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Abstract. In this paper, a Halpern-type algorithm for approximating a common fixed point of multivalued o-
hemicontractive mappings and a set of solutions of split equilibrium and variational inequality problems is con-
structed. Strong convergence of the sequence generated by the algorithm is proved in the setting real Hilbert
spaces. Our results improved and generalised the results of Meche and Zegeye [2] in particular and some recent

results in Literature.
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1. INTRODUCTION

Throughout this paper, F(S) denotes the set of fixed point of the multivalued mapping S, R
denotes the set of all real numbers, and N a set of positive integers. Let H be a Hilbert space and
C be a nonempty closed convex subset of H. Let CB(C) denotes the family of nonempty, closed
and bounded subsets of C and K(C) denotes a family of nonempty and compact subsets of C.
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The Hausdorff metric is defined by

D(A,B) = max{(supd(x,B),x € A), (supd(y,A),y € B)},

for all A,B € CB(C), where d(x,B) = inf{||x — b|| : b € B}

Definition 1.1. (see [2]) Let S : C — CB(C) be a multivalued mapping. Then, S is said to be

L-Lipshitizian if there exists L > 0 such that

(L.1) D(Sx,Sy)gLHx—yH,Vx,yeC

S is said to be nonexpansive if it is Lipschitz continous with L =1 in (1.1). Note that the
class of nonexpansive mapping is one of the initial classes of mappings for which fixed point
results were obtained using the geometric structure of the underlying Banach space rather than
the compactness property. An element x € C is called the fixed point of a multivalued mapping
S if x € Sx. A nonexpansive multivalued mapping S with a nonempty fixed point set is called
quasi-nonexpansive multivalued mapping(i.e, a mapping S : C — CB(C) such that D(Sx,Sp) <
x—pl,V(x,p) € Cx F(S)).

Definition 1.2. (see [2]) Let S : C — CB(C) be a multivalued mapping. Then, S is said to be
demicontractive if F(S) = {x € C: x € Sx} # 0 and for all u € S satisfying ||u— p|| < D(Sx,Sp),

there exists k € (0,1) such that

(1.2) D?(Sx,Sp) < ||x— pl||> +k||x —u||>,Vx € C and ¥p € F(S),

Note that if k in (1.2) is 1, then S is called hemicontractive multivalued mapping. Thus, the
class of demicontractive multivalued napping is a proper subclass of the class of hemicontrac-

tive multivalued mapping.

In 2015, Osilike and Onah [12] introduced a new class of mapping called a-hemicontractive
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mapping in a closed convex subset of a real Hilbert space. They showed that the class of o-
demicontractive mapping introduced by Maruster and Maruster in [18] is a subclass of the class
of a-hemicontractive mapping. Also, it was shown in [12] that the class of hemicontractive

mapping and the class of @-hemicontractive mapping are independent(see [12] for details).

Definition 1.3. Ler S : C — CB(C) be a multivalued mapping. Then, S is said to be o.-
hemicontractive multivalued mapping if F(S) = {x € C : x € Sx} # 0 and for all u € S satisfying
|lu—p|| < D(Sx,Sp), we have

(1.3) D?(Sx,Sap) < ||lx— ap||* + ||x — ul|]*,Vx € C and ¥p € F(S),

for some a > 1. The class of mapping defined by (1.3) is a superclass of the class of Q-
demicontractive multivalued mapping(where a mapping S : C — CB(C) is called a-demicontractive
multivalued mapping if F(S) = {x € C : x € Sx} # 0 and for all u € S satisfying ||u— p|| <

D(Sx,Sp), there exists k € (0,1) such that D*(Sx,Sap) < |x — aup||® +k||x — ul]?, ¥x € C,

Vp € F(S) and for some ot > 1).
Observe that (1.3) is equivalent to

(1.4) (x—u,x—ap) >0,YxeC ,VpeF(S),YuecS and for some o > 1.

Let F : C x C — R be a bifunction. The equilibrium problem for F is to find z € C such that
(1.5) F(z,y) >0,VyeC

The set of all solutions of (1.5) is denoted by EP(F), thatis, EP(F) ={z€ C: F(z,y) >0,Vy €
C.

Let A : C — R be a nonlinear mapping. The classical variational inequality problem, which
was developed as a useful tool in solving partial differential equation by Stampacchia(see [22]

for details), is the problem of finding x € C such that

(1.6) (u—x,Ax) >0,YueC
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The set of all solutions of (1.6) is denoted by VI(C,A).

Recently, Karmi and Rizvi [17] considered a problem which they called split equilibrium prob-
lem. Let H; and H; be two Hilbert spaces and C, K be two nonempty closed and convex subsets
of H; and H; respectively. Let F| : C xC — R and F; : K Xx K — R be two bifunctions and
A : Hl — H, be a bounded linear operator.The split equilibrium problem is to find x* € C such

that
(1.7) Fi(x*,x) > 0,Vx € C and y* = Ax* € K such that F>(yx,y) > 0,Vy € K

The set of solutions of split equilibrium problem is denoted by Q, that is, Q = {z € C:x €
EP(F),Ax€ EP(F,)}.

Very recently, Meche and Zegeye [2] first introduced an iteration sequence (for finding common
set of solutions of fixed point problem, split equilibrium and variational inequality problems)
defined as follows:

Let x,,u € C be arbitrary and let x,, be a sequence in C generated by

)

2 =T (1= AB*(1—T;?)B)x,,

Yn = JiZn,
(1.8)

up = (1—=8,)yn + 8uvn,

Xpt1 = Auut~+ bWy + Cpyn, )

for all n > 0, where v, € Sy, and w, € Su,, are such that ||v, — w,|| < 2D(Sy, — Suy,),s,r,t >
0,1 € (0, 3—1),d = BB*, where B* is the adjoint of B, a,, 0, C (0,1) and by, ¢, C |a,b] for some
a,b € (0,1).They used (1.8) to prove the following theorems:

Theorem MZ1[2]: Let H; and H, be two Hilbert spaces and C, Q be two nonempty, closed and
convex subsets of H; and H, respectively. Let F1 : CxC — R and F; : Q X Q — R be two
bifunctions satisfying Assumption G. Let A : C — H; be a continous monotone mapping and
B: Q — H; be abounded linear operator. Let S : C — CB(C) be L-Lipschitz hemicontractive-

type multivalued mapping. Assume that ® = F(S)NQNVI(CA) is nonempty and Sp = p for
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all p € ©. Let xo,u € C be arbitrary and let x,, be a sequence in C generated by

)

z =T (1= AB*(1—T,7)B)x,,

Yn = Jizn,
(1.9)

Uy = (1 - Sn)yn + SnVna

Xn41 = AnU + bpWp + Cpyn, )

for all n > 0, where v, € Sy, and w,, € Su,, are such that ||v, —w,]|| < 2D(Sy, — Su,),s,r,t >
0,4 € (0, [ll),d = BB*, where B* is the adjoint of B, a,,d, C (0,1) and b,,c, C [a,b] for some

a,b € (0,1) satisfying the following conditions:

i.a,+b,+c,=1,

.. 1
ii. ap+by, <0, <c< Ve inE

Then, the sequence {x,} is bounded.

