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Abstract. In this work, we give some theorems on pseudo-almost automorphic solutions for some abstract

semilinear differential equations with uniform continuity. To facilitate this we give a new composition

theorem of Stepanov-like pseudo-almost automorphic functions. Since Sp-pseudo-almost automorphic

functions are more general and complicated than almost automorphic functions and Sp-pseudo-almost

periodic functions, our work improves the known results by making use of a uniform continuity condition

instead of the Lipschitz condition.
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1. Introduction

The qualitative theory of differential equations involving almost periodicity and al-

most automorphism has been an attractive topic for nearly a century because of their

significance and applications in areas such as physics and control theory. Consequently,

differential equations, partial differential equations, and functional differential equation-

s with the properties such as almost periodicity and almost automorphism have been
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of great interest to many authors and there is a vast literature on the subject(see, for

example, [1]-[12] and the references therein).

Recently, Xiao, Liang and Zhang [9] introduced a new concept of a function called

a pseudo-almost automorphic function. They established a general existence and u-

niqueness theorem for pseudo-almost automorphic mild solutions to some semilinear

abstract differential equations as well as solving a basic problem on the Banach space

(PAA(R,X), ‖ · ‖∞).

In this paper, we introduce and study the notion of Sp-pseudo-almost automorphy (or

Stepanov-like pseudo-almost automorphy), which generalizes the concepts such as pseudo-

almost automorphy and Sp-pseudo-almost periodicity. As applications, some existence

theorems for pseudo-almost automorphic solutions for abstract differential equations were

obtained. We notice that a Lipschitz condition is needed in the composition theorem

and its applications in abstract differential equations(see [3], Theorem 3.5). So it is

interesting and worthwhile to consider the same problem under a uniform continuity

condition instead of the Lipschitz condition. This seems reasonable and necessary since the

uniform continuity condition is the main condition needed for the composition theorems

of almost-automorphic functions and pseudo-almost automorphic functions(see [13]).

The aim of this paper is to give some theorems on stepanov-like pseudo-almost auto-

morphic (mild) solutions of the abstract semilinear differential equations

(1)
du(t)

dt
= Au(t) + f(t, u(t)), t ∈ R,

under a uniform continuity condition. For this purpose, we give a new composition

theorems for stepanov-like pseudo-almost automorphic functions, which improves the one

given in [13] because of Sp-pseudo-almost automorphic functions are more general and

complicated than almost automorphic functions.

Throughout the rest of the paper, we set q = 1 − 1
p
. Note that q 6= 0, as p > 1,

and we suppose that A : D(A) ⊂ X 7→ X is densely defined closed linear operator,

and the operator A is the infinitesimal generator of a compact C0-semigroup (T (t))t≥0,

which is exponentially stable. Namely, there exist some constants M, δ > 0 such that

‖T (t)‖ ≤Me−δt for every t ≥ 0.
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2. Preliminaries

Throughout this paper, we always assume that (X, ‖·‖) is a Banach space. LetBC(R,X)

(respectively, BC(R × X,X)) be the space of bounded continuous functions f : R → X

(respectively, f : R × X → X), and BC(R,X) equipped with the sup norm defined by

‖f‖ = sup
t∈R
‖f(t)‖, is a Banach space.

Definition 2.1 ([13]). (i) A continuous function f : R→ X is said to be almost automor-

phic if for each sequence of real numbers {sn}∞n=1, we can extract a subsequence {τn}∞n=1

such that g(t) = limn→∞ f(t + τn) is well-defined in t ∈ R, and limn→∞ g(t − τn) = f(t)

for each t ∈ R. Denote by AA(X) the set of all such functions.

(ii) A continuous function f : R×X→ X is said to be almost automorphic if f(t, x) is

almost automorphic in t ∈ R uniformly for all x ∈ K, where K is any bounded subset of X.

That is to say, for each sequence of real numbers {sn}∞n=1, we can extract a subsequence

{τn}∞n=1 such that g(t, x) = limn→∞ f(t+ τn, x) is well-defined in t ∈ R for all x ∈ K, and

limn→∞ g(t− τn, x) = f(t, x) for all t ∈ R and x ∈ K. Denote by AA(R×X) the set of all

such functions.

