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Abstract. In this paper, we obtain Ciri¢ type fixed point theorems for continuous or non-continuous mappings

under c-distance on mapping-orbitally complete cone metric spaces over Banach algebras without normalities.
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1. INTRODUCTION AND PRELIMINARIES

Ciri¢! introduced and studied the follwoing quasicontraction as one of the most general
classes of contrative type mappings:
Let (X,d) is a complete space. f : X — X is said to be a quasicontracion if, for some k € (0, 1)

and for all x,y € X, one has

d(fx, fy) < kmax{d(x,y),d(x, fx),d(y, fy),d(x, [y),d(fx,y)}.

He proved that any quasicontration f has a unique fixed point on a complete metric space
(X,d). Recently, many researchers discussed and obtained various similar results on metric
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spaces, cone metric spaces and cone metric spaces over Banach algebras, for details, see [2-12].
These conclusions goodly generalize and improve Ciri¢’s fixed point theorem.

On the other hand, some authors discussed (common) fixed point problems under c-distance
on cone metric spaces, see [13-19] and others. Especially, Huang et all?0 and Huang et all2!]
discussed and obtained fixed point theorems for mappings under c-distance on cone metric
space over Banach algebras without normalities.

In this paper, we will discuss and obtain Ciri¢ type fixed point problems for continuous or
non-continuous mappings under c-distance on mapping-orbitally complete cone metric spaces
over Banach algebras without normalities.

Now, we give some known definitions and lemmas:

Let .o/ always be a Banach algebra, that is, .o is a real Banach space in which an operation
of multiplication is defined, subject to the following properties(for all x,y,z € &7, @ € R):

L. (xy)z =x(yz);

2. x(y+2z) =xy+axzand (x+y)z = xz+yz;

3. axy) = (ax)y = x(ay);

4 Ly <y 1l -

In this paper, we shall assume that a Banach algebra .« has a unit (i.e., a multiplicative
identity) e such that ex = xe = x for all x € 7. an element x € .7 is said to be invertible if there
is an inverse element y € A such that xy = yx = e. The inverse of x denoted by x~!. For more
detail, we refer to [22-24].

A subset P of a Banach algebra <7 is called a cone if

1. P is nonempty closed and {0,e} C P;

2. a P+ B P C P for all non-negative real numbers «.f3;

3.P2=PPCP;

4. PN (—P)={0}.

Where 0 denotes the null of the Banach algebra o7

For a given cone P C o/, we can define a partial ordering < with respect to P by x <y if and
only if y—x € P. x < y stand for x < y and x # y. While x < y sill stand for y — x € int P, where

int P denotes the interior of P. A cone P is called solid if int P # 0.
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The cone P is called normal if there is a number M > 0 such that for all x,y € o7

O<x<y=|x[[<M [yl

The least positive number satisfying the above is called the normal constant of P.

Here, we always assume that P is a solid and < is the partial ordering with respect to P.
Definition 1.1. [20, 21] Let X be a non-empty set. Suppose that the mapping d : X x X — &/
satisfies

1. 0 <d(x,y) for all x,y € X and d(x,y) = 0 if and only if x = y;

2. d(x,y) =d(y,x) for all x,y € X;

3.d(x,y) <d(x,z) +d(z,y) forall x,y,z € X.

Then d is called a cone metric on X and (X,d) is called a cone metric space(over a Banach
algebra o).

Remark 1.1. If &/ = E is a Banach space in Definition 1.1, then(X,d) is call a cone metric
space.

Definition 1.2. [21] Let (X, d) be a cone metric space over a Banach algebra 7, x € X and {x, }
a sequence in X. Then:

1. {x,} converges to x whenever for each ¢ € &/ with 0 < ¢ there is a natural number N such
that d(x,,x) < ¢ for all n > N. We denote this by lim,,_,e X, = x Or X, — X.

2. {x,} is Cauchy sequence whenever for each ¢ € &7 with 0 < ¢ there is a natural number
N such that d(x,,x,,) < ¢ for all n,m > N.

3. (X,d) is a complete cone metric space if every Cauchy sequence is convergent.
Definition 1.3. [17, 18, 22] Let P is a solid cone in a Banach space 7. A sequence {u,} C &/
is a c-sequence if for each ¢ > 0 there exists ny € N such that u,, < ¢ for all n > ny,.