Theorem MZ2[2]: Let H; and H, be two Hilbert spaces and C, Q be two nonempty, closed and
convex subsets of H; and H, respectively. Let F1 : CxC — R and F, : Q X Q — R be two
bifunctions satisfying Assumption G. Let A : C — H| be a continous monotone mapping and
B: Q — H; be a bounded linear operator. Let S : C — CB(C) be L-Lipschitz hemicontractive-
type multivalued mapping. Assume that ® = F(S) N QN VI(CA) is nonempty, Sp = p for all
p € ®and (I —S) is demiclosed at zero. Let xo,u € C be arbitrary and let x, be a sequence in C

generated by

\

2 =T (1= AB*(1—T,"*)B)x,,

Yn = J1Zn,
(1.10)

Up = (1 - 5n)yn + 5nVn>

Xpt1 = apl+ ann + Cnyn, )

for all n > 0, where v, € Sy, and w,, € Su, are such that ||v, —w,|| < 2D(Sy, — Su,),s,r,t >
0,1 € (0, Cll),d = BB*, where B* is the adjoint of B, a,,d, C (0,1) and b,,c, C [a,b] for some

a,b € (0,1) satisfying the following conditions:
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1. ap+b,+c,=1,
il ap+b, <o <c< ————.
ntbn SO s C< 1+4L2+1
Then, the sequence {x,} converges strongly to & p, where ap = Pg(u).

It is our purpose in this paper to first introduce a new iterative sequence and then prove strong
convergence theorem of our new iterative sequence to the common solutions of fixed point
problem for a-hemicontractive mapping (which is a more general operator than the one used

by Meche and Zegeye), split equilibrium and variational inequality problems.

2. PRELIMINARY

In this section, we collect some concepts and results that play a crucial role in the sequel.
Let S : C — C be a nonexpansive mapping with F(S) # 0. Then, for every x € C and y € F(S),

we obtain that
1 2
(2.1) (x—Sx,y—8x) < §||Sx—x||

(see e.g. [17]). Let H be a real Hilbert space, C a closed convex subset of H and Pc: H — 2¢
a metric projection of H onto C. Recall that for every x € H, there exists a unique nearest point

in C, denoted by Pcx such that
[lx = Pex|| = inf {[lx—y]| : y € C}.
The mapping Pc : H — 2€ is characterised by
(2.2) z=PFPcx€Cifandonlyif (x—z,z—y) >0,Yxe H,y €C.

In what follows, we shall use the following assumptions:

Assumption G : Let H be a Hilbert space and C a nonempty, closed and convex subset of H.
Let F : C x C —R be a bifunction satisfying the following conditions:

G :F(x,x)=0,Vxe H

G, :F is a monotone, i.e, F(x,y) + F(y,x) <0,Vx,y € C

G :lim;_o(tz+ (1 —1t)y) < F(x,y),Vx,y,z € C

G4 : for each x € C,y — F(x,y) is convex and lower semicontinous.
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In the proof of our main results, we make use of the following lemmas:

Lemma 2.1. Let F; : C x C —R be a bifunction satisfying assumption G. For s > 0 and for all

x € H, define the mapping TSF1 : Hy — C as follows:
1
(2.3) TSle:{xEC:FI(x,y)+E<y—z,x—y>ZO,VyGC}

Then, we have the following:

(1) T is nonempty and single valued;

T — Tyl < (T x— Ty, —y);

(2) TSF1 is firmly nonexpansive, i.e,
(3) F(I{") = EP(T{");
(4) EP(F)) is closed and convex.

Furthermore, assume that F, : Q X Q —R is another bifunction that satisfies assumption G.

For r > 0 and for all x € H define the mapping TR H — Q as follows:
1
(2.4) Tstx:{xEQ:Fl(x,y)+§<y—z,x—y>ZO,VyEQ}

Then, we have the following:

(1) TSF2 is nonempty and single valued;

T2x— T7y|| < (TPx— Ty, x—y);

(2) TSF2 is firmly nonexpansive, i.e,
(3) F(T,?) = EP(T)");
(4) EP(F,) is closed and convex.

Lemma 2.2. Let H be a Hilbert space. Then, for all x; € H and ; € [0,1], fori =1,2,3, such
that o1 + 0 + a3 = 1, the following equality holds:

2
lon +on+ ol =Y aullx|* = Y ouoylbxi —xjll.
i=1 1<i,j<3
Lemma 2.3. Let H be a real Hilbert space. Then, for every x,y € H, we have the following:
L lx=ylI? = [l + Iyll* = 2¢x,3);
i, [lx+yll = [lx]* + 20 x + ).
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Lemma 2.4. Let H be a real Hilbert space. Let A,B € CB(H) and a € A. Then for any € > 0,
there exists a point b € Bsuch that ||a — b|| < D(A,B) + €. In particular, for every a € A, there

exists an element b € B such that ||a — b|| < 2D(A,B) + €.

Lemma 2.5. Let {b,} be a sequence of nonnegative real numbers such that
bn+l < (1 - an)bn + an(sna

forn>ngy, where o, C (0,1) and 9, € R satisfying the following restrictions :lim, . =0,Y " 0, =

oo and lim,, e supd, < 0.Then,lim, ... b, = 0.

Lemma 2.6. Let H be a Hilbert space and C a closed convex subset of H. Let A : C — H be

a continous monotone mapping. Then, fort > 0 and for all x € H, there exists 7 € C such that

I
<A27)’—Z>+;(y—z,z—x> >0,Vx,yeC

Moreover, the mapping J; : H — C defined by

i
Jr={zeCt{Az2)+ (y—2,2-x) 20,y e C},

satisfies the following:
(1) J; is nonempty and single valued;
(2) J; is firmly nonexpansive;
(3) F(J;) =VI(C,A),
(4) VI(C,A) is closed and convex.