Remark 2.1. The function g in definition 2.1 is measurable, but not necessarily contin-

uous. If f is almost automorphic, then its range is relatively compact.

Define the classes of functions PAP0(X) and PAP0(R× Y) respectively as follows:

PAP0(X) := {f ∈ BC(R,X) : lim
r→∞

1

2r

∫ r

−r
‖f(s)‖ds = 0},

and PAP0(R× Y) is the collection of all functions F ∈ BC(R× Y,X) such that

lim
r→∞

1

2r

∫ r

−r
‖F (t, u)‖dt = 0

uniformly in u ∈ Y.

Define AA0(R× Y) as the collection of all functions F ∈ BC(R× Y,X) such that

lim
r→∞

1

2r

∫ r

−r
‖F (t, u)‖dt = 0

uniformly u ∈ K, where K ⊂ Y is any bounded subset.
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Obviously,

PAP0(R× Y) ⊂ AA0(R× Y).

Now we are ready to introduce the set PAA(X) (resp.,PAA(R×X)) of pseudo-almost

automorphic functions.

Definition 2.2 ([13]). A continuous function f : R 7→ X (resp., R × X 7→ X) is said to

be pseudo-almost automorphic if it can be decomposed as f = g + φ, where g ∈ AA(X)

(resp., AA(R × X)) and φ ∈ AA0(X) (resp., AA0(R × X)). Denoted by PAA(X) (resp.,

PAA(R× X)) the set of all such functions.

The functions g and φ in Definition 2.2 are called the almost automorphic and the

ergodic perturbation components of f , respectively. Moreover, the decomposition g+φ of

f is unique, and AA0(X) (resp., AA0(R× X)) and PAA(X) (resp., PAA(R× X)) are all

Banach spaces with the norm inherited from BC(R,X) (resp., BC(R× X,X)) (see [14]).

Definition 2.3 ([15]). The Bocher transform f b(t, s), t ∈ R, s ∈ [0, 1] of a function

f : R 7→ X is defined by f b(t, s) := f(t+ s).

Definition 2.4 ([3]). Let p ∈ [1,∞). The space BSp(X) of all Stepanov bounded func-

tions, with the exponent p, consists of all measurable functions f : R → X such that

f b ∈ L∞(R;Lp((0, 1),X)). This is a Banach space with the norm ‖f‖Sp := ‖f b‖L∞(R,Lp) =

supt∈R(
∫ t+1

t
‖f(τ)‖pdτ)

1
p .

Definition 2.5 ([16]). The space ASp(X) of Stepanov-like almost automorphic func-

tions consists of all f ∈ BSp(X) such that f b ∈ AA(Lp(0, 1),X). That is, a function

f ∈ Lploc(R;X) is said to be Sp-almost automorphic if its Bochner transform f b : R →

Lp((0, 1),X) is almost automorphic in the sense that for every sequence of real numbers

(s′n)n∈N , there exist a subsequence (sn)n∈N and a function g ∈ Lploc(R;X) such that

[

∫ t+1

t

‖f(sn + s)− g(s)‖pds]
1
p → 0, and

[

∫ t+1

t

‖g(s− sn)− f(s)‖pds]
1
p → 0, as n→∞ pointwise on R.
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Definition 2.6 ([3]). A function F : R×Y 7→ X with F (·, u) ∈ Lploc(R;X) for each u ∈ Y,

is said to be Sp-almost automorphic in t ∈ R uniformly in u ∈ Y if t 7→ F (t, u) is Sp-

almost automorphic for each u ∈ Y, that is, for every sequence of real numbers (s′n)n∈N,

there exist a subsequence (sn)n∈N and a function G(·, u) ∈ Lploc(R;X) such that

[

∫ t+1

t

‖F (sn + s, u)−G(s, u)‖pds]
1
p → 0, and

[

∫ t+1

t

‖G(s−sn, u)−F (s, u)‖pds]
1
p → 0, as n→∞ pointwise on R for each u ∈ Y.

The collection of those Sp-almost automorphic functions F : R× Y 7→ X will be denoted

by ASp(R× Y).

