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Abstract: In this paper, we extend the concept of generalized (a,f)-quasi contraction and obtain some fixed point
theorems for such contractions on b-metric like spaces. We introduce the notion of a pair of generalized
(0 B)-Geraghty type contractive mappings and establish some new common fixed point theorems satisfying a pair of
generalized (o, f)-Geraghty type contractive mapping in complete b-metric-like space. Examples are included to
illustrate that our result is a proper generalization of previous results. An application is also provided.
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1. INTRODUCTION AND PRELIMINARIES

In 1922 the Banach contraction principle [1]. was appeared in explicit form in Banach's thesis to
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be a fundamental result in metric fixed point theory, which has applications in many branches of
mathematical analysis. Later, Banach contraction principle was improved and generalized in
different spaces. Many authors obtained interesting generalized results of the classical Banach
contraction principle in metric spaces see[3, 4, 6, 7, 8, 12, 14, 15]. On the other hand, in 1993,
the concept of a b-metric space was introduced by Czerwik [5] as generalization of the metric
space with introducing new fixed point results, Pant and Panicker [2] extended some fixed point
theorems from metric spaces to b-metric spaces. In 2013, Alghamdi et al [9] generalized the
notion of a b-metric space by introduction of the concept of a b-metric-like space and proved
some related fixed point results. After that, Hussain et al. [10], Chen et al [11] and Aydi et al. [13]
proved some fixed point theorems in the setting of b-metric-like spaces. Geraghty [12] and Ciri¢
[3] obtained two important results which generalized the Banach Contraction principle in metric
spaces. Pant and Panicker [2] extended results of Geraghty and Cirié. [12, 3] and established new
fixed point theorems for such contractive mappings in b-metric spaces.
In this paper, we extend and generalize the results of Pant and Panicker [2] into Generalized
(o, p)-Geraghty type contractive and (a,/)-quasi contractive mappings in b-metric-like spaces.
Definition 1.1 [5]. Let X be a non-empty set and d: XxX—/0,o0) be a function. Then d is called a
b-metric on X, if for all x,y,z € X;
(1) d(x,y) =0ifand only if x =y;
(2) d(x.y) = d(y.x);
(3) d(x,y )< s[d(x,z) +d(z,y) ], where s>1.
Definition 1.2 [9]. Let X be a non-empty set and d:XxX— [0,0) be a function, called a
b-metric-like if there exists a real number s > 1 such that the following conditions hold for every
X,Y,Z € X,
(1) d(x,y) =0thenx =vy;
(2) d(x,y) = d(y.x);
(3) d(x,y) < s[d(x,z) +d(z,y) ]
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Example 1.3 [13]. Let X = [0,00) and d:XxX—[0,00) defined by d(x,y) = (x3+y%)?, then (X,d) is a
b-metric-like space with s = 2, but is not a b-metric space since d(1,1) = 4.
Definition 1.4 [3, 6]. Let X be a metric space and T:X — X be a self-mapping. For A €X, let 6(A)
=sup{ d(a,b): a,p € A} and for each x € X, let O(x,n) = { x,Tx,T*,...,T"x }, n = 0,1,2,..., O(x,)
= { X, Tx,T2,...}. The set O(x,») is called the orbit of T and the metric space X is said to be
T-orbitally complete, if every Cauchy sequence in O(x,o) is convergent in X.

Definition 1.5 [9]. Let (X,d) be a b-metric-like space, {xn} be a sequence in X, and x € X. The

sequence { x» } converges to x if and only if lim d(x,, x) = d(x, x).
n—oo

Remark 1.6 [9]. In a b-metric-like space, the limit for a convergent sequence is not unique in
general.
Definition 1.7 [9]. Let (X,d) be a b-metric-like space and {xn} be a sequence in X. We say that

{xn} is Cauchy ifand only if lim d(x,, x,,) existsand is finite.
n,m—oo

Definition 1.8 [9]. Let (X,d) be a b-metric-like space. We say that (X,d) is complete if and only if
each Cauchy sequence in X is convergent.

Definition 1.9 [14]. Let a. XxX — [0,0) be a functional. A mapping 7: X — X is said to be
a-admissible, if for all x,y € X, a(x,y) =1 implies a(Tx,Ty) >1.

Definition 1.10 [15]. The mapping 7: X—.X is said to be triangular a-admissible, if for all x,y,z €
X,

(1) a(x,y)=1 implies o(Tx,Ty)=1;

(ii) a(x,z)=1 and a(z,y)=1 implies a(x,y)>1.

Definition 1.11. [8]. Let §,7: X—X and a: XxX—[0,0). We say that the pair (S,T) is
a-admissible if x,y € X such that a(x,y)=1, then we have a(Sx,Ty)=>1 and a(Tx,Sy)=>1.