Lemma 2.7. Let {a,} be a sequence of real numbers such that there exists a subsequence {n;}
of {n} such that an, < ay,,, for all i € N. Then, there exists a nondecreasing sequence my € N
such that m; — oo and the following properties are satisfied by all (sufficiently large) numbers

keN :am <am,, and ay < ap,,,. Infact, my =max{j <k:a; <aj,}

3. MAIN RESULTS

Theorem 3.1. Let H| and H, be two Hilbert spaces and C,Q be two nonempty, closed and
convex subsets of Hy and H, respectively. Let F1 :CxC — Rand F, : Q X Q — R be two

bifunctions satisfying Assumption G. Let A : C — H\ be a continous monotone mapping and B :
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Q — H; be a bounded linear operator. Let S : C —> CB(C) be L-Lipschitz o.-hemicontractive
multivalued mapping. Assume that ® = F(S) NQNVI(CA) is nonempty and So.p = ap for all

p € © and for some o0 > 1.Let xo,u € C be arbitrary and let x,be a sequence in C generated by
3\

Zn =T (1= AB*(1 = T?)B)x,,

Yn = JiZn,
3.1

Un = (1 - 6n))’n + 6nVn7

Xpl = Ay + bn[(l - '}/n)wn + ynxn] + Cuyn,

)
for all n > 0, where v, € Sy, and w, € Suy, are such that ||v, —wy|| < 2D(Sy, — Suy),s,r,t >
0,A € (0,%),d = BB*, where B* is the adjoint of B, an,8, C (0,1) and by,c, C [a,b] for some
a,b € (0,1) satisfying the following conditions:

Loap+bytcn=1,

ii. an+bn§5n§0< \/H—%-H.

Then, the sequence {x,} is bounded.

Proof. First, we show that B*(1 — Ter)B isa %—inversely strongly monotone mapping. Since,
T s nonexpansive, we have that (1 — Ter) is %—inversely strongly monotone. Thus, Vx,y € Hj,

we have

B*(1 —72)Bx— B* (1 —)By?
= (B*(1-T,%)Bx—B*(1-T,%)By, B*(1 —T,*)Bx — B*(1 — T,*)By)
= (1 =T*)Bx—(1-T,%)By), BB*((1 - T,*)Bx— (1~ T;*)By))
< BB*|((1—T/2)Bx—(1—T")By), (1 - T/2)Bx— (1—T/2)By))|
— d||(1-T/)Bx— (1-T/2)By|
< 2d(x—y,B*[(1-T/2)Bx— (1—T*)By)]
= 2d(x—yB"(1-T%)Bx—B*(1 - T,*)By)],

which implies that B*(1 — T;"?)B is ﬁ—inversely strongly monotone. Next, we show that (1 —

AB*(1 — T;")B) is nonexpansive. Now, since A € (0, Ull), we otain that (1 — AB*(1 —T;?)B) is
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nobexpansive. Hence, from the nonexpansiveness of T, we obtain
|71 (1= AB* (1 =T,2)B)x — T, (1 - AB*(1 = T,*)B)) |

< (1=AB(1-T2)B)x— (1 -AB*(1-T,%)B)y|
3.2) < =yl
Now, let ap € O, for some & > 1. Then, we have S(ap) = ap,J;(ap) = ap and ap € ©; hence
op =T} (ap) and B(ap) = T, (ap), which implies that 7, (1 — AB*(1 —T;?)B) (ap) = ap.
Thus, from (3.1) and (3.2), we have

lzn —apll = |IT1(1=2AB*(1=T,2)B)x, — ap|

< (1 - AB*(1 - T/2)B)x, - ap|

(3.3) < xn—opl.
Since J; is npnexpansive, we get

lyn—oap|l = |Jiza—ap|
= |Jrza —Ji(ap)||

(3.4) < lz—apl,
which by (3.3) gives

(3.5) [yn = apll < [lx — apll.
Since S is a-hemicontractive, for all w,, € Su,,, we have

”Wn - asz < DZ(SunaSyn)

(3.6) < lun — ap)* + ||un — wal|*-

Also,

lun —epll? = [[(1 = 84)yn+ 8avu — axp®

= ||(1=6,)(yn—ap) + 6u(vn — ap)”Z,
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which, using Lemma 2.2, gives
lun — apl* = (1= 8,)lyn — 0tp||> + 8ullve — otpl|* = 8a(1 = &) [[yn — vall*,
Since S is a-hemicontractive, for all, v, € Sy,, we have

lun —apl> = (1=8,)|lyn — ap|l® + 8D (va — ap) — 8u(1 = 8,)llyn — val®
< (1= 8)llyn—pl* + 8alllyn — @p > + [[yn = vall*] = 82(1 = &) [[yn — vall®
= (1= 8)llyn — apl* + 8ullyn — apl* + 8allyn — vall* = 8 (1= &) [[yn — vall?
= |lyn—ap|* + 8ullyn — vall* = (1 = 8u) lyn — val?

(3.7) = [lyn— opll* + 87 Iy — val >

(3.4) and (3.7) imply that

(3.8) litn — eepl* < llxn — epl® + &7 [yn —vall>

(3.6) and (3.8) imply that

(3.9 Iwa = 0pl* < [lxa = apl|* + 87 [y — vall* + llun — wal|*
Next, we estimate ||u, — w,||>: From (3.1), we get

||un_WnH2 = ||(1 _5n)yn+5nvn_wn”2
= ||(1—5n)yn+5nvn—5,,wn—|—5nwn—wn]|2
= ||(1_5n)yrl+6n("n_wn)_(1_5n)wn”2

= (1= 8) (= wa) + 8 (v — ) I,
which by Lemma 2.2 gives
[t — Wn”2 = (1= 8y)[lyn— WnH2 + 8nl[vn — Wn”2 = 6 (1= &) llyn — Vn||2-
Since, vy, wy, € Suy, Sy, respectively implies that ||v, —wy|| < 2D(Syn,Su,), we get

|4n _Wn||2 = (1—0u)|lyn _WnH2 +46nD2(SVmSyrt) —8,(1—6)||yn _Vn”z,
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and since S is L-Lipschitizian mapping, we get

””n_wn||2 < (1_6n)||yn_Wn||2"‘45rll'2||yn_”n||2_6n(1_(()‘n)Hyn_VnH2

= (1_6n)||Yn_Wn||2+46nL2||)’n_[(1_6n))’n+5nvn]”2
_6n(1_5n)”yn_vn|’2

_ 2 2 2

= (1=38)llyn —wall® +468,L"|lyn — (1 — 6n)yn — Snva||
_5n(1_5n)”yn_vn||2

= (1_5n)||)’n_Wn||2+46nL2||5n()’n_Vn>||2
—8:(1—82)|[yn —vall?