Definition 2.7 ([3]). (i) A function f ∈ BSp(X) is called Sp-pseudo-almost automor-

phic if it can be expressed as f = h + ϕ, where hb ∈ AA(Lp((0, 1),X)) and ϕb ∈

AA0(L
p((0, 1),X)). The collection of such functions will be denoted by PAAp(X).

(ii) A function F : R × Y 7→ X is called Sp-pseudo-almost automorphic if there exist

two functions H,Φ : R×Y→ X such that F = H + Φ, where Hb ∈ AA(R×Lp((0, 1),X))

and Φb ∈ AA0(R × Lp((0, 1),X)). The collection of such functions will be denoted by

PAAp(R× Y).

Example 2.1. Let l∞(X) be the space of all two-sided bounded sequences with values in

the Banach space X equipped with the sup norm defined by

‖x‖∞ = sup
n∈Z
‖xn‖ for all x = (xn)n∈Z.

Define the space pap0(X) by

pap0(X) = {x = (xn)n∈Z ∈ l∞(X) : lim
n→+∞

1

2n

n∑
k=−n

‖xk‖ = 0}.

It is well-known that a sequence x = (xn)n∈Z ∈ pap0(X) if there exists a function ϕ ∈

pap0(X) such that xn = ϕ(n) for all n ∈ Z, see [5]. Fix ε0 ∈ (0, 1). Let g be any X-valued

almost automorphic function , but not almost periodic. Clearly, g ∈ AA(X) ⊂ ASp(X) for

p > 1 and g 6∈ AP (X). Let b = (bn)n∈Z ⊂ pap0(X) and suppose b is not the zero sequence.
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Let ϕ be the function defined by

ϕ(t) =


bn, if t ∈ (n, n+ ε0),

0, otherwise.

Then ϕb ∈ pap0(Lp((0, 1),X)) for p > 1. The function f defined by f = g+ϕ ∈ PAAp(X)

while f 6∈ PAPSp(X).

From the Example 2.1, we can follow that Sp-pseudo-almost automorphic functions are

more general and complicated than Sp-pseudo-almost periodic functions.

3. Composition theorem

In this section, we give a composition theorem for Stepanov-like pseudo-almost automor-

phic functions under uniform continuity condition. Let us give the following assumptions:

(H1) f(t, ·) is uniformly continuous in each bounded subset K ⊂ Y uniformly for t ∈ R.

More explicitly, given ε > 0 and K ⊂ Y bounded, there exists λ > 0 such that,

x, y ∈ K and ‖x− y‖ < λ imply that ‖f(t, x)− f(t, y)‖ < ε for all t ∈ R.

(H2) For each bounded subset J ⊂ Y, {f(·, u) : u ∈ J} is bounded in BSp(X).

(H3) faa(t, ·) is uniformly continuous in any bounded subset K ⊂ Y uniformly for t ∈ R,

where f ∈ PAA(R× X) and faa is the almost automorphic components of f .

(H4) The function f ∈ PAAp(R× X) ∩ C(R× X,X) for p > 1.

(H5) Let {un} ⊂ PAA(X) be uniformly bounded in R and uniformly convergent in each

compact subset of R. Then f(·, un(·)) is relatively compact in BSp(X).

(H6) There exists L > 0 such that

SL := sup
t∈R,‖u‖≤L

(

∫ t+1

t

‖f(σ, u)‖pdσ)
1
p ≤ L

M( e
δq−1
qδ

)
1
q
∑∞

n=1 e
−δn

.

The following lemma will be used in the proof of the composition theorem.

Lemma 3.1. [8] Suppose f ∈ BSp(X). Then, f b ∈ PAP0(L
p((0, 1),X)) if and only if for

any ε > 0,

lim
T→∞

1

2T
mes(MT,ε(f)) = 0,
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where mes(·) denote the Lebegue measure and MT,ε(f) = {t ∈ [−T, T ] : (
∫ t+1

t
‖f(σ)‖pdσ)

1
p ≥

ε}.

Theorem 3.1. Let f : R×Y 7→ X be a Sp-pseudo-almost automorphic function. Assume

that (H1)-(H3) hold. If φ ∈ PAA(Y), then f(·, φ(·)) ∈ PAAp(X).

