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Abstract. In the present paper, we prove a common fixed point theorem for weakly compatible mappings
in Menger space. An example is furnished to support our main result. We also prove a fixed point theorem
for six self mappings by using the notion of commuting pairwise. We extend our main result to four finite

families of self mappings.
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1. Introduction

There have been a number of generalizations of metric spaces, one such generalization
is probabilistic metric space (shortly, PM-space) introduced by Karl Menger [8] in 1942.
The idea of Menger was to use distribution functions instead of non-negative real numbers
as values of the metric. Since then the theory of PM-space was expanded rapidly with
the pioneering works of Schweizer and Sklar [12, 13]. It is also of fundamental importance

in probabilistic functional analysis, nonlinear analysis and applications (see [1]).
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In 1972, Sehgal and Bharucha-Reid [14] initiated the study of contraction mappings
on PM-spaces. In 1986, Jungck [4] introduced the notion of compatible mappings in
metric spaces. Mishra [9] extended the notion of compatibility to PM-spaces and proved
a common fixed point theorem. This condition has further been weakened by introducing
the notion of weakly compatible mappings by Jungck and Rhoades [5]. The concept
of weakly compatible mappings is most general as each pair of compatible mappings is
weakly compatible but the converse is not true. In 2005, Singh and Jain [15] extended
the notion of weakly compatible mappings to PM-space and proved a common fixed point
theorem. Several interesting and elegant results have been obtained by various authors
in this direction (see [2, 3, 7, 10, 11]). In 2007, Kohli and Vashistha [6] proved common
fixed point theorems for variants of R-weakly commuting mappings in PM-spaces.

The aim of this paper is to prove common fixed point theorems for weakly compatible
mappings in Menger spaces satisfying ¢-contractive conditions. We give an example which
demonstrates the validity of the hypotheses and degree of generality of our main result.
We prove a fixed point theorem for six self mappings in Menger spaces by using the notion
of pairwise commuting. As an application, we present a fixed point theorem for four finite

families of mappings.
2. Preliminaries

Definition 2.1. [13] A triangular norm (shortly, t-norm) * is a binary operation on
the unit interval [0,1] such that for all a,b,c,d € [0, 1] and the following conditions are
satisfied:

1) ax1l=a;

(1)

(2) axb="bxaq;
(3) a*xb < cxd whenever a < cand b < d;

(4) (ax(bxc)) = ((axb)x*c).

Examples of t-norms are a * b = min{a, b}, a *x b = ab and a x b = max{a + b — 1,0}.

Definition 2.2. [13] A mapping F': R — R is said to be a distribution function if it is
non-decreasing and left continuous with inf{F(¢) : t € R} = 0 and sup{F(t) : t € R} = 1.
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We shall denote by & the set of all distribution functions while H will always denote

the specific distribution function defined by

0, ift <0;
1, ift>0.

H(t) =

If X is a non-empty set, F : X x X — $ is called a probabilistic distance on X and
F(x,y) is usually denoted by F, .
Definition 2.3. [13] The ordered pair (X, F) is called a PM-space if X is a nonempty

set and F is a probabilistic distance satisfying the following conditions: for all z,y, 2z € X

and t,s > 0,
(1) F,,(t) =11if and only if z = y;
(2) Foy(0) = 0;
(3) Fry(t) = Fyu(t);
(4) Fp.(t) =1, F, (s) =1= F,,(t+s)=1.

The ordered triple (X, F,*) is called a Menger space if (X, F) is a PM-space, * is a

t-norm and the following inequality holds:
Foy(t+5s) > F,.(t) * F,y(s),

for all z,y,2z € X and t,s > 0.
Definition 2.4. [13] Let (X, F,*) be a Menger space and * be a continuous t-norm. A

sequence {z,} in X is said to be

(1) convergent to a point  in X iff for every e > 0 and A > 0, there exists a positive
integer N(e, ) such that F,, ,(e) > 1 — X for all n > N(e, A).
(2) A sequence {z,} in X is said to be Cauchy if for every ¢ > 0 and A > 0, there

exists a positive integer N(e, A) such that F, ., (¢) > 1— X for all n,m > N(e, A).