= (1= 80)lyn—wall> +487L|yn —val®

(3.10) =8u(1 = 8) [y —vll*.
Putting (3.10) into (3.9), we have

lwa— ol < [l — apl|® + 821y — vall* + (1 = 82)llyn — wal|* + 483 L[y — vul|
—8,(1 = 8,)|[yn — vall?
= — >+ 82{lyn — val |+ (1= 8) [y — wal®
+8,(482L + 8, — 1) |[yn — vl ?
=[x — apl*+ (1= &) llyn — wall?

(3.11) — (1= 487L% = 28,) [[yn — val|*
Now, we estimate ||x,+1 — ap||*:

boner —apl® = [lau+ba[yawn + (1= ¥)x] + ¢ — apl|?
= |lan(u—ap)+ (an+bp+cn)ap+by[Yuwn + (1 — 1)x, — 00p]
+ea(yn — apll?
= |lan(u—ap) +ba[1u(wn — ap) + (1= %) (6 — ap)]

+ea(yn —ap)|?,



APPROXIMATION OF COMMON SOLUTIONS OF FIXED POINT PROBLEM
which by Lemma 2.2 gives
b1 —apll> = anllu—apl® + bl (wn — otp) + (1 = 1) (xa — ap) ||

(3.12)

IN

+cnllyn — O‘P”z — Cnbpl| (1 = Y)W + YaXn _ynH2

apllu— OCp||2 + b || Yo (Wi — ap) + (1 = ) (X0 — O‘p)Hz

+cullyn — @pl* = cubull (1= %) (Wn — yu) + Ya (60 — yu) ||

anllu— ap||* + ba[(1 = W) [lwn — apl|* + Wl lxa — ap]®

¥ (1= %) W — 2al1] + cullyn — ap|?

—nbul(1 = %) Wn = Yl I* + Wl 1 = Yul|* = ¥ (1 = ) 1w — 3 %]
anllu— ap||* + bu(1 = 1) [ wn — 00p|* + bual|lxa — atp||®

—bnYu(1 = V) [[wn _anZ + cnllyn — (XpH2 — Cnbun(1 =) |l wn —ynH2
— b Yl X — Y l|* + cnbn (1 — %) [Wn — x>

anlju— 0pl|* + bu(1 = 1) [lwn — ap||* + bl lxn — ap|?
—CabnYal W — yall* + callyn — P> = cnbu(1 = %) [ wn — yu1?

Henbn V(1 = V) = bn Y (1 = 1)l || Wn —anz-

(3.11) and (3.12) imply that

[Pn1 — aupl|?

an||u— apl|* +ba(1 = 1) [|1xa — apl* + (1 = &) [[yn — wall?

—8, (1 —487L — 28,)|[yn — vall*] + buYallxn — axp|?

b Y (1= ) (cn = D)W — xu > + callyn — ap|)?

—Cnbn(1 =)W — yul|*

an[u— otpl|* + bu(1 = 1) [1Xn — P> + bu(1 = 1) (1 = 84) |yn — wall?
—bp(1 = %) 8,(1 — 482L% = 28,)||yn — val|?] + bu il [0 — p||?
b ¥a (1= o) (cn — 1) [wa — xa|> + callyn — p|?

—Cnbn(1 =) ||wn _yn”2

13
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< ayllu—ap|® +ba(1—1)|1x0 — ap|* + bu(1 = %) (1 — &) lyn — wal*
—bu(1 = Y1) 8(1 — 482L* = 28,) [y — val|*] + bua |l xn — ap|?
+bu¥a (1= 1) (cn — 1) [[wa — xa|* + callxn — ap|*
—Cubn(1 = 1) [Wn —yul* (by (3.5))

= anllu—ap|?*+ [ba(1l = 1) + bu¥u + ca] %0 — atpl|?
(1= 1) (1= 8,) || — (wn —y)|I*
—bu(1 = 1) 8, (1 — 48717 = 28,)[|yn — val®
+outa(1 = 1) (cn — 1) wa — xa 1% = cabu(1 = 1) W — yul|

= anllu—ap|?>+ [ba(1l = 1) + bu¥u + ca] %0 — apl|?
+ba(1= %) (1= 8,)[[wn — yul?
—bn(1—%,)8,(1 —48;L% —28,)|lyn — val®
b1 (1= ) (en — 1) [wn — xa]|* = cabn (1 — ) [|wn — yl|®

< agllu—opl? + [ba(1 = 7) + bpY + ¢l |0 — opl?
b, (1= 1) (1 = 8 — ) | wn — yul?
—bn(1—%)8,(1 —487L% = 28,)|lyn —val®

= anllu—ap|]®+ (ba+cn)|xa — apl®
(1= %) (1= 8 — ca) W — vl

(3.13) —b(1 = 1) 8, (1 = 48,17 = 28,) [y — vaI*.

Using conditions (i) and (ii), we obtain

148217 -28, > 1—4c*L*—2¢>0;
(3.14) baYa(l1—cn—8,) = bpYu(an+b,—8,) <O0;

a,+b,+c, = 1.
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Putting (3.14) into (3.13), we obtain

b1 —apl? < anllu—ap|® + (1 - an)|xa — ap|®

< max{[lu—ap|? |lx,— ap|*},vn € (O,N).
Using mathematical induction, we see that

lnst = opl? < max{flu—ap|?, |xn — opl|*}

(3.15) = |jxo — ap||*,Vn € {O,N}.

Hence, {x,} is bounded. This completes the proof.