Definition 1.4. [20, 21] Let (X,d) be a cone metric space over a Banach algebra. A function
q:X xX — o is called a c-distance on X. If

(q1) 6 <q(x,y) forall x,y € X;

(92) q(x,2) < q(x,y) +q(y,2) for all x,y,z € X;

(¢3) If a sequence {y,} in X converges to a point y € X, and for any x € X, there exists

u = uy, € P such that g(x,y,) < u holds for each n € N, then g(x,y) < u;
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(q4) For each ¢ € &7 with 6 < c, there exists e € ./ with 8 < e, such that g(z,x) < e and
q(z,y) < e implies d(x,y) < c.
Remark 1.2. [13, 15] Generally, g(x,y) # (y,x) for x,y € X, and g(x,y) = 0 is not necessarily
equivalent to x = y.
Definition 1.5. [12] Let (X,d) be a cone metric space over a Banach algebra o/, T : X — X a

mapping. For any x € X and any positive number #, let
Or(x,n) = {x,Tx,T%x,--- ,T"x}, Or(x,+o0) = {x,Tx,T?x,--- }.

The set Or(x,+o0) is called the T-orbit at x. (X,d) is said to be T-orbitally complete if, every
Cauchy sequence in Or(x, o) is convergent for every x € X.
Lemma 1.1. [22] Let .« be a Banach algebra with a unit e, and x € 7. If the spectral radius

r(x) of x is less than 1, i.e.,
1 1
r(x)=lim || X" ||* = inf || X" ||» < 1.
n—oo n—yoo
Then (e —x) is invertible. Actually,
too
(e—x)"! = Zx’.
i=0

Lemma 1.2. [22] Let P is a solid cone in a Banach algebra ./ and {u,} and {v,} be two c-
sequences in .o7. If k,I € P are two arbitarily given vectors, then {ku, + v, } is a c-sequence in
.

Lemma 1.3. [22] Let P be a solid cone in Banach algebra .7 and u,v,w € &7. If u <v < w,
then u < w.

Lemma 1.4. [11] Let P be a solid cone in a Banach algebra <7 and a,k € P with r(k) < 1. If
a <ka,thena=0.

Lemma 1.5. [12] If E is a real Banach space with a solid cone P and if || x, || = 0 as n — oo,
then for any 0 < c, there exists N € N such that x, < ¢ foralln > N.

Lemma 1.6. [23] If .o/ is a Banach algebra and k € ./ with r(k) < 1, then || k" || — 0 as n — co.
Lemma 1.7. [23] Let A be a Banach algebra and x,y € /. If x and y commute, then the
following hold:

@) r(xy) < r(x)r(y);
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(i) r(x+y) < r(x) +r(y);

(iii) [ r(x) = r(y) [< r(x—y).
Lemma 1.8. [24] Let (X,d) be a cone metric space over a Banach algebra «7, {x,} C X a
sequence. If {x,} is convergent, then the limits of {x,} is unique.
Lemma 1.9. [21]. Let (X, d) be a cone metric space over Banach algebra .27, g a c-distance on
X. Suppose that{x, } is a sequences in X and y,z € X. If {u, } and {v,} are two c-sequences in
P, then the following properties hold:

(1) If g(xp,y) < up and q(xn,z) < vy, Vn € N, then y = z. In particular, if g(x,y) = 0 and
q(x,z) =0, theny = z.

(2) If g(xp,%m) < u, for all m > n > ng, then {x,} is a Cauchy sequence in X.

2. CIRIC TYPE FIXED POINT THEOREMS UNDER c-DISTANCE

Theorem 2.1. Let (X,d) be a cone metric space over a Banach algebra, ¢ be a c-distance on X,

f:X — X be continuous on (X,d), k € P with r(k) < 1. Suppose that for each x,y € X,

q(fx, fy) <kv(x,y), (2.1)

where
v(x,y) € {q(x,y),q(x, fx),q(y, fy),q(x, fy)}. (2.2)

If X is f-orbitally complete, then f has a unique fixed point x* € X and g(x*,x*) = 0.
Proof. Forany x € X, Letx,, = f"xforalln=1,2,---, thenx, = fx,_; foralln=1,2,---(Here,
set xg = x).

First, we will prove that for each n > 2 and for all i, j such that 1 <i < j < n, one has
q(xi,x;) <k(1—k)"Tg(xo,x1). (2.3)
Ifn=2,theni=1,j=2. Hence

q(x1,x2) = q(fxo, fx1) < kv(xo,x1),
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where

v(x0,x1)
€ {q(x()?-xl)vq<x07fx0)7Q(xlvfxl)aq(x()?fxl)}

= {q(x0,x1),q(x1,%2),q(x0,%2) }.