Definition 1.12. [8]. Let §,7: X—X and a: XxX—[0,0). We say that a pair (S,T) is triangular
a-admissible if

() a(x,y)=1, implies a(Sx,Ty)=1 and a(Tx,Sy)=1, X,y € X.

(i) a(x,z) =1,and a(z,y) =1, implies a(x,y) =1, Xx,y,z € X.

Theorem 1.13 [3]. Let X be a T-orbitally complete metric space and 7: X—X be a
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quasi-contraction, that is, there exists a real number q € [0,1) such that for all x,y € X,

d(Tx, Ty) < g.m(x,y),
where

m(x,y) = max{d(x,y),d(x,Tx),d(y, Ty),d(x,Ty),d(y, Tx)}.
Then T has a unique fixed point x” € X.
Theorem 1.14 [6]. Let X be a T-orbitally complete metric space and 7:X—.X be a generalized
quasi-contraction, that is, there exists a real number g€ [0,1) such that for all x,y € X,
d(Tx,Ty)<q.M(x,y),
where,
M(x,y) = max{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx),d(T?x,x),d(T2x,Tx),d(T2x,y),d(Tx,Ty)}.

Then T has a unique fixed point X" € X.
Theorem 1.15 [12]. Let (X,d) be a complete metric space and 7: X—X be a mapping such that
for all x,y € X,

d(Tx,Ty)< £ (d(x.y))d(x.y),
where f: [0,00)—[0,1) is a function satisfying f(t)—1 implies t,—0 as n—oo. Then T has a unique
fixed point x” € X.
Definition 1.16. [2]. Let X be a b-metric space. A mapping 7: X—X is said to be generalized «a

-quasi contraction, if there exists a functional a: X xX—[0,00) and < Si such that

a(x,y)d(Tx,Ty)<qM(x,y),
where
M(x,y) = max{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y, Tx),d(T2x,x),d(T2x,Tx),d(T2x,y),d(T2x,Ty)}
Lemma 1.17. [2]. Let X be a b-metric space and 7: X—.X be a generalized a-quasi contraction
satisfying the following conditions:
(A) T is triangular a-admissible;
(B) there exists x, € X such that a(x,,TX,) =1. Then for all positive integers i,j € {1,2,---,n},(i <}J)

d(T X0, T Xg) < q.0[0(X,N)].
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Theorem 1.18 [2]. Let X be a T-orbitally complete b-metric space (with constant s > 1) and T:

X—X a generalized a-quasi contraction satisfying conditions (A) and (B) of Lemma 1.14. Then T
has a fixed point in X.
Definition 1.19 [7]. Let X be a b-metric space, 7: X—X and a,5: XxX—[0,20). The mapping T is
said to be an (o,f)-admissible mapping, if a(x,y)=1 and p(x,y)=1 implies a(Tx,Ty)=>1 and
S(Tx,Ty)=1 for all x,yeX.
Definition 1.20 [7]. Let o,8: XxX—[0,20). A b-metric space X is (o,f)-regular, if {xn} is a
sequence in X such that xn = X € X, a(xn,Xn+1)=1 and S(Xn,Xn+1) =1 for all n and there exists a
subsequence {xn} of {Xn} such that a(Xnk,Xnk+1) =1, o(Xnk,Xnk+1)=1 for all k € N. Also a(x, Tx)>1,
Lx, Tx)>1.
Definition 1.21 [2]. Let X be a b-metric space, 7: X—X and a,f: X*xX—[0,20). A mapping T is
said to be (a,f)-Geraghty type contractive mapping, if there exists 6 € ® such that for all X,y € X,
we have:

a(x, TX)B(Y, Ty)w(s“d(Tx,Ty)) < Oy (N(x.y))w(N(x.y)),
where,

d(x,Ty)+d(y,Tx)
2s

N(x.y) = max{d(x,y),d(x,Tx),d(y.Ty), }

and y € Y. However the following class of functions are defined as

(1) ® is a family of functions 8: [0,00)—[0,1) such that for any bounded sequence {tn} of positive
reals, 6(tn)—1 implies th—0;

(2) ¥ is a family of functions y: [0,00)—[0,%0) such that y is continuous, strictly increasing and
w(0) =0.