15

O

Theorem 3.2. Let H| and H, be two Hilbert spaces and C,Q be two nonempty, closed and

convex subsets of Hy and H, respectively. Let F1 :CxXC — R and F, : Q X Q — R be

two bifunctions satisfying Assumption G. Let A : C — H| be a continous monotone map-

ping and B : Q — Hj be a bounded linear operator. Let S : C — CB(C) be L-Lipschitz

o-hemicontractive multivalued mapping. Assume that ® = F(S)NQNVI(CA) is nonempty

and Sap = ap for all p € © and for some a > 1.Let x,,u € C be arbitrary and let x,be a

sequence in C generated by

zn =T (1= AB*(1 = T)B)x,,

Yn = Jizn,
(3.16)

Un = (1 - Sn)yn + 5nvn7

Xnrl = ay+ bn[(l - '}/n)wn + '}/nxn] + Cuyn,

/

for all n > 0, where v, € Sy, and wy, € Suy, are such that ||v, —wy|| < 2D(Sy, — Suy),s,r,t >

0,4 € (0, %),d = BB*, where B* is the adjoint of B, ay, 8, C (0,1) and by, c, C [a,b] for some

a,b € (0,1) satisfying the following conditions:

i ay+b,+c,=1,

ii. ay+by, <8, <c< \/1—1—%4-1'

Then, the sequence {x,} converges strongly to op € ®, where o.p = Pe(u)
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Proof. We note that Pg is well defined because ® is nonempty, closed and convex subset of C,
and from (3.1), it follows that the sequence {x,} is bounded and so are the sequences {u, } and

{zn}. Now, let ap € ®. Then, since TSF1 is nonexpansive, we have
lza—ap|® = |71 (1= AB*(1—T,2)B)xu —apl|?
= T = AB*(1 = T7)B)x, — T (1 — AB*(1 - T)B)ap|?
< (1= AB*(1=TR)B)x, — (1 - AB*(1 - TR)B)ap)?
= |n—op—A(B*(1~T,*)Bx, — B*(1 ~T,*)Bap)|*,
which by Lemma 2.3(i) gives
lza—ap|®> < b — apll? +A%|[B*(1 —T,*)Bx, — B*(1 — T,)Bop|?

—2A(x, — ap,B*(1 —T)Bx, — B*(1 — T"2)Bap).

Since B*(1 —T/?)B is ﬁ—inversely strongly monotone, we have
lzn—apl? < % —ap|®+A2[B (1~ T72)Bx, — B*(1 — T)Bapl
A
2B (1= 1) By~ B (1~ 1) Bap?
= |lxn— opl® +A%||B*(1 — T,*)Bx, — B* (Bap — T,*Bap)|*

A
(3.17) —EHB*(I —T)Bx, — B*(Bap — T Bap) ||*.
Since Bap = T;*Bap, (3.17) becomes

lzn—apl> < |lxn— apl|* +A%|[B*(1 — T,2)Bx |

)
2B (1 = T)Bx |
1
(3.18) = [P —aplP? + A (A = ) [B (1 = T,)Bx .
Also, from (3.16), we get

[ xnq1 — ap”z = ||antt 4 bp[l — Yu)Wn =+ YnXn] + CpYn — O‘Puz

= |lan(u—op) +bu[(1 = Y)Wy + YuXn) — p] +cn(yn — 0tp) H2
= |1ba[(1 = Y)Wn + YuXn) — 0p] + cn(yn — 0tp) +an(u— otp) ||27
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which by Lemma 2.3(ii) gives

(B OCPHZ < Bal(1 = %) wn + Yaxn) — 0]+ Cu(Yn — Op)

I?

+2an<u_ apaanrl - ap>a

and by Lemma 2.2, we obtain

| Xn1— O‘PHZ

(3.19)

bl (1 = Y)W + Yuxn — p||* + cnlyn — atp|?

—Cpbn || (1 = Yu)Wn + YnXn _ynH2 +2a,(u— aAp, X, 11 — AP)

bull (1= %)W+ Yaxn — () + Wa(ap) — ap||* + callyn — ap|®
—Cnbn || (1= %) Wn + YoXn — YaYn + YoV — Yl + 2an (4 — &tp, X1 — @)
bull (1= %) (Wn — &p) + Y (xn — ap)||* + callyn — apl®

—Cnbnl|(1 = Y) (Wi — Yn) + Yu (X _yn)Hz +2a,(u—ap,x,y1 — op)
bal(1 =) [wn — apl* + Yalben — 01> = % (1= 1) (1w — 20 |°]
+nllyn — apll® = cabu[(1 = 1) [1Wn = Xal|* + V|0 — yul®
— (1= %) [Wn = Xal*] + 2 (u — ap, X1 — alp)

ba(1 =) [lwn — apl|* + b0 — ap||?

+cnllyn — ap”z +bn V(1= 1) (cn — 1) |[wn _anZ
—Cubn(1=Y0) Wi = yul|* = cabu | %0 — yull*

+2a,(u—ap,x,+1 — ap).
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Using (3.4),(3.16) and (3.11) into (3.19), we obtain

[xn1 —opll* < bu(1= 1) [0 — ap|* + (1= 8x) |yn — wall* = 8u(1 —487L* — 28,) [|yn — vall*]
+buWallxn — apl* + cullzn — apll* + baYa (1= 1) (cn — 1)l wn — xa |
—nbu(1 = %) [[wn = yull* = cnbu¥allXn — yull* + 2an (1 — p, Xp 11 — atp)
= bu(1—)|lxn — ap|* +bu(1 — %) (1= 8,)lyn — wall®
—8ubn(1— 1) (1 = 487L* — 28,)|[yn — vl |* + buil|xn — axp ||
+enllzn — apl|* 4+ ba¥n(1 =) (en — 1) |[wn = Xul|* = cabn (1 = ) [|wn — yul|*

(3.20) —cnbn}/onn—ynHz—l—Zan(u—ap,an —op).
(3.18) and (3.20) imply that

v — I < b1 =) = P+ b1 =) (1~ 8y —
—8ubn(1— 1) (1 —482L2 —28,) [y — vall® + buallxa — ap|?
tenlllin— oplP 4 A~ )BT = T)Bal 2+ buta(1 = ) en— 1) —
a1 ) =3l — a5~ yull> + 2l — tp 11— )

= (n b — apl+ba(l = 1) (1 = 8n) w3l
= 8ubn(1— ) (1 = 48;L7 = 28,) |y — va
e (A~ B = T)Bul 4 b1 = ) ea— 1) —
—cuballon — 3P+ 200 (4~ tp. 51— cp)

(bn+cn)”xn_ap‘|2+bn(l —Yu) (1 —cn— &) [[wn _ynH2

IA

_5nbn(1 — Vn)(l _453142 - 25n)”yn - VnH2
e (= B~ T72) B )

—CnbnYn||Xn _yn“2 +2a,(u— 0tp, Xy 1 — AP)
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Using (3.14), condition (i) and (ii), and the fact that A € (0, %), we get

1
b1 —apl? < (1 —an)lbo — apl* +eal (2 — DB (= T,2)Bxa|’]

(3.21) +2a,(u— ap,x,+1 —ap).