If v(xg,x1) = q(x0,x1), then
q(x1,x2) < kq(xo,x1) < k(e—k) " q(xo,x1).
If v(xg,x1) = q(x1,x2), then
q(x1,%2) <kq(x1,x2) = (e —k)q(x1,%2) <0,

therefore
q(x1,%2) =0 < k(e—k)~" q(xo,x1).
If v(xg,x1) = q(x0,x2), then
q(x1,x2) < kgq(xo,x2) < klg(xo,x1)+q(x1,x2)],

hence
q(x1,x2) < k(e— k)_1 q(x0,x1).

Based on the above discussions, (2.3) is set up for n = 2.

Assume that (2.3) is true for n = m > 2, that is,

q(xi,xj) < k(e—k)*lq(xo,xl), 1<i<j<m.

(2.4)

(2.5)

Now, we will prove that (2.3) also holds forn =m+1. If 1 <i < j < m, then (2.3) holds by

the assumption ( i.e., by (2.5)). Thus, without loss of generality, we assume that j = m+ 1 and

1 <i<m.Denote i = iy. By (2.1),

q<xi07xm+1) - Q(fxiofhfxm) S kv(xioflaxm)v

where

v(-xi()—l 7xm) € {q(xio—l vxm)7Q<xi0—l 7-xi0)7 q(XM7xm+l)7q(xio—l 7xm+l)}-

Firstly, we consider that iy = 1.

(2.6)

(2.7)
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If v(xiy—1,%m) = d(x0,%n), then
q(Xig; Xm-+1)
<kgq(xo,%xm)
<k[q(x0,x1) +q(x1,%m)] (2.8)
<k [q(x0,x1) +k(e— k)" glxo,x1)]
=k (e — k) q(xo,x1),

and the statement follows.

If v(xjy—1,%m) = q(x0,x1), then
Q<xio,xm+1) S kCI(X(),X]) S k(e - k)71d<X(),X] )7 (29)

and the statement also holds.

If v(xiy—1,%m) = q(Xm,Xm+1), then we let ij = m and we have
q(Xig, Xm+1) < kq(xiy, Xpmi1)- (2.10)
If v(xig—1,%m) = q(x0,Xm+1), then
q(Xigs Xm+1) < kq(x0,Xm+1) < k[d(x0,x1) +d (Xig, Xim+1)],

which implies that
Q<xio,xm+1) Sk(e_k)ild@()axl)» (2‘11)

and the statement also holds.
Secondly, we consider that 2 < jp < m.

If v(xig—1,%m) = q(Xig—1,Xm) O V(Xiy—1,%m) = q(Xi,—1,%Xi,), then by the assumption,
q(Xig, Xm41) < kv(Xig—1,%m) < kz(e — k)_lq(xo,xl) <k(e— k)_lq(xo,xl), (2.12)

and the statement follows.
If v(Xig—1,%m) = q(XmsXms1) OF V(Xijy—1,%m) = q(Xiy—1,%m+1), then we let iy = m or i} =

iop— 1 > 1, respectively, hence

q(Xig, Xm+1) < kV(Xig—1,%m+1) = kq(Xiy, Xms1)- (2.13)
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In conclusion from discussion of both cases, it results that either the proof is complete, that
is
Q(xiovxm+l) Sk(e_k)_]q(x07x1)7 (214)7
or there exists an integer i; such that
q(Xig, Xm41) < kd(xi, Xmy1), 1 <ip <m. (2.15)
As for the latter situation, we continue in a similar way, and come to the result that either
q(xiy,xmr1) < k(e k)~ q(xo,x1), (2.16),
which implies that
q(XigsXm11) < kq(xiy,xmr1) <K (e — k)~ g(xo,x1) < k(e —k) " qlxo,x1), (2.17),
and the proof is complete, or there exists integer i such that
q(-xi17xm+1) SkQ(-xizaxm-i-]))Ell §12 §m7 (218)

which implies that

q(XigsXms1) < K2 q(xiy,Xms1),31 < ip <. (2.19)

Generally, if the procedure ends by the [-th step with / < m — 1, that is, there exist / + 1

integers
00,01, ,i1 €{1,2,--- ,m} (2.20)
such that
q(Xigs Xm1) < k(X Xmi1) < -+ <K q(xi,%m11), (2.21)
and
q(xipsXm1) < k(e —k) ™ g(xo,x1), (2.22)
then
q(Xig, Xmy1) < qu(xi,,xm+1) < K1 (e—k)*lq(xo,xl) < k(e—k)*lq(xo,xl). (2.23)

Hence, the proof is complete.