A Menger space in which every Cauchy sequence is convergent is said to be complete.
Definition 2.5. [9] A pair (A4, S) of self mappings of a Menger space (X, F, %) is said to
be compatible if Fag,, 54z, (t) — 1 for all £ > 0, whenever {z,} is a sequence in X such

that Az, Sz, — z for some z € X as n — oo.
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Definition 2.6. [5] A pair (A4, S) of self mappings of a non-empty set X is said to be
weakly compatible (or coincidentally commuting) if they commute at their coincidence
points, that is, if Az = Sz for some z € X, then ASz = SAz.
If self mappings A and S of a Menger space (X, F,*) are compatible then they are
weakly compatible but the converse need not be true (see [15, Example 1]).
Definition 2.7. [3] Two families of self mappings {A;}™, and {Sk}}_, are said to be

pairwise commuting if

(2) SkS; = S5k, k,l € {1,2, ce ,n},
(3) A; S, = SRpA;, 1 € {1,2,...,777,}, k e {1,2,...,77,}.

3. Main results

Theorem 3.1. Let A, B, S and T be self mappings of a complete Menger space (X, F,*),

where x is a continuous t-norm satisfying the following conditions:

1) A(X) CT(X) and B(X) C S(X),
one of T(X) and S(X) is a closed subset of X,
the pairs (A, S) and (B,T) are weakly compatible,

2
3
4) for allz,y € X andt >0,

(1)
(2)
(3)
(4)

Faopy(t) > & (Fsary(t)),

where ¢ : [0,1] — [0,1] is a continuous function such that ¢(s) > s for each

0<s<1,¢(0)=0and ¢(1) =
Then A, B,S and T have a unique common fixed point in X.

Proof. Let zy be an arbitrary point in X. By (1), there exist x;, x5 € X such that
Azy = Txy and Bx; = Szy. Inductively, we construct sequences {x,} and {y,} in X

such that Axg, = Txon11 = Yo, and Bxo, 1 = STopio = Yons1, for n=20,1,....
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Putting = x9, and y = 9,41 in (4), then we get
FA$2TL7B'Z'27L+1 (t) Z ¢ (Fstn»Tx?rH»l (t))

Fy2nyy2n+l (t) 2 qb (Fy2n717y2n (t)) .

Similarly, we get

Fy2n+17y2n+2 (t) Z ¢ (Fy2n7y2n+1 (t)) N

In general, we obtain

(1) Fyn:yn+1 (t) 2 ¢ (Fyn—lyyn (t)) )

for all n.
Case I: If 0 < F,, ,,.(t) < 1. Now since ¢(t) >t for 0 < t < 1. Then inequality (1)

implies
(2) FynvynJrl (t> 2 (b (Fynfl»yn (t>) > Fynfl)yn (t>7

for all n. Thus {F},,,,.(t) : n > 0} is a bounded strictly increasing sequence of
positive real numbers in [0, 1] and therefore tends to a limit, say L(¢) < 1. We claim that
L(t) = 1. Forif L(ty) < 1 for some t, then letting n — oo in inequality (2), we get L(ty) >
¢ (L(to)) > L(to), a contradiction. Hence L(t) = 1, that is, lim(n — c0)F,, ,..,(t) = 1,

for all £ > 0. Now for any non zero integer p, we obtain

t t t
Fymyner (t) Z Fymynﬂ (5) * Fyn+17yn+2 (]_9) EERN Fyn+p*11y"+P (5) :

Since, * is continuous t-norm and letting n — oo, we obtain

lim F,

—>e0 Yn Yn+p

() >1x1x...%x1,

which shows that {y,} is a Cauchy sequence in X.
Case II: If F,, , ,, (t) = 1. Then inequality (1) implies

Fypni () = ¢ (Fy (1) = 0(1) = 1.

So it follows that F,

Yn Yn+1

(t) = 1, which in turn implies that {y,} = {yn11}, for each n,

that is, {y,} is a constant sequence. Thus, in either case {y,} is a Cauchy sequence in X.
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From above two cases, it is clear that {y, } is a Cauchy sequence in X. Since the Menger

space (X, F,*) is complete, {y,} converges to a point z in X. That is,

lim y, = lim Axy, = lim Bxy, 1 = lim Sz, = lim Tay, = 2.
n—oo n—oo n—oo n—oo n—oo

Suppose that T'(X) is a closed subset of X. Then for some v € X we have z = Tw.