Then, we complete the proof by the next two cases:
Case 1: Suppose that there exists a positive integer ng such that {||x, — ap||} is decreasing for

all n > ng. Then, the sequence {||x, — op||} is convergent, and from (3.21), we have

1
cnh (= A)|IB (1~ T2)Bx|® < (1—an) v — ap|® — [Por —aplf?

+2a,(u—op,x,41 — Op).

Hence, assumption of {c,}, convergence of {||x, — ap||} and the fact that a, — 0 as n — o

imply that

(3.22) Tim [|B*(1 = T,2)Bx, || =0,

and hence

(3.23) lim ||x, — (x, — AB*(I — T/2)Bx,| = 0.

n—oo

And since Ty is firmly nonexpansive and (I — AB*(I — T;*)B) is nonexpansive, using (3.16)

and Lemma 2.3(1), we obtain

lzw—apl?> = |IT1 I —AB*(1 = T*)B)x, — T ap|?

IN

(za— ap, (I — AB*(I — T?)Bx,) — ap)

= llzu—apllll(I - AB*(I = T,%)B)xx — ap||

IN

1
7 Ulzn = ap|*+|(I = AB*(I - T,*)B)xu — ap||?

~[l(zn — (1 = AB*(I = T,%)B)xu| I}



20 IMO KALU AGWU, DONATUS IKECHI IGBOKWE, AUSTINE E. OFEM
1
= Sillan - apl|® + % — op||* +A%|[B*(I = T,”2) Bxy ||
—2A (o — ap, B (I = T,)Bxn) — |lzn — xall> = A%||B*(I = T,2) By ||

+22’ <Zn _er?B*(I - Ter)an>}

IN

Sl — pIP + o — @pl — llan —xlP + 2 — 0, BT~ T%) B
Thus,
(3.24) lzn = pl* < [l — pl|* = Iz — xall* + 22 (20 — %0, B*(I = T,%) Bxy)..
Now, from (3.4) and (3.20), we get
benst —apl? < bu(1 =) [wn — p||* + Wuballxn — ap|* + callzn — ap?
(3.25) —Cubn (1= %) |[wa = yul|* + 26 (1 — ap, 1 — aup).
Substituting (3.11) and (3.24) into (3.25), we obtain
benst —apl? < ba(1 =) [l — apl® + (1= &) [[yn — wall®
—8u(1 —48,L7 —28,)[|yn — vul|*] + Yubullxn — atp|*
+calllxn — apl|? = ||zn = Xn||* + 2A (20 — X0, B*(I — T'?) Bx,,)]
—Cabn(1 = 1) [Wn = yul|* + 2 (1 — ap, 241 — 0p)
= (ba+cn)lln— apl® +ba(1 = %) (1 = cu = &) [wa — yul®
—bn8u(1 =) (1 —48,L% —28,)[|yn — vall* — cullzn — x>
(3.26) 420 (2p — X, B*(I — TF2)Bx,) + 24, (u — 0tp, X1 — 0Up).
It follows from condition (i),(3.14) and (3.26) that
eallzn =l < (1= an) %0 — pll? = s — @pl2+ 200l |zn — [ 1B (1 — T2
+2a,(u— op,x,+1 —Op).

Hence, since {x,} and {z, } are bounded and a,, — 0 as n — oo, from (3.22) and the assumption

of ¢,,, we obtain that

(3.27) lim ||zn — xa|| = 0
n—oo
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On the other hand, since J; is firmly nonexpansive, it follows from lemma 2.3(1) and (3.16) that

lya—apl® = |Jizn—Jiap]?
< (yn—ocp,zn—ocp>
1
(3.28) = 5{||yn—apllz+\lzn—apllz—Hzn—ynHz}-
(3.3) and (3.28) imply that

vn—apl* < lza—op|* = [|za — yul*

(3.29) < lw—apll* = |z —yall*

Substituting (3.11) and ( 3.28) into (3.25), we get

o1 —opl® < b1 =)l — @pl* + (1= &)llyn — wall?
—8(1—48,L% —28,)[[yn — vall*) + Yubu xn — atp|?
ealllin — a1 = 120 = yull*] = cabu(1 = ) [1wn — yul|
+2a(u— 0p, X1 — OUp)

= (bu+ca) [l — apl® +ba(1 = 1) (1 = ¢ — &) [[wa =yl
—bn8u(1 = 1) (1 —48,L% = 28,)|yn — vall* — cullzn — yul®

+2an<u —Oap,Xpy1 — OCp>,
which from condition (i) and (3.14) yield

Hxnﬂ—asz < (l_an)||xn_ap||2_bn6n(1_Yn>(1_43nL2_25n)||)’n_VnH2

(3.30) —cn\]zn—ynl\2+2an<u—ap,x,H_l —ap)
(3.30) implies that

bn&n(l_}’n)(l_46nL2_25n)Hyn_VnH2 < (1—an)||xn—06p||2—||xn+1—Otp||2

_CnHZn _yn||2 +2an<” —Op,Xpy1 — OCp>.
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Hence, the assumption that @, — 0 as n — oo and (3.14) imply that
(3.31) lim ||y, — vn|| = 0.

n—oo
Since v,, € Sy,, using (3.31), we get

(3.32) lim d (v, Syn) = 0.

n—soo

In addition, from (3.30), we also have
Cnllzn _yn||2 < (I—ap)|xn— aPHZ — [Jxn1 = apHZ +2a,(u—ap,x,y1 — ap),

and, because a, — 0 as n — oo, it follows from the assumption of {c, } that

(3.33) Y}I_{IoloHyn_ZnH =0.

From the Lipschitz condition of S and (3.30), we get
[yn=wall < [lyn—vall +[[va —wall

< |lyn—vall +2D(Syn, Sun)

< lyn = vall +2L]yn — un||

(3.34) = (1+42L8,)||yn — vn|| = 0 as n — oo.

Observe that

%1 —2nll < g1 = ull + [[yn — Xal]

= |lantt+ba[(1 = V) Wn + YnXn] + cnyn — Yull + 1| yn — Xn||
= lan(u—yn) = bu(1 = %) On — wn) = Yubu(yn — Xn) | + [|[yn — Xn]|
< anl|u—=yull +ba(1 = Y)llyn — wall + Yabullyn — Xnl| + [|yn — Xn||
= anHu _ynH +bn(1 - yn)”yn _WnH + (1 + ann)Hyn _Xn”a

which, from (3.27), (3.33), (3.34) and the fact that a, — 0 as n — oo, gives

||xn+l_xn” < an””_ynH+bn(1_Yn)“yn_WnH+(1+7’nbn)’|zn_yn||

(3.35) +(1 4 Ybn)|zn — Xu|| = 0 as n — oo.
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Moreover, from (3.14) and (3.30), we get
(3.36) bens1 —pl? < (1—ap)|lxn — op|* +2a, (1 — 0tp, 511 — ap).