Theorem 1.22 [2]. Let (X,d) be a complete b-metric space, 7: X—X and a,f: XxX—[0,).
Suppose the following conditions hold:

(A) T is an (a,f)-admissible mapping;

(B) T is an (a,p)-Geraghty type contractive mapping;

(C) there exists x, € X such that a(x,,Txy) > 1 and f(xp,TXg) > 1;

(D) either T is continuous or X is (o, 5)-regular. Then T has a unique fixed point.
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2. GENERALIZED (a,ﬂ)-GERAGHTY TYPE CONTRACTIVE MAPPING
In this section we obtain some common fixed point theorems for a pair of generalized
(a,p)-Geraghty type contractive mappings in complete b-metric-like spaces.
Definition 2.1. [16]. Let X be a non-empty set, S,7- X—X be two mappings and a,5: X xX—[0,0)
be functions such that (S, 7) is called a pair of (a,f)-admissible mappings, if V x,y €X.

a(x,y) > 1 and p(x,y) > 1

implies,

a(Sx,Ty) > 1, a(Tx,Sy) > 1 and B(Sx, 1) > 1, f(Tx,Sy) > 1.
Example 2.2. Let X = [0,0), and define the self mappings S,7 : X—X and o,/ : XxX—[0,0) by
Sx=2x, Tx=x? V'x,y €X,

e, ifx,y>0

a?, ifx,y>0,a>1
0, otherwise '

0, otherwise

)= | and pey) =]
Then the pair (§,7) is (a,f)-admissible

Definition 2.3. Let (X,d) be a b-metric-like space and a,f : X*X— [0,00). X is said to be
(a,p)-regular, if {x,} 1s a sequence in X such that x,—x € X, a(xs, x,+1) > 1 and f(xn, x4+1) > 1V
n€ NV and there exists a subsequence {xux} of {x,} such that a(xu, xu+1) > 1, Bk, Xni+1) > 1V
kEN. Also a(x,Sx) > 1 and S(x,Tx) > 1.
Definition 2.4. Let X be a b-metric-like space, S,7 : X—X be two mappings and a,f :X*X—[0,0)
be two functions. Then (S,7) is called a pair of generalized (a,f)-Geraghty type contractive
mappings, if 70 € © and y € V¥ such that Vx,y €X

a(%, SO, T)y(s°d(Sx,T) < O(w(M(x.))y(M(x.y)), 2.1

where,

d(x,Ty)+d(y,5x)

M(x.y)=max{d(x,y),d(x,5%),d(y,1y), P E—

Theorem 2.5. Let (X,d) be a complete b-metric-like space, a,5: X*X—[0,00) be two functions
and S, 7: X—X be two mappings. Suppose the following conditions hold:

(1) (S,7) is a pair of (a,f)-admissible mappings;

(2) (5,7) 1s a pair of generalized (a,f)-Geraghty type contractive mappings;

(3) Ixp € X such that a(x,,Sx) > 1 and f(xy,Txg) > 1;
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(4) the pair (§,7) is continuous or X is (a,f)-regular.
Then S, 7 have a unique common fixed point in X.
Proof: By presumption 7x, € X such that a(x,,Sxs) > 1 and f(xy,Txs) > 1. Define a sequence {x,}
in X by letting x; €X such that x; = Sxg, x> = Tx;, x3 = Sxz, x4 = Tx3. Continuing this process,
we get
Xpiy1 = SXx9; and X415 = Tx5;41,Wwhere i =0,1,2, ...
Since (S, 7) is a pair of (a,f)-admissible, so
o(X0,5xp) = axpx1) 21,
0o(Sx0,Tx1) = a(x1,x2) > 1 and a(Tx1,5x2) = a(xzx3) > 1
continuing this manner, we obtain,
o(Xn,Xn+1) > 1 Vn>0.
Similarly,
Lenxn+1) >1 Vn>0.
Also from (2.1), we have
w(d(Xzi41, X2i42)) = w(d(SX2i, Tx2i41)
<y(s’ d(Sxzy, TXzi41)
< a(Xzi, SX2)B(X2i41, TX2141) W (57 d(Sx35, TXzi41))
< O(w(M (g, X2 )W (i, X1 1)),

where,

d(x24) X2141), A (X2, Sx2;), d (X541, TX2i41),

M(xzi' X2i+1) = max d(x2,TX2i41)+A(X2441,5%2;)
4s
d (X2 X2i41), A(X2i41, X2i42),
= max d(x21,%2i42)+d(X2i41,X2141)
45

Note that,

A(x2i%2i42)+d(X2i41,X2i41) < s[d(x2i,%2i41) +3d(X2i41,%2i+2)]

4s 4s

_ A(x2iXi41)+3d(Xpi41.X2i+2)
4

IN

max{d(xz;, X2i+1), A(X2i41, X2i42) }-
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Consequently, we find that
max{d (xz;, X2i41), d(X2i11, X2i42)} < M (X2 X2141)

< max{d(xz;, X2i+1), d(X2i4+1, X2i4+2) ),

therefore, we conclude that

M (x3;, x2i41) = max{d (xz;, X2i41), A(X2i41, X2i42) }-

If M(xy;,%x2i41) = d(X2i41,X2i42), then
W(d(x2i41) X2i42)) < OWM (xy, X254 1) )P (M (X4, X2i41))

<6 (I/J(M(XZi: x2i+1))) lp(d(szl' x2i+2))