If the procedure continues more than m steps, then exist (m + 1) integers

i07i17"'7im€{1727"'7m} (224>
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such that
q(Xigs Xmr1) <kq(xip, Xmp1) <o <K g%, Xms1), (2.25)
From (2.24), there must exist integers p and g such that
0<p<qg<m, i,=i,. (2.26)
Hence by (2.25) and (2.26),
q(Xiy, Xmi1) < KTP q(xig, Xmr1) = kTP d(xi), Xm1), (2.27)

which implies that

(e—k?"P)q(xi,,xmr1) < 0.

Hence d(x;,, X +1) = 0 since r(k977) < (r(k))7"P < 1 implies that (e — k7" ") is invertible. From
(2.25) again,
q(XigsXms1) < KP q(xi, xme1) = 0 < k(e — k)~ q(xo,x1). (2.28)

Therefore, by induction, (2.3) holds.

For any 1 < m < n, denote that
C(m,n) = {q(xi,xj)|m <i< j<n}. (2.29)
From (2.1) and (2.2), for each u € C(m,n), there exists v € C(m — 1,n) such that
u<kv. (2.30)
Consequently, using (2.3) and (2.30), we obtain that
G, xn) < kuy <K uy <K V) <K"(e—k) " g(xo,x1), (2.31)
where
up € C(m—1,n),us € C(m—2,n)--- ,utp_1 € C(1,n),upm_1 < k(e —k) 1 q(xo,x1). (2.32)

Since r(k) < 1, k™(e —k)~'q(xo,x1) is a c-sequence by Lemma 1.2 and Lemma 1.5 - Lemma
1.6, which implies that {x, } is a Cauchy sequence by Lemma 1.9 and (2.31). Thus there exsits

x* € X such that x,, — x* as n — oo by the f-orbitally completeness of X.
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Since x,41 = fx, for all n and f is continuous about the metric d,
* : _ . _ %
X —’}glgoxn—kl —r}l_I)Igofxn = fx,
that is, x* is a fixed point of f. By (2.1) again,
q(x",x7) = q(fx", fx") <kv(x",x7) = kq(x",x"),

hence g(x*,x*) = 0 since r(k) < 1 implies that (e — k) is invertible.
If y* is also a fixed point of f, then fy* = y* and ¢(y*,y*) = 0 by the above discussion. By
(2.1) again,
q(x*,y*) = q(fx*, fy*) < kv(x*,y%),
where

v(x®,y") € {g(x",y"),0}.

Hence ¢(x*,y*) = 0 for any one of two cases, therefore x* = y* by Lemma 1.9. So f has a
unique fixed point.

Now, we once give another version of Theorem 2.1 under removing the continuity of f:
Theorem 2.2. Let (X,d) be a cone metric space over Banach algebra, ¢ be a c-distance on X,

f:X — X amapping, k € P with r(k) < 1. Suppose that for each x,y € X,

q(fx, fy) < ku(x,y), (2.33)

where
u(x,y) € {q(x,y),q(x, fx),q(x, fy)}. (2.34)

If X is f-orbitally complete, then f has a unique fixed point x* € X and g(x*,x*) = 0.
Proof. Repeating the proof of Theorem 2.1, we know that there exists a sequence {x,} in
X(Here, {x,} satisfies x, = fx,_; foralln =1,2,---) converging to a point x* € X. For any n,

by (2.33),
q(xn,fx*) = Q(fxn—hfx*) < ku('xn—laX*>7
where

u(-xnflr)C*) S {Q(xnfl»X*)aQ(xnflaxn%CI(xnfl:fX*)}-
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From (2.31) and Definition 1.4(g3), we have
G, x*) < K™(1—k) " Vd(xg,x1),Ym > 1. (2.35)
If u(x,—1,x*) = q(xp—1,x"), then

Q(xme*) < kq<xn—17X*)' (236)

If w(x,—1,x*) = q(xy—1,%,), then

q(n, fX7) < kq(xn—1,%0)- (2.37)

If w(x,—1,x*) = q(x,—1, fx"), then

q(xn, fx°) <kq(xn—1, fx") <klgq(xn—1,%0) + q(xn, fx7)],
hence
q(n, fx°) < k(e—k) " q(xn—1,%n). (2.38)

{q(xXm,xn) }n>m and {q(x,,x*)} are both c-sequences by (2.31) and (2.35) and Lemma 1.5-
Lemma 1.6, hence the right sides of inequalities in (2.35)-(2.38) are all c-sequences. Therefore

x* = fx* by Lemma 1.9(1). The rest is similar to the proof of Theorem 2.1.
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