Proof. Let f = faa+h, where f baa ∈ AA(R×Lp((0, 1),X)) and hb ∈ AA0(R×Lp((0, 1),X)).

Similarly, φ = h1 + h2, where h1 ∈ AA(Y) and h2 ∈ PAP0(Y). Let f(t, φ(t)) =

faa(t, h1(t)) + f(t, φ(t))− f(t, h1(t)) + h(t, h1(t)).

Set

Λ1(t) = faa(t, h1(t)),Λ2(t) = f(t, φ(t))− f(t, h1(t)),Λ3(t) = h(t, h1(t)).

Now we show that Λb
1 ∈ AA(Lp((0, 1),X)), Λb

2 ∈ PAP0(L
p((0, 1),X)) and Λb

3 ∈ PAP0(L
p((0, 1),X)).

We first show that Λb
1 ∈ AA(Lp((0, 1),X)). Suppose that {sn} is a sequence of real

numbers. Then we can extract a subsequence {τn} of {sn} such that

(i) (
∫ t+1

t
‖faa(s+ τn, x)− g(s, x)‖pds)

1
p → 0, as n→∞,

(ii) (
∫ t+1

t
‖g(s− τn, x)− faa(s, x)‖pds)

1
p → 0, as n→∞,

(iii) limn→∞ h1(t+ τn) = ψ(t), for each t ∈ R,

(iv) limn→∞ ψ(t− τn) = h1(t), for each t ∈ R.

If we define G(t) : R→ X as G(t) = g(t, ψ(t)). Hence

‖Λ1(t+τn)−G(t)‖ ≤ ‖faa(t+τn, h1(t+τn))−faa(t+τn, ψ(t))‖+‖faa(t+τn, ψ(t))−g(t, ψ(t))‖.

Since h1(t) is almost automorphic, h1(t) and ψ(t) are bounded. So we can choose a

bounded subset K ⊂ Y such that h1(t) ⊂ K,ψ(t) ⊂ K for all t ∈ R. Therefore, (iii) and

(H3) yield that

(

∫ t+1

t

‖faa(s+ τn, h1(s+ τn))− faa(s+ τn, ψ(s))‖pds)
1
p → 0, as n→∞,

Moreover, from (i), it follows that

(

∫ t+1

t

‖faa(s+ τn, ψ(s))− g(s, ψ(s))‖pds)
1
p → 0, as n→∞.
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Hence, we deduce that

(

∫ t+1

t

‖Λ1(s+ τn)−G(s)‖pds)
1
p → 0, as n→∞.

Using the same argument, we can prove that (
∫ t+1

t
‖G(s−τn)−Λ1(s)‖pds)

1
p → 0, as n→

∞. This proves that Λb
1 ∈ AA(Lp((0, 1),X)).

We next show that Λb
2 ∈ PAP0(L

p((0, 1),X)). Let J ⊂ Y be bounded such that

φ(R), h1(R) ⊂ J . It is easy to get from (H2) that Λ2 ∈ BSp(X). By (H1), for ε > 0, there

exists λ > 0 such that u, v ∈ J and ‖u− v‖ < λ imply that ‖f(t, u)− f(t, v)‖ < ε for all

t ∈ R, and then

(

∫ t+1

t

‖f(σ, u)− f(σ, v)‖pdσ)
1
p < ε, t ∈ R.

Hence, for each t ∈ R, ‖h2(σ)‖ < λ, σ ∈ [t, t+ 1] implies that

(

∫ t+1

t

‖Λ2(σ)‖pdσ)
1
p = (

∫ t+1

t

‖f(σ, φ(σ))− f(σ, h1(σ))‖pdσ)
1
p < ε.

Let M(T, λ, h2) = {t ∈ [−T, T ] : ‖h2(σ)‖ ≥ λ}. So we get

MT,ε(Λ2) = MT,ε(f(·, φ(·))− f(·, h1(·))) ⊂M(T, λ, h2).

Since h2 ∈ PAP0(Y), by an argument similar to the proof of Lemma 1.1 in [17], we can

obtain that limT→∞
1
2T
mes(M(T, λ, h2)) = 0. Thus limT→∞

1
2T
mes(MT,ε(Λ2)) = 0.