< 1/)(d(9CZi+1,xzt+2)),
which is a contradiction, therefore M (xy;, X2;41) = d(Xy;, X3i41). Now
W(d(xzi41) X2i42)) < O M (X2 X204 1) )P (M (x24 X2i41)) (2.2)

<6 (I/J(M(XZi: x2i+1))) Y(d(xa, x2i+1))
< ¢(d(x2i»x2i+1))»

thatis d(xyi41, X2i42) < d(x34,X2i41) Vn ENU{0). Since y is strictly increasing, the
sequence { d(x,, X,4+1)} is decreasing and bounded from below, so 7 > 0 such that

lim d(x,, x,+,1) = r.Now, we verify that r = limd(x,, x,,+,) = 0, from (2.2), we have
n—-oo n—-oo

Y(d(Xn+1.Xn+2))
el < 6 (¥ (M 2041))) < 1 (2.3)
Letting n—o0 in (2.3), we get

1< 1im 0 ( (M Cen, xn11)) ) < 1.
Thatis, lim @ (l/)(M(xn, xn+1))) = 1, implies that lim (M (x,, X,41)) = 0, which yields that

n—oo n—-oo
r = lim M(x,, x,4+1) = limd(x,, x,41) = 0 (2.4)

n—->oo n—-oo
Now we show that {x,,} is a Cauchy sequence in X. Suppose on the contrary that {x,} is not
Cauchy sequence. Then 3 € > 0 and the subsequences {x,,; } and {x,,; } of {x,,} with ny> m> k

such that
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d(Xnk, Xmi) €,
and 7y is the smallest such that (2.5) holds, then we have
d(xnk—lf xmk)<€
By triangular inequality and from (2.4), (2.5), we obtain
€= d(xnk’ xmk)

<sld(xn, xnk—l) +d (xnk—lr xmk)]

< S[d(xnk'xnk—l) + 6]-
Taking the upper limit as k—oo in (2.7) and using (2.4), we get

€< lim supd(xx, Xmi) < SE.
k—o0

Again, by triangular inequality

dCnies Xmi) < S[d(Xnk, Xnie+1) + dCngerr, Xmi) 1,
and,

d(nit1 Xmi) < S[A i1, Xnr) + d(Xnge Xmi) -

Taking the upper limit as k—o0 in (2.9) and applying (2.4), (2.8), we have

€ < lim supd (X, Xmi) < s lim supd (X1, Xmi),
k—oo k—oo

2.5)

(2.6)

(2.7)

2.8)

2.9)

(2.10)

which implies, S < lli{m supd (Xni+1, Xmi), and taking the upper limit as k—co in (2.10), gives

lim supd (Xpxs1, Xmpe) < S lim supd (Xpx, Xpmp) < S.s€ = s%e.
k—o0 k—oo
Thus,
€ .
= < lim supd (X 41, Xmi) < S2€.
S koo
Similarly,

€ . T 2
5 < l,ig} supd (Xnk, Xmik+1) = lllgl supd (Xnk+1) Xmi+2) < S°€.

By triangular inequality, we have

d(xnk+1rxmk) < S[d(xnk+1rxmk+1) + Supd(xmk+1’xmk)]:

(2.11)

(2.12)

(2.13)
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taking the upper limit as k—o0 in (2.13), from (2.4), (2.11), we get
= < lim supd (g1, Xnier1)- (2.14)
By triangular inequality again

dXnpe+1 Xme+1) < SIA g1, Xni) + Ak, Xmp+1) 1,

taking the upper limit as k—oo from (2.4) and (2.12)
111_{210 supd (Xpg+1, Xmr+1) < S°€. (2.15)
from (2.14) and (2.15), we get
Siz < I!l_r)go supd (Xpxs1, Xmi+1) < S°€. (2.16)
Since X is (a,f)-regular, so by (2.1), we have
Y(s3d Oenper s, Xmier2)) < W(s3d(Sxnies Txmper1)) (2.17)

< a(xnk' ank)ﬁ(xmk+1' Txmk+1)w(53d(sxnk' Txmk+1))

<6 (l/)(M(xnk: xmk+1))) WM Cnger Xmpe1)),

where,

d(xnk: xmk+1)' d(xnk: ank)f d(xmk+1' Txmk+1)
M(xnkl xmk+1) = max d(Xne, TXmk+1) M (Xmk+1,5%nk) (2.18)
4s

d(XnpXmi+2) +MCmk+1.Xnk+1)
4s

{d (xnk' xmk+1)' d(xnkf xnk+1): d (xmk+1' xmk+2)}
= max

Taking upper limit as k—oo and using (2.4), (2.11), (2.12) and (2.16), we get

€

€ € €tz . 5 s%e 2
- =max{-, < lim supM (x, i, Xmr+1) < Mmax|S°€,—; = S°€. (2.19)
S s° 4s k— oo 2