Putting = = x5, and y = v in (4), we have
Pz 8o(t) > ¢ (Fsuy, 1o(t))
passing limit as n — oo, we get
F.po(t) 2 ¢ (F1:(1) = o(1) = 1,

for t > 0, it follows that z = Bv. Therefore z = Bv = Tv which shows that v is a
coincidence point of the pair (B, T'). Since the pair (B, T') is weakly compatible, we have
Bz = BTv = TBv = Tz. We show that Bz = Tz = 2. We claim that z = Bz. For
if z # Bz, then there exists a positive real number ¢ such that F, p.(t) < 1. Putting

T = Z9, and y = z in (4), we get
FagonB2(t) > ¢ (Fsgy,1:(t)) .
Letting n — oo, we get
F.p.(t) > ¢ (F.p.(t) > F. p.(t),

which is a contradiction. It follows that z = Bz. Therefore z = Bz = T'z.
Since, B(X) C S(X), there exists u € X such that Su = z. Putting x = v and y = z
in (4), we have

FAu,Bz(t) 2 ¢ (FSu,Tz (t)) )

and so
Fanat) = 6 (Fon(t) = 6 (1) = 1.
for t > 0, we get z = Au. Therefore z = Au = Su which shows that u is a coincidence
point of the pair (A, S). Since the pair (A, S) is weakly compatible, we have Az = ASu =
SAu = Sz.
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Now we claim that z = Az. For if z # Az, then there exists a positive real number ¢

such that Fy, .(t) < 1. On using (4) with = 2, y = v, we get
FAz,Bv(t) Z ¢ (FSZ,T'U (t)) )

and so
Fa..(t) > ¢ (Faz-(t) > Fa.:(t),

which is a contradiction. Hence, z = Az = Sz. Therefore z = Az = Bz = Sz =Tz,
that is, z is a common fixed point of the self mappings A, B, S and T

Uniqueness: Let w(# z) be another common fixed point of self mappings A, B, S and
T. Then there exists a positive real number ¢ such that F, ,(t) < 1. On using (4) with
r =z and y = w, we have

Fazpu(t) > ¢ (Fs.mu(t)),
or, equivalently,
Fow(t) 2 ¢ (Frw(t) > Fru(t),
which is a contradiction. Hence, z = u. Therefore the mappings A, B, S and T have a

unique common fixed point in X.

Similarly the result follows when S(X) is a closed subset of X.

The following example illustrates Theorem 3.1.
Example 3.2. Let X = [0,30] with the metric d defined by d(z,y) =| x — y | and for
each t € [0, 1] define
t : .
ny(t) _ m, if t > O,
’ 0, if t =0,

for all z,y € X. Clearly (X, F,*) be a complete Menger space, where x is a continuous

t-norm. Define the self mappings A, B, S and T by

0, ifx=0; 0, ifx=0;
Ax) = B(z) =
6, if 0 <z < 30. 9, if 0 <z < 30.
0, if x = 0; 0, if x = 0;
Sx)=19 15—z, if0<z<15 T(x)=1< 15—z, if0<z<15;

r—9, if 15 <z < 30. r—06, if15 <z <30.
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Let ¢ : [0,1] — [0,1] be defined by ¢(s) = /s for 0 < s < 1. Then ¢(s) > s for
each 0 < s < 1 and Fay py(t) > ¢ (Fspry(t)) for all z,y € X. Then A(X) = {0,6} C
[0,24] = T(X) and B(X) = {0,9} C [0,21] = S(X). Therefore the mappings A, B, S
and T satisfy all the conditions of Theorem 3.1 and have a unique common fixed point 0.
Notice that the mappings A and S commute at coincidence point 0 and so the pair (A, S) is
weakly compatible. Similarly, the pair (B, T) commutes at coincidence point 0 and weakly
compatible also. To see the pairs (A,S) and (B, T) are not compatible, let us consider a

sequence {x,} defined as x,, = {15 + %}RGN, n > 1, then x,, — 15 as n — oo. Then Az,

t
Sz, — 6 as n — oo but nh_)rlolo Fase, 54z, (t) = 160 # 1. Thus the pair (4, .S) is not
t
compatible. Also, Bx,, Tz, — 9 as n — oo but lim Fpry, 78s,(t) = ————— # 1
n—00 ’ t+ | 9—-6 |

Hence the pair (B, T) is not compatible. All the mappings involved in this example are

discontinuous even at the common fixed point x = 0.

By choosing A, B, S and T suitably, we can deduce corollaries for two or three self

mappings. As a sample, we deduce the following natural result for a pair of self mappings.

Corollary 3.3. Let A and S be self mappings of a complete Menger space (X, F, %),

where * 1s a continuous t-norm satisfying the following conditions:

A(X) € 5(X),
S(X) is a closed subset of X,

1
2
3
4) for allz,y € X andt >0,

(1)
(2)
(3) the pair (A, S) is weakly compatible,
(4)

FAz,Ay (t) Z ¢ (FSm,Sy(t>> ’

where ¢ : [0,1] — [0,1] is a continuous function such that ¢(s) > s for each

0<s<1,¢(0)=0and ¢(1) =
Then A and S have a unique common fixed point in X.