This implies that Λb
2 ∈ PAP0(L

p((0, 1),X)) by Lemma 3.1.

The left task is to prove Λb
3 ∈ PAP0(L

p((0, 1),X)). Since h1 ∈ AA(Y) and f baa ∈

AA(R × Lp((0, 1),X)), h1(R) is compact and f baa is uniformly continuous in R × h1(R).

By an argument similar to the proof of Lemma 1.1 in [8], we can obtain that Λb
3 ∈

PAP0(L
p((0, 1),X)). The proof is complete.

Remark 3.1. (i) Theorem 3.1 improves the composition theorem given in [13] since

PAA(X) ⊂ PAAp(X) for p > 1(see [3], Theorem 3.2).

(ii) Theorem 3.1 improves Theorem 3.5 in [3]. In fact, the following Lipschitz condition

for F ∈ PAAp(R× Y), is necessary for the composition theorem in [3]:

‖F (t, u)− F (t, v)‖ ≤ L‖u− v‖ for all u, v ∈ Y, t ∈ R. (3.1)
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It is easy to verify that (3.1) implies the conditions (H1-H3). On the other hand, Ex-

ample 4.1 at the end of this paper shows that there are functions satisfying the conditions

(H1-H3) but not satisfying (3.1).

4. Semilinear differential equations

Consider the semilinear differential equations

(1)
du(t)

dt
= Au(t) + f(t, u(t)), t ∈ R,

where f ∈ PAAp(X) ∩ C(R× X,X).

The following Lemma will be used in the proof of our main results in this section

Lemma 4.1. [3] Assume that the C0-semigroup (T (t))t≥0 associated with A is exponen-

tially stable. If (H4) hold, then equation

(2)
du(t)

dt
= Au(t) + f(s), t ∈ R,

has a unique mild solution u ∈ PAA(X) given by

(3) u(t) =

∫ t

−∞
T (t− s)f(s)ds, t ∈ R.

Theorem 4.1. Assume that the C0-semigroup (T (t))t≥0 associated with A is exponentially

stable. If (H1)-(H6) hold. Then equation (1) has a mild solution u ∈ PAA(X) such that

‖u‖ = supt∈R ‖u(t)‖ ≤ L.

Proof. It is easy to see that each mild solution u to (2) is given by

u(t) =

∫ t

−∞
T (t− s)f(s, u(s))ds, t ∈ R.

Let B = {u ∈ PAA(X) : ‖u‖ ≤ L}. Clearly B is closed convex. Now consider the

nonlinear operator on BC(R,X) defined by

(V y)(t) =

∫ t

−∞
T (t− s)f(s, y(s))ds, t ∈ R.

We only need to prove that the existence of fixed points of V in B, and this can be

approached by Schauder’s fixed point theorem. By assumption (H1), it is easy to verify

that V is continuous. In fact, let {un} ⊂ BC(R,X), un → u in BC(R,X), as n → ∞.
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We may find a bounded subset K ⊂ X such that un(t), u(t) ∈ K for t ∈ R, n = 1, 2, · · · .

By assumption (H1), given ε > 0 there exists λ > 0 such that x, u ∈ K and ‖x− u‖ < λ

imply that

‖f(t, x)− f(t, u)‖ < δε

M
for all t ∈ R.

. For the above λ > 0, there exists N such that ‖un(t)− u(t)‖ < λ for n > N and t ∈ R.

Then ‖f(t, un(t))− f(t, u(t))‖ < δε
M

for n > N , and t ∈ R. Hence, for n > N , and t ∈ R,

we have

‖(V un)(t)− (V u)(t)‖

= ‖
∫ t

−∞
T (t− s)[f(s, un(s))− f(s, u(s))]ds‖

<

∫ t

−∞
Me−δ(t−s)

δε

M
ds

< ε.