Similarly,

€ € E"'Siz 2
- =max,y-,
S s 4s

} < ’lim INfM (X, Xmi+1) < max {526, 52—6} = s’e. (2.20)

Hence, from (2.12) it follows

P(s?e) =y (s3 (S)) =1 (52 lim supd Conier1) ¥mics2))

k—oo
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< a(xnk' ank).g(xmk+1f Txmk+1)l/) (53 ’ll_rgo Supd(xnk+1l xmk+2))
<0 (zp (jim supM(xnk,xmkﬂ))) o (Jim supM Coe, T )

< 0(y(s%e))y(s2e)
<P(s%e),
which is a contradiction. Therefore {x, } is a Cauchy sequence in X. Since X is complete, Fx €X
such that x, —x as n—0, X,41— X and X,4— X as k—oo. To show that x"=Sx"=Tx". First
postulate that S and 7 are continuous. Then we have
x* = Ill—>nt}o Xok+1 = Ill_)n;) Sxy = Slll_{{)lo Xy = Sx™.
Similarly,
X" = ]ll_)rglo X2k+2 = 111_{130 TXak+1 = T]ll_{?o Xop+1 = TX7
Thus,
x*=8x"=Tx".
Hence the pair (S,7) has a common fixed point x*€ X. Now, presume that X is (a,f)-regular.
Then there is a subsequence {x,;} of {x,} such that a(x,, Xni+1) > land B(Xpk, Xnk+1) =1V
k€ Nand a(x*,Sx*)>1 and f(x*, Tx"*) > 1. Now by (2.1) with x = x,,;, and y = x*, we get
P(d(Xnier1, TX7)) = P(A(Sxpk, Tx™)) (2.21)
< @k, SXa) B, Tx)P(s°d (Sxpp, TX™))
< 0 (Y(M (s ) ) W(M Qi ),

where,

d(xpp, Tx*) + d(x", S
M(xnk'X*) = max {d(xnk) x*)) d(xnkl S-Xnk)' d(x*; Tx*); (xnk x ) (x xnk)}

4s

" « o A Tx™)+d(x*x )
= max {d(xnk,x ), d(Xpier Xppesr), d(x*, Tx*), =2k " nk+1 }

d(Xnge, x*), S[A(Xpge, x) + d(Xpge1, x)], d(x*, Tx™),
< max d(xnk, Tx™) + d(x”, Sxpy)
4s
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Letting k—o0 in above inequality, we get

d(x*, Tx*
M (%, x*) = max {d(x*, Tx*),%}

=d(x*, Tx").

By taking the limit as k—o in (2.21), we get
(A, Tx) < Jim 6 ((M e x)) (", Tx ) < P(d ", Tx),
implies that Illnolo 0 (w(M(xnk,x*))) = 1. So we obtain ]llr{.lo M (%, x*) = 0, therefore

d(x*,Tx*) = 0 thatis, x* = Tx". Similarly, we conclude that x* = Sx*. Hence the pair (S, 7)
has a common fixed point x* € X.

For uniqueness postulate that x* and y* are two common fixed point of S, 7 such that x* # y*

and a(x*,Sx*) =1, a(y*,Sy*) =1 and B(x*,Tx*) >1, f(y*,Ty*) >1. By (2.1), we have
P(d(x",y") = Y(d(Sx*, Ty"))
< a(x’, Sx)BY", Ty Y (s*d(Sx", Ty"))
<6 (MG yM))p(MG,y7)
< P(M(x,y")

where,

d(x*, Ty*) +d(y*, Sx*
M(x*,y*) = max {d(x*,y*),d(x*,Sx*),d(y*, Ty"), ( ) S )}

4s

=dx",y").
Hence, p(d(x",y") < 6 (w(M(x,y"))w(d(x",y)) < p(dx", "),
which is a contradiction. Therefore x* = y* and the pair (S,7) has a unique common fixed point
x* €EX
Corollary 2.6. Let (X,d) be a complete b-metric-like space, T : X—X and o,/ : XxX—[0,0).
Presume that the following conditions hold:

(1) T'is an (a,f)-admissible mapping;
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(2) T'is an (a,p)-Geraghty type contraction mapping;
(3) Fxp€ X such that a(xy, Txg) >1,
(4) either T is continuous or X is (a,f)-regular.
Then T has a unique fixed point.
Example 2.7. Let X = [0,00) and d : X xX—[0,00) defined by d(x,y) = (x3+y3) for all x,yEX.
Then (X,d) is a b-metric-like space with s=2, but is not a b-metric space since d(1,1)=4. Let
S,T :X—X be defined by,

o { T fx€[01]

and TxZ{G\/L‘l-_S' iy x € 0]
3x —1, otherwise

2x, otherwise

Define o, : X xX—[0,0) by

1, if x,y €[0,1]

_ 1, ifx,y €[01]
oxy) {2, otherwise

and  f(xy) :{0, otherwise
Also we define 6: [0,00)—[0,1) and y:[0,00)—[0,0) such that 6(t) = % and y(t)=t.

