < 𝛽𝑛 ≤ 𝛾𝑛 < 1 for some 𝛽 ∈ (0,1) 

(vi) ∑ (1 − 𝛽) = +∞∞
𝑛=1  

(vii) ∑ (1 − 𝛽𝑛)2 < +∞∞
𝑛=1  
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(viii) ∑ 𝜆𝑛 < +∞∞
𝑛=1  

Then,  

(d) lim
𝑛→∞

‖𝑥𝑛 − 𝛼𝑝‖ exists for each 𝑝 ∈ 𝐹(𝑇) 

(e) lim
𝑛→∞

‖𝑥𝑛 − 𝑇𝑥𝑛‖ = 0 

(f) {𝑥𝑛} converges strongly to a fixed point of  𝑇 if and only if lim
𝑛→∞

inf 𝑑(𝑥𝑛 , 𝐹(𝑇)) = 0. 

Remark: The proof follows since an 𝛼-demicontractive map is Lipschitizian and 𝛼-

hemicontractive. 
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