First, for u ∈ B and t ∈ R, by (H6), we have

‖(V u)(t)‖ = ‖
∫ t

−∞
T (t− s)f(s, u(s))ds‖

≤
∞∑
n=1

‖
∫ t−n+1

t−n
T (t− s)f(s, u(s))ds‖

≤
∞∑
n=1

∫ t−n+1

t−n
Me−δ(t−s)‖f(s, u(s))‖ds

≤
∞∑
n=1

M(

∫ t−n+1

t−n
e−qδ(t−s)ds)

1
q (

∫ t−n+1

t−n
‖f(s, u(s)‖pds)

1
p

≤
∞∑
n=1

M(
eδq − 1

qδ
)
1
q e−δnSL

≤ L,

which shows that ‖V u‖ ≤ L for u ∈ B.

Next, let u(·) ∈ PAA(X). From Theorem 3.1 and (H4), it follows that f(·, u(·)) ∈

PAAp(X). It is easy to check that f(·, u(·)) ∈ C(R × X,X). Applying Lemma 4.1, it is

follows that the operator V maps PAA(X) to PAA(X), Therefore, we have V (B) ⊂ B.

Now we show that the following statements are true.



268 RONG-HUA HE∗

(i) {(V u)(t) : u ∈ B} is relatively compact subset of X for each t ∈ R.

(ii) {(V u)(t) : u ∈ B} ⊂ PAA(X) is equicontinuous.

To prove (i), let u(·) ∈ PAA(X), it is easy to deduce that f(·, u(·)) ∈ PAAp(X). Given

0 < ε < 1, let

(Vεu)(t) =

∫ t−εq

−∞
T (t− s)f(s, u(s))ds

= T (εq)

∫ t−εq

−∞
T (t− εq − s)f(s, u(s))ds

= T (εq)((V u)(t− εq)),

which implies {(Vεu)(t) : u ∈ B} is relatively compact in X for each t ∈ R since T (εq) is

compact. By(H6), for each u ∈ B we have

‖(V u)(t)− (Vεu)(t)‖ = ‖
∫ t

t−εq
T (t− s)f(s, u(s))ds‖

≤M

∫ t

t−εq
e−δ(t−s)‖f(s, u(s))‖ds

≤M(

∫ t

t−εq
e−δq(t−s)ds)

1
q (

∫ t

t−εq
‖f(s, u(s))‖pds)

1
p

≤M(εq)
1
qSL = MSLε,

from which it follows that {(V u)(t) : u ∈ B} is relatively compact subset of X for each

t ∈ R.

To prove (ii), suppose that u ∈ B,−∞ < t1 < t2 < +∞ and 0 < ε < 1 such that

ρ , (
ε

6MSL
) ≤ 1.

Let (V1u)(t2)− (V1u)(t1) = I1 + I2 + I3, where

I1 =

∫ t1−ρ

−∞
(T (t2 − s)− T (t1 − s))f(s, u(s))ds,

I2 =

∫ t1

t1−ρ
(T (t2 − s)− T (t1 − s))f(s, u(s))ds,

I3 =

∫ t2

t1

T (t2 − s)f(s, u(s))ds.
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Since (T (t))t≥0 is a C0-semigroup and T (t) is compact for t > 0, there exists λ = λ(ε, ρ) <

ρ such that t2 − t1 < λ implies that

‖T (
t

2
)− T (

t

2
+ t2 − t1)‖ ≤

ε

η
for t > 0,

where

η = 3MSL(
2(e

δq
2 − 1)

δq
)
1
q

∞∑
n=1

e
−δ(n+ρ)

2 .

Here

I1 =

∫ ∞
ρ

(T (t2 − t1 + t)− T (t))f(t1 − t, u(t1 − t))dt,

=

∫ ∞
ρ

(T (t2 − t1 +
t

2
)− T (

t

2
))T (

t

2
)f(t1 − t, u(t1 − t))dt.

By (H6) we then have

‖I1‖ ≤
ε

η
M

∫ ∞
ρ

e
−δt
2 ‖f(t1 − t, u(t1 − t))‖dt

=
ε

η
M

∞∑
n=1

∫ n+ρ

n−1+ρ
e
−δt
2 ‖f(t1 − t, u(t1 − t))‖dt

≤ ε

η
M

∞∑
n=1

(

∫ n+ρ

n−1+ρ
e
−δtq

2 dt)
1
q (

∫ n+ρ

n−1+ρ
‖f(t1 − t, u(t1 − t))‖pdt)