Now we show that (S,7) is a pair of (a,f)-admissible mapping. For x,y € [0,1], then a(x,y) > 1,
py)>1,8x <1, Sy <1, Tx <1, and Ty <1. So it follows that a(Sx, 7y) >1, a(Tx,Sy) >1 and
L(Sx,Ty)>1, f(Tx,Sy) >1. Furthermore, if {x,} is a sequence in X such that a(x,,, x,,+1) >1,
P(xy, Xpi1) =1V ne NU{0} and x,,—x as n—o, then x, € [0,1] and hence x € [0,1].

a(x,Sx )>1 and p(x,Tx)>1. Also for x,y € [0,1], we have

(S0P, TYW(sdsx ) = 8 () + (%))

< 0(p M (x, )P (M(x, y)).
Otherwise, we have

a(x, Sx)By, TY)Y(s3d(Sx, Ty)) = 0 < 0(Yp(M(x,y) )p(M(x,¥)).

13

Therefore, all conditions of theorem 2.5 are satisfied and the maps S & 7 have a unique common

fixed point x* = 0.
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3. GENERALIZED (a,f)-QUASI CONTRACTIONS
In this section we give the notion of generalized (a,f)-quasi contraction on complete
b-metric-like space.

Definition 3.1. Let (X,d) be a b-metric-like space. A mapping J: X—.X is called generalized
(o, p)-quasi contraction if 3 ¢, XxX—[0,0), and q < siz such that vV x,y € X

a(x, Jx)py,Jy)d(Jx,Jy) < q.M(x,y),
where,

M(x )_{ d(x,y),d(x,Jx), d(y,Jy), d(x,]y), d(y,]x), }
Y Z @, x), d(Px,Jx), d(2x, y), AP, Jy), d(x, %), d (7, )

Lemma 3.2. Let (X,d) be a b-metric-like space and J: X—.X be generalized («,/)-quasi
contraction satisfying the following conditions:
(1) J is triangular (o, )-admissible,
(2) 3 x4€ X such that a(x;,Jx;) >1 and f(x1,I%;) >1.
Then vij€ {1,2,...,n}, (i <))
d(]ix1']jx1) < q.6[0(xy,n)].
Proof: By presumption 3 x; € X, such that a(x;,JX;) >1 and S(x;,JX;) >1. Define a sequence {x,}

by x, =J"x; ¥ n€eN.Since J is triangular (o, 8)-admissible, a(Jixy,J/x;) = a(x;, %) =1
and B(Jixy, /Px;) = B(x1,x;) = 1, forije NU{0}, I <j. Then J'=1xy,Jix;, [/ x, [Ix €
0(x,,n). Since J is a generalized (a,/8)-quasi contraction, we have d(]ixl,]fxl) =

d(J) = 2, )] )

< a(J%y, J0xy) B Yy, oy )A(J] g, ] 2y )

d(]i_lxp]j_l?ﬁ), d(]i_1x1,]ix1), d(]j_1x1,]jx1).

d(]i_lxlﬁ]jxl)t d(]j_lxlijixl)' d(]i+1x1']i_1x1)r

d( i+1x1’]ix1)’d( i+1x1']j—1x1)'d( i+1x1’]jx1)'
d( i—1x1’]i—1x1)’ d(]j_lxl,]j_lxl)

< q.max

< q.6[0(xq, )],
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where,
8[0(xy, n)] = max{d(Jixy,J'x;) : 0 < i,j < n}.

Remark 3.3. If J is a generalized (a,8)-quasi contraction mapping and x; € X, from previous
Lemma 3.2 for every ne &, 3 ke N,and k& <n such that
d(xy, J*%,) = 8[0(xy, m)].
Theorem 3.4. Let (X,d) be a J-orbitally complete b-metric-like space and J: X—X be a
generalized (a,f)-quasi contraction satisfying conditions (1) and (2) of Lemma 3.2.
Then J has a fixed point we X.
Proof: By assumption 3 X, € X such that a(x;,Jx;) >1. and f(x;,Jx;)>1 Define a sequence {x,}
by x, = Jx,—1 =J"x; Vn € N. To show that {J"x; } is Cauchy Sequence in X, by trianguler
inequality, Lemma 3.2 and Remark 3.3, we get
d(xq, J*%x;) < s[d(xq,Jx;) + d(Jxq, J%x1)]
< s[d(x1,Jx1) + q.6[0(x1, M)]]
< sd(x1,Jx1) + q.s.d(xq,J%x;).