Now we utilize the notion of commuting pairwise and prove a common fixed point

theorem for six self mappings.
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Theorem 3.4. Let A, B, S, R, T and H be self mappings of a complete Menger space
(X, F,*), where x is a continuous t-norm satisfying the following conditions:

(1) A(X) CTH(X) and B(X) C SR(X),

(2) one of TH(X) and SR(X) is a closed subset of X,

(3) the pairs (A, SR) and (B, TH) commute pairwise (that is, AS = SA, AR = RA,

SR=RS, BT =TB, BH =HB and TH = HT),
(4) for all z,y € X and t > 0,

FA:(:,By(t) Z ¢ (FSRI,THy(t)) 5
where ¢ : [0,1] — [0, 1] is a continuous function such that ¢(s) > s for each
0<s<1,¢0)=0and ¢(1) = 1.
Then A, B, S, R,T and H have a unique common fixed point in X.

Proof. Since (A, SR) and (B, TH) are commuting pairwise, obviously both the pairs are
weakly compatible. By Theorem 3.1, A, B, SR and T'H have a unique common fixed
point z in X. We show that z = Rz. For if z # Rz, then there exists a positive real

number ¢ such that Fg, .(t) < 1. Putting + = Rz and y = z in (4), we get

Fare)p:(t) > ¢ (Fsp(re)rm=(1)) ,

and so
FRz,z(t> Z ¢ (FRz,z<t>> > FRz,z<t>7

which is a contradiction. Thus z = Rz. Hence, S(Rz) = Sz = z. Now we prove that
z = Hz. For if z # Hz, then there exists a positive real number ¢ such that F, y,(t) < 1.

Putting + = z and y = Hz in (4), we get
Faz g (t) = ¢ (Fsperuus) (1)),

or, equivalently,
Fz,Hz(t) 2 ¢ (Fz,Hz(t)) > Fz,Hz(t>7

which is a contradiction. Thus z = Hz. Hence, T(Hz) = Tz = z. Therefore the

mappings A, B, R, S, H and T have a unique common fixed point in X.
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As an application of Theorem 3.1, we present a fixed point theorem for four finite
families of self mappings.
Theorem 3.5. Let {A;}i2y, {B}7_y, {Sk}iey and {Ty}i_, be four finite families of self
mappings of a complete Menger space (X, F,*), where % is a continuous t-norm such
that A = AyAy. . A, B=BBy...B,,, S=505;...5, and T =TT ... T, satisfying
conditions (1), (2) and (4) of Theorem 3.1.

Moreover, if the family {A;}7, commutes pairwise with the family {Sy},_, whereas the
then (for alli € {1,2,...,m},
re{l,2,...,n}, ke{l,2,...,p} and g € {1,2,...,q}) Ai, B,, Sk and T, have a unique

family {B,};_, commutes pairwise with the family {T,}i_,,

common fized point in X.

Proof. The proof of this theorem is similar to that of Theorem 3.1 contained in Imdad

et al. [3], hence the details are avoided.

Corollary 3.6. Let A, B, S and T be self mappings of a complete Menger space (X, F, %),

where % 1s a continuous t-norm satisfying the following conditions:

(1) A™(X) C TY(X) and B"(X) C S7(X),
(2) one of TY(X) and SP(X) is a closed subset of X,
(3) AS = SA and BT = TB,
(4) for all z,y € X andt >0,

FAmx,B”y<t) Z ¢ (FSPx,Tqy<t)) ;

where m,n,p,q are fived positive integers and ¢ : [0,1] — [0,1] is a continuous

function such that ¢(s) > s for each 0 < s <1, ¢(0) =0, ¢(1) =
Then A, B,S and T have a unique common fixed point in X.

Conclusion. Theorem 3.1 is proved for two pairs of weakly compatible mappings in
Menger space which improves the results of Kohli and Vashistha [6, Theorem 4.7, Theorem
4.8] in the sense that the notion of weakly compatibility is most general among all the
commutativity concepts. Example 3.1 is defined in support of Theorem 3.1. Inspired

by Imdad et al. [3], Theorem 3.4 is proved for six self mappings by using the notion of
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commuting pairwise. As an application to our main result, Theorem 3.5 and Corollary

3.6 is furnished for four finite families of mappings.
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