Now, let ap = Pg(u). Then, we show that limsup,,_,..(u — otp,x,+1 — op) < 0.
Since the sequence {x, } is bounded in a real Hilbert space H;, we can choose a subsequence

{xn;+1} of {x,41} such that x,, 1| — @ as n — oo and

limsup(u — ap,x,+1 —ap) = lim (u — ap,x,+1 — ap).
n—soo n—poeo

Since C is closed and convex, C is weakly closed. So, we have @ in C and from (3.35), we find
that x,, — @ as i — oo, and thus it follows from (3.27) and (3.33) that z,, — ® and y,, — ® as

[ —> o0

Next, we claim that @ € @. From (3.32) and the hypothesis that (I —S) is demiclosed at zero,

we obtain that o € F.

Since (I — AB*(I — T;"?)B) is nonexpansive, from (3.23) and demiclosedness principle for non-

expansive mapping, we have
(I-AB*(I-TP?)B)o = ,
which implies that
B*(I-T™)Bw = 0.

Thus, using (2.1), we obtain that Bow = T2, hence Bow € EP(F3). In addition, from (3.27), we

get
Yim vy = 701 = 28" (1 = T)B)] = lim [, — 2] =0.

Hence, since T3 (I — AB*(I — T;"?)B) is nonexpansive, from the demiclosedness of nonexpan-

sive mapping, we obtain that

TH(I—-AB*(I1-T?)B)o = .
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This, with the fact that Bo = T,F ’Bw, gives @ = TSF ' and hence ® € EP(Fy). Therefore, @ € Q.

On the other hand, from (3.33) we have
lim 12, —Jizal| = lim 20 — v, =0

Since z,, — ® and J; is nonexpansive, then (I —J;) is demiclosed at zero and so, we get that
® = J;o and hence ® € VI(C,A). Therefore, @ € ®. Thus, since aq = Po(u) and x,, 11 — @,

from the property of metric projection Pc given in (2.2), we have

limsup(u — g, xp11 —@q) = lim(u—ag,x+1—aq)
n—soo n—reo
(3.37) = (u—oag,x,1—oqg) <0

Furthermore, since o p was arbitrary, ag € ®, then from (3.36), (3.37) and lemma 2.5, we get

that

|x, — agql| =0 asn — oo

Consequently x, — otg = Po(u).

Case 2. Suppose there exists a subsequence n; of n such that

[ln; = pll < flocn 1 = pll,

for all j € N. Then, by lemma 2.7, there exists a nondecreasing sequence {my;} C N such that

my, — oo and
(3.38) Ioim, — 2p | < I — cpll and o — ezp| < [t — atpl

for all k € N. Thus, from condition (1), (3.14),(3.26), (3.30),(3.38) and the hypothesis that a, — 0

as n — oo, we get
zme — Xm || = 0, |ymg — Vimg || = 0 and ||y, — 2, || — 0 as k — oo.
Then, since ag = Pg(u), following the same procedure as in Case 1, we get

(3.39) limsup(u — 0tg, X, +1 — q) <0

k—roo
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Now, since ag € 0O, from (3.30) and (3.33), we have that
(3.40) ||xmk+1 - O“]HZ <(1- amk)mek - OCCIHZ +2amk<u — 0q, X1 — aq)
and hence (3.38) and (3.40) imply that

|| Xmy, — 0661||2 < |y — OMJIIZ — X1 — 0“1”2 + 20, (U — OUG, Xy 11 — OG)

< 2amk <u — Oq, Xmy+1 — aQ>-
Hence, in view of the fact that a,,, > 0, we have that
2
X, — 0gl|” < 2(u— 0tq, X1 — 0q).

Hence, using (3.39), we obtain that ||x,, — 0tg|| — 0 as k — co. This together with (3.40) implies
that||x,,,+1 — 0q|| = 0 as k — oo. Because ||x; — ap|| < ||xp,+1 — ap||, for all k € N,we have that
xx — agq. Therefore, from the above two Cases, we deduce that the sequence {x,} converges

strongly to oog = Pg(u). This completes the proof. O

If, in Theorem 3.2, we assume that S is a single-valued Lipschitz ¢&t-hemicontractive mapping,

then we obtain the following results:

Corollary 3.3. Let H; and H, be two Hilbert spaces and C,Q be two nonempty, closed and
convex subsets of Hy and Hj respectively. Let F| :CxXC — R and F, : K XK — R be
two bifunctions satisfying Assumption G. Let A : C — Hy be a continous monotone map-
ping and B : Q — Hj be a bounded linear operator. Let S : C — CB(C) be L-Lipschitz
o-hemicontractive mapping. Assume that ® = F(S) NQNVI(CA) is nonempty and Sop = ap
for all p € © and for some o > 1.Let x,,u € C be arbitrary and let x,be a sequence in C gener-

ated by

v =T{'(1 = AB*(1—T?)B)x,

Yn= Jizn
3.41)

up = (1= 08,)yn+ Oyvn

Xpt1 = it + by [(1 = Y)W + YnXn| 4 Cuyn
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for all n > 0, where v, € Sy, and w,, € Su,, are such that ||v, —wy|| < 2D(Sy, — Suy),s,r,t >
0,4 € (0, é),d = BB*, where B* is the adjoint of B, a, 8, C (0,1) and by,c, C [a,b] for some

a,b € (0,1) satisfying the following conditions:

1. a,+b,+c,=1

.o 1
il. an+bn§5n§6<m

Then, the sequence {x,, converges strongly to ap € ©, where ap = Po(u)

If, in Theorem 3.2, we assume that A = 0, then we find the following result on split equilib-

rium and fixed point problem for Lipschitz &-hemicontractive multivalued mapping:

Corollary 3.4. Let H| and H, be two Hilbert spaces and C,Q be two nonempty, closed and
convex subsets of Hy and H, respectively. Let F1 : C X C — R and F, : K X K — R be
two bifunctions satisfying Assumption G. Let A : C — Hy be a continous monotone map-
ping and B : Q — H, be a bounded linear operator. Let S : C — CB(C) be L-Lipschitz
o-hemicontractive mapping. Assume that ® = F(S) N Q is nonempty and Sop = o.p for all

p € O and for some o« > 1.Let x,,u € C be arbitrary and let x,be a sequence in C generated by