Therefore,
S
1 —

6[0(.?6'1,77.)] = d(xlﬂ]kxl) < qs d(xll]xl)'

For any m,ne N with » <m. Since J is generalized (a,/5)-quasi contraction, we get
d("x,]"x1) = d(J" %, JJ™  x)
< a(™ oy, Jhx) BU™ Ty, J M)A g, [ x)

d(]n_lxlﬁ]m_lxl)t d(]n_lxll]]n_lxl)ﬂ d(]m_lxlljjm_lxl):
d(]n_lxlﬁ] m_lxl)t d(]m_lxlljjn_lxl)' d(lzjn_lxlr]n_lxl)r
d(]Z]n—lxl’]]n—lxl)’ d(]Z]n—lxl’]m—lxl)' d(lzln_lxlr]]m_lxl):
dU™ xSV ), U™ g, S )

< q.max

dUn—lxl,]m—n]n—lxl)’ d(]n—lxl']]n—lxl)' d(]m—n]n—lxl’]m—n+1]n—1x1)'
dUn—lxl’]m—n+1]n—1x1), d(]m_n]n_lxlﬂjjn_lxl)' d(lzln_lxlr]n_lxl):
AU o, JJ7 ), AU o, ST ), AU ey, ST ),
d(™ g, JV xy), AT g, Y )

<q.5[0J" x;,m—n+1)].

< q.max
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Using Remark 3.3, 3 k;, 1< k; <m-n+1 such that
S[0J" x,m—n+1)] =dJ" 1x, /5 x)).
Now by Lemma 3.2, we have
d(" Ny, J Y xg) = d (]2 xg, JF Y 20)

< q.6[0(J" %xy,ky +1)]

<q.6[0(J" %x;, m —n+ 2)].
Continuing this process, we get

d(J"xq,J™x;) < q.6[0J" 1x;, m —n + 1)]
< q%68[0(J" 2%x;, m—n+ 2)]

< q".6[0(x;, m)].
Which implies,

q"s

d(]nxll]mxl) < 1— qs d(xll]xl)'

Since lim g™ = 0, then {J™x, } is a Cauchy sequence in a J-orbitally complete b-metric-like
n—-oo
space X. So, 3 we X such that lim d(J™x;, w) = 0. Now by triangular inequality we show that
n—-oo

Jw=w,
d(w,Jw) < s[d(w,]"*1xy) + d(™ xy, Jw)]
S S[d(wﬁ]n-'-lxl) + d(]]”xl,]W)]

< s[d(w,J™ %) + a(™xq, J™ ) Bw, Jw)d (J] ™ x4, Jw)]
d(J™xy, w), d(J"xy, J" 1 xp), d(w, Jw),
d(mxy, Jw), d(w, ] %), d(J™2xq, ) x1),
d(™* 2xy, ] xy), AU xg, w), A" 2y, Jw),
d(w,w),d(J™xq,]"x1)

< S{dw,J""1x;) + g. max

This implies by using triangular inequality,
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( d(J™x,w),s[d("x, w) + d(w, J" 1x)], )]
d(w,Jw),s[d(J"xq, w) + d(w,Jw)],
d(W,]n+1X1), S[d (/n+2x1' W) + d(W']nxl)]r

dlw,Jw) < sld(w,J"1x,) + q. max | s[dJ™2x,w) + d(w, ] 1x,)],
d(J" 2xy, w), s 2xy, w) + d(w, Jw)],
S[d(W']nxl) + d(]nxlf W)]:
\ s[d(y™xy,w) +d(w,]™x;)] J |

"

By taking n—o0, we obtain
d(w,Jw) < gs.mxa{d(w, Jw),sd(w, Jw)}
= qs*d(w,jw)
1 2
< S—Zs d(w,Jw)
< dw,Jw),
which is a contradiction. Therefore w is a fixed point of J.

Corollary 3.5. Let (X,d) be a J-orbitally complete b-metric-like space and J: X—X be a mapping.

Suppose that 3 a: XX X—=[0,0), pe N, q < siz and s >1 such that V X,y € X,

d(x,y),d(x,JPx),d(y,JPy),d(x,]Py),
a(x,y)d(JPx,JPy) < q.max{ d(y,J’x),d(J?*’x,x),d(J*x,]Px),
d(J*x,y),d(J*x,JPy),d(x,y),d(x,y)

Then J has a fixed point we X.

Proof. By the same way of proof of theorem 3.4 we conclude that J* has a fixed point we X and
J (w) = J(J*) = Jw = IJw =w. Then J has a fixed point we X.

Corollary 3.6. Let (X,d) be a J-orbitally complete b-metric-like space and J: X—X be a mapping.

Postulate that 3 a: Xx X—[0,0), pe NVand q < 12 s >1 such that V x,ye X
S

d(x,y),d(x,JPx),d(y,JPy), d(x.]pY),}_

a(x, Y)dprf]pJ’) = q. max{ d(y,]pX), d(x, y); d(x’ Y)

Then J has a fixed point we X.