1
p

≤ ε

η
MSL

∞∑
n=1

(

∫ n+ρ

n−1+ρ
e
−δtq

2 dt)
1
q

=
ε

η
MSL(

2(e
qδ
2 − 1)

qδ
)
1
q

∞∑
n=1

e
−δ(n+ρ)

2 =
ε

3

and

‖I2‖ ≤
∫ t1

t1−ρ
(Me−δ(t2−s) +Me−δ(t1−s))‖f(s, u(s))‖ds

≤M(

∫ t1

t1−ρ
(e−δ(t2−s) + e−δ(t1−s)))qds)

1
q (

∫ t1

t1−ρ
‖f(s, u(s))‖pds)

1
p

≤ 2Mρ
1
qSL = 2M((

ε

6MSL
)q)

1
qSL =

ε

3
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and

‖I3‖ ≤
∫ t2

t1

Me−δ(t2−s)‖f(s, u(s))‖ds

≤M(

∫ t2

t1

e−δ(t2−s)qds)
1
q (

∫ t2

t1

‖f(s, u(s))‖pds)
1
p

≤Mλ
1
qSL < Mρ

1
qSL =

ε

6
.

Hence, for u ∈ B and t2 − t1 < λ, we get

‖(V u)(t2)− (V u)(t1)‖ ≤ ‖I1‖+ ‖I2‖+ ‖I3‖ < ε.

This implies that the statement (ii) is true. Now using (H5), by argument the same as

the proof of ([17], Theorem 3.1), we can prove that V has a fixed point in coV (B) (here

we omit the details). That is (1) has a mild pseudo almost antomorphic solution u ∈ B.

The Proof is complete.

Theorem 4.2. Let u(t) be a mild pseudo almost antomorphic solution of (1), and suppose

that

(4) f(t, u(t)) ∈ D(A) for t ∈ R, Af(·, u(·)) ∈ L1(R,X)).

Then u(t) is a pseudo almost antomorphic solution of (1).

Proof. Since u(t) be a mild pseudo almost antomorphic solution of (1),

u(t) =

∫ t

−∞
T (t− s)f(s, u(s))ds.

By condition (4),

d+u(t)
dt

= limh→0+

1

h
(u(t+ h)− u(t))

= limh→0+ [

∫ t

−∞

1

h
(T (t+ h− s)− T (t− s))f(s, u(s))ds

+
1

h
[

∫ t+h

t

T (t+ h− s)f(s, u(s))ds]

=

∫ t

−∞

1

h
T (t− s)f(s, u(s))ds+ f(t, u(t)).
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This shows that d+u(t)
dt

is continuous, and then u(t) is continuously differentiable in t ∈ R.

Noticing that A is closed,

u′(t) = Au(t) + f(t, u(t)).

That is, u(t) is a pseudo almost antomorphic solution of (1).

To conclude this paper, we give an example involving the heat equation

Example 4.1. Consider the following heat equation given by the system ∂u
∂t
u(t, x) = ∂2u

∂2x
u(t, x) + xsin 1

cos2t+cos2πt
+ φ(t)sinx,

u(t, 0) = u(t, 1) = 0, t ∈ R
(4.1)

Let X = L2(0, 1), and define A : X → X by Au(·) = u′′(·) with domain D(A) := {u(·) ∈

X : u′′ ∈ X, u(t, 0) = u(t, 1) = 0}.

It is well known that A is the infinitesimal generator of compact C0-semigroup T (t)t≥0

satisfying ‖T (t)‖ ≤ e−t, t ≥ 0 for t ≥ 0.

Write

f(t, u(t)) = u(t)sin
1

cos2t+ cos2πt
+ φ(t)sinu(t),

φ(t) = max
k∈Z
{e−(t±k2)2}.

for (t, u(t)) ∈ R× X.

It is not hard to verify that f ∈ PAAp(R × X) and f satisfying (H1)-(H6) with L =

2,M = 1, δ = 1. Then, by Theorem 4.2, the above heat equation has a pseudo-almost

automorphic mild solution u ∈ PAA(X) such that ‖u‖ = supt∈R ‖u(t)‖ ≤ 2.

However, it is obvious that f is not Lipschitz continuous. As a result, ([3], Theorem

4.2)is not applicable.
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