=T (1 —AB*(1—T,)B)x,

(3.42) tn = (1= 8,)yn+ SV

Xni1 = apt+ by [(1 — Y)W+ YXn] 4 Cuyn

for all n > 0, where v, € Sy, and w, € Su,, are such that ||v, —wy|| < 2D(Sy, — Suy),s,r,>
0,A € (0,%),d = BB*, where B* is the adjoint of B, a,8, C (0,1) and by,c, C [a,b] for some

a,b € (0,1) satisfying the following conditions:

i.a,+b,+c,=1

.. 1
11. an+bn§5n§c<m

Then, the sequence {xn} converges strongly to ap € ©, where ap = Pg(u)

If, in Theorem 3.2, we assume that H; = H,, C = Q,B =1 and F, = 0, then we obtain the

following corollary:
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Corollary 3.5. Let Hy a real Hilbert spaces and C be a nonempty, closed and convex subsets
of Hy . Let F1 : C x C — R be a bifunctions satisfying Assumption G and let A : C — H| be
a continous monotone mapping . Let S : C — CB(C) be L-Lipschitz a--hemicontractive mul-
tivalued mapping. Assume that ® = F(S)NEP(F;) NVI(CA) is nonempty, closed and convex,
Sap = ap forall p € ® and for some o0 > 1.Let x,,u € C be arbitrary and let x,be a sequence

in C generated by

Fi
=Ty 'xp

Yn =Jizn
(3.43)
up = (1= 58,)yn+ Opwn

Xpt+1 = anu+bn[(1 _'}’n)Wn+'}/nxn] + Cnyn )
forall n > 0, where v, € Sy, and wy, € Su,, are such that ||v, —wy|| <2D(Sy, — Suy),s,r,t >0,

an, 0, C (0,1) and by, ¢, C [a,b] for some a,b € (0, 1) satisfying the following conditions:

1. an+b,+c,=1

ii. an+bn§6n§c<m

Then, the sequence {x,, converges strongly to ap € ®, where ap = Pe(u)

If, in Corollary 3.3, we assume that S is an identity mapping, then we get the following result

on variational inequality and split equilibrium problems:

Corollary 3.6. Let H; and Hy be two Hilbert spaces and C,Q be two nonempty, closed and
convex subsets of Hy and H; respectively. Let F1 :CxC — R and F, : K X K — R be two
bifunctions satisfying Assumption G. Let A : C — H| be a continous monotone mapping and
B: Q — H, be a bounded linear operator. . Assume that ® = QNVI(CA) is nonempty and
Sap = ap forall p € ® and for some ¢ > 1.Let x,,u € C be arbitrary and let x,be a sequence

in C generated by
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)

=T (1—-AB*(1—T,"*)B)x,

Xyl = apt+ bn'}/nxn + Cn¥n
),

for all n > 0, where v, € Sy, and wy, € Su, are such that ||v, —wy|| < 2D(Sy, — Suy,),s,r,t >
0,1 € (0, %),d = BB*, where B* is the adjoint of B, a, 8, C (0,1) and by,c, C [a,b] for some
a,b € (0,1) satisfying the following conditions:

1. a,+b,+c,=1

.o 1
il. an+bn§5n§0<m

Then, the sequence {x,, converges strongly to ap € ©, where ap = Pe(u)
If, in Corollary 3.5, we assume that F| = 0, then we obtain the following corollary:

Corollary 3.7. Let H| a real Hilbert spaces and C be a nonempty, closed and convex subsets of
H, . let A: C — H, be a continous monotone mapping . Let S : C — CB(C) be L-Lipschitz
o-hemicontractive multivalued mapping. Assume that ® = F(S)NVI(CA) is nonempty, closed
and convex, Sotp = a.p for all p € ® and for some a > 1.Let x,,u € C be arbitrary and let x,be

a sequence in C generated by

Yn = Jixy

(3.45) tn = (1= 8,)yn+ SV

Xni1 = Apt+ by [(1 = Y)W =+ YXn] 4 Cuyn

forall n > 0, where v, € Sy, and wy, € Su,, are such that ||v, —wy|| < 2D(Sy, — Sup),s,r,t >0,

an, 8, C (0,1) and by, c, C [a,b] for some a,b € (0, 1) satisfying the following conditions:

i.a,+b,+c,=1

.. 1
11. an+bn§6néc<m

Then, the sequence {x,, converges strongly to ap € ©, where ap = Po(u)
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If, in Corollary 3.6, we assume that A = 0, the we obtain the following corollary on split

equilibrium problem:

Corollary 3.8. Let H; and H, be two Hilbert spaces and C,Q be two nonempty, closed and
convex subsets of Hy and H, respectively. Let F1 :C xC — Rand F, : K Xx K — R be two
bifunctions satisfying Assumption G. Let B : Q — H» be a bounded linear operator. . Assume
that Q is nonempty and Sap = a.p for all p € ©® and for some o0 > 1.Let x,,u € C be arbitrary
and let x,be a sequence in C generated by

\

2 =T (1= AB*(1—T,")B)x,

(3.46) Yn = Jizn

Xpt1 = QuUt+ by YoXn + Cuyn )

for all n > 0, where v, € Sy, and wy, € Su, are such that ||v, —wy|| < 2D(Sy, — Suy,),s,r,t >
0,1 € (0, é),d = BB*, where B* is the adjoint of B, a, 8, C (0,1) and by, c, C [a,b] for some
a,b € (0,1) satisfying the following conditions:

1. ap+b,+c,=1

. a,+b,<6,<c< m
Then, the sequence {x,, converges strongly to ap € Q, where ap = Po(u)

We note that, since every a-demicontractive mappings are a-hemicontractive mappings, the
results obtained in this paper for a-hemicontractive (single and multivalued) mapping also hold
for or-demicontractive mappings provided that the indicated conditions are satisfied. Our results
extend, improve and unify several recent results in the existing literature (e.g.,[1, 2, 3, 12, 17,18]
etc) on approximation of common solution of fixed point problem for nonlinear mappings,
classical variational inequality problem and split equilibrium problems. Theorem 3.2 extends
the results of Meche and Zegeye [2] from Lipshitz hemicontractive-type mappings to the more

general classs of Lipshitz o.-hemicontractive mappings.
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