Corollary 3.7. Let X be a J-orbitally complete b-metric-like space and J: X—X be a generalized
a-quasi contraction satisfying the following conditions:

(1) Jis triangular a-admissible;

(2) 3 x,€ X such that a(x;,Jx;) >1.
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Then J has a fixed point in X.
Example 3.8. Let X = Rand p >1 be a real number. Define d: XxX—[0,00) by d(x,y) =
(lxl + ly]DP Vv xy € X. Let J: X—X be a mapping defined by
X .
Jy = {E’ if x € [0,1]’
2x, otherwise

and o, : XxX—[0,) be functions such that

_ (4 ifxye[01] _ {2, if x,y €[0,1]
ax.y) {2, otherwise and  f(xy) 0, otherwise ’

Then (X,d) is a J-orbitally complete b-metric-like space with constant s=2P, but is neither a
b-metric space since d(1,1)=2 nor a metric-like space since d(-1,1) = 2° > 2 = 1+1 = d(-1,0) +

d(0,1). If xy € [0,1], then
aCe JB A0 ) = 4 x 2 ([ + )

8

= 8_P(|x| + |lyD?
23

= 2Tp(|9€| + |lyD?

1
= 755 (x| + [y DP

=qd(x,y)
S q M(x, y),
where,

1 11
1= 55-0 < 220-1 — 52

Otherwise, we have

a(x,Jx)BW,Jy)d(x,Jy) = 0 < q.M(x, y).
Also we check that J is triangular (a,/)-admissible mapping, ¥'xy,z€ [0,1], a(x,y) >1, B(x,y) >1
and Jx <1, Jy <1, a(Jx,Jy) =1 and p(Jx,Jy) >1; a(x,z) =1 and a(z,y) >1  o(x,y) >1. Furthermore
a(x,Jx) =1, and B(y,Jy) >1. Hence all conditions of theorem 3.4 are satisfied, and x = 0 is a fixed
point of J. But for x,y€ R/[0,1] a(x,y)d(x,]y) = 2(|2x| + |2y])? = 2P 1 d(x,y) = qM(x,y).

Therefore Corollary 3.7 is not satisfied.
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4. APPLICATIONS TO NONLINEAR INTEGRAL EQUATIONS

We consider existence of a solution for the following integral equation

x(t) = fol h(t,s)g(s, x(s))ds, (4.1)
t € 1 =[0,1]. Let X = C(I) be the space of all continuous real functions defined from I to R, also
let X be endowed with the b-metric-like  d(x,y) = max(|x(t)|+]y(t)])P for all x,y € X, where p>1.
Obviously, (X,d) is a complete b-metric-like space with the constant s=2°1,
Theorem 4.1. Assume that the following conditions hold:
(i) g: Ix R— R is a continuous function, g(z,s) >0 and there exists a constant 0< 4 <1 such that for
all x,y € X

lg (&, x()] + g, y ()] < A(x(O] + ly(©)D);

(i) h: IxI— Ris a continuous at t € | for every s € | and measurable at s € | for all t € | such that
h(tx) 20and [ h(t,s)ds < L;

1 "
22p-3"’

(i) APLP <
(iv) Define a function a: XxX—[0,00) by a(x,y) =, for all xy € X.

Then the integral equation (4.1) has a unique solution in X.

Proof: Define a mapping 7: X—X by
1
Tx(t) = J h(t, s)g(s, x(s))ds,
0
t € 1I=[0,1] and for all x,y € X, we have

+

>,,

(|Tx<t)|+|Ty(t>|)P=( f h(t,5)g(s, x(s))ds f h(t,$)g(s,y(s))ds
0 0

1 1 P
< <f |h(t, s)g(s,x(s))|ds +f |h(t, S)g(S,y(S))|d5>
0 0

1 p
= (f (|h(t, s)g(s,x(s))| + |h(t, s)g(s,y(s))D ds)
0



20
MUSTAFA MUDHESH, MUHAMMAD ARSHAD, ESKANDAR AMEER

1 P
- ( f h(t, A + y()D) ds)

1 1 p
- ( f h(t, )A((|x(8)] + [y($)DPYP ds)

1 14
< /’lpd(x(t),y(t)) (f h(t,s) ds)
0
< APLPd(x,y)
1
< S M)

2

Therefore,

1 1
7d(TxTy) < s_ZM(x' y),
which implies that,

alx,y)d(Tx,Ty) < q.M(x,y).

Hence corollary 2.7 is satisfied and the equation (4.1) has a unique solution in X.

5. CONCLUSION

We conclude that the above results are real generalizations for the results of Pant and
Panicker [2] in b-Metric-Like Space utilizing the pair of triangular («,/)-admissible mappings.
Some examples to support our results, we showed that results of Pant and Panicker [2] are not

applicable with such examples. An application to nonlinear integral equations is discussing.
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