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Abstract. Let I" be a nonempty index set, and X, Y are complex .2 (I")-type spaces. f : Sx, Sy will denote their

unit spheres. Give a surjective mapping f : Sy — Sy satisfying the functional equation

)+ SO = FONE = eyl e =ylI} - (e € Sx)

We show that there exists a function € : Sy — {—1,1} such that £f is an isometry. Moreover, this isometry is the
restriction of a real linear isometry from X to Y.
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1. INTRODUCTION

The famous Tingley’s problem is important on mathematics. In 1987, Tingley raised a ques-
tion in [10], that is, let X and Y be normed spaces, Sx and Sy denote their unit spheres. Suppose
f 1 Sx — Sy 1s a surjective isometry, whether f can be extended to a real-linear (bijective) isom-
etry F' : X — Y between the corresponding space? In [10], Tingley give the positive solution in
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two finite dimensional Banach spaces, which is f(—x) = —f(x) for every x in the unit spheres
of the domain spaces. For the Tingley’s problem was attracted much attention, someone estab-
lished results in a wide range of classical Banach spaces, such as detailed presentation (G. D in
[1]), ¢P(T") spaces, where 1 < p < e (G.D|2,3,4]), Co(L) spaces (R. Wang [11]), LP(Q.Z,u)
spaces, where 1 < p < eoand (Q,X, i) is a o-finite measure space (D. Tan in [16, 17] and [18]).

Recently, the Tingley’s problem on operator algebras’ research was started, like compact
linear operators on a complex Hilbert spaces (A.M. Peralta and R. Tanaka in [15]), finite di-
mensional c*-algebras and finite VonNeumamn algebras (R. Tanaka in [23]), weakly compact
JB*-triples and atomic JBW *-triples (F.J. Fernandez-Polo, A.M. Peralta in [12, 13, 14]). Other
important results may be seen in the references.

Wigner’s theorem is another important conclusion related to linear isometries, which also
plays a fundamental role in quantum mechanics. Wigner’s theorem has may forms, Rétz gives
a real version in inner product spaces. It is that suppose X and Y are real inner product spaces,

define a mapping f : X — Y, then f satisfies

| <f(x),f)>]=]<x+y>| (xy€eX).

if and only if there exists a phase function € take value in module one scalar such that f(x) =
€(x)U(x), x € X, where U is a linear isometry.

In the complex version, the solution can be considered to phase equivalent to a linear or
conjugate linear isometry (see [19]). In 2013, G. Maksa and Z. Pales gave a equation of real

version in norm spaces of Wigner’s theorem [7]

)+ O = O = {lx+yll =y} (eyeX) (1)

Meanwhile, they asked the following question: whether the result remains positive solution
when f : X — Y of satisfies the equation (1) with X and Y being normed but not necessarily
inner product spaces? In the real cases, we have got positive solutions in ¢7(I") spaces with
p > 1and 2> (") spaces [20].

Combining with the Tingley’s problem and the Wigner’s theorem, we begin to consider a
question: suppose X and Y are complex Banach spaces, define a mapping f : Sy — Sy satisfying

the equation (1), where x,y € Sy, 1s it phase equivalent to an isometry which is just the restriction
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of a linear isometry from X to Y? The aim of this paper is to answer the question in complex

Z*(I')-type spaces. Our most results in this paper comes from [5].

2. RESULTS

Throughout this section, we consider the spaces all over the complex field. Let X and Y be
complex Banach spaces, Sy and Sy will denote their unit spheres respectively. Bx will denote
the closed unit ball. Meanwhile, R will denote the real sets, C will denote the complex sets and
T will denote the unit sphere of C. In this paper, the symbols I'; A will be used by nonempty
sets. For a,b € R, we write a Vb = max{a,b} and a A b = min{a,b}.

Let I" will be a nonempty set. The space of all bounded complex-valued functions on an index
set I" equipped with the supremum norm is denoted by ¢°(I") and any of its subspaces containing
all e,'s (y € T) are called £ (I")-type spaces. For example, the space co(T"),c(T"),£>(T) are
Z*(I)-type spaces. The ¢ (T")-space is

=) = {x = {&}yer: IIxl = 31611r>|§y| <eo, &yeC, yel}.

For arbitrary x = {xy}yer € Z*(I"), we write x = {xy}, and omit the subscripts y € I" for

simplicity of notation. We use I'y to express the support of x , i.e.,

I, ={yel:x,#0}.

When working with .2"*°(I") one has to be particulary careful with the meaning of the notations.
The ey is the vector in £ (I") having 1 at the y-th entry and otherwise 0. Given x € Z*(I"), we
denote the y-th function value of x by xy € C. The canonical notion of (algebraic) orthogonality
in £*(I') reads as follows: x,y € .Z*(I') are said to be orthogonal or disjoint if xy = 0, or

equivalently I'y NIy, = 0. The star of x with respect to S o) is defined by

St(x) ={y:y € Sg=(r), [y +xll =2}

Before proving the main Theorem, we will give some Lemmas.

Lemma 2.1. Let X and Y be complex Banach spaces. Suppose that f : Sx — Sy is a surjective

phase-isometry. Then f(—x) = —f(x) for each x € Sx.
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Proof: Fix yin Sx and let f(y) = —f(x), since f is phase-isometry mapping, we have

{le+yll, e =yl1} = {11 )+ F O G) = FOITF = {20,

which implies y € {x, —x}.
If y = x, then f(x) = — f(x), which means f(x) = 0, leads to contradiction.

So the only positive solution is y = —x. The proof is completed. a

Our next Lemma gives a characterization of norm-one element in .2 (I") with a single sup-

port.

Lemma 2.2. Let x be a norm-one element in £~ (I"). Then Ty is a singleton if and only if the

inequality ||y — x|| < 1 holds for all y € St(x).
The idea of the next Lemma comes from [5], whose proof is similar.

Lemma 2.3. Let X = £(T) and Y = £ (A). Suppose that f : Sx — Sy is a surjective phase-

isometry. Then for each Y € I" and o € T, we have Af(a% y=A Fleyy) is a singleton. Moreover,

one the following statements holds:
(1) f(aey,) = £af(ey,) for every o € T;
(2) f(aey,) = £ f(ey,) for every oo € T.

Proof: We fix yp € I', oo € T. Let us take x € Sy such that f(x) € St(f(cey,)). Since fis a

phase-isometry,

e+ ey || V [lx = ey || = Il (x) + f ey, ) || V[I.f (x) = S (aey )| = 2,

which shows that x € £5t(ctey, ).

It follows from Lemma 2.2 that
£ (x) = faey) || = [|x+ ctey | Aflx — aey || < 1,

and so A Flaey,) is a singleton. Clearly,

4= ||oey, + ey |+ [laey, — ey 1> = [1f (atey) + f (ex I + [1£ (eter,) — flex) I,
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which assures that Az (qe, ) = Ay(e, ) 1S a singleton. Suppose that f (aey,) = B f(ey,) for some

B € T. Then it follows from

{loe+ 1] [a =11} = {[aey, +ey |, [oey, —ey I}
= {lIf(oey) + flen)ll, [/ (ey,) = f(ex) I}
= {IB+1}1B-1]}
that B € {+o,ta}.
We have shown above that f(iey,) = +if(ey,) and f(—ey,) = —f(ey,) (by Lemma 2.3). Let

us assume that f(aey,) = +0f(ey,) and f(Bey,) = +Bf(ey,) for some &, B € T\ {£1,+i}.

By the assumptions we have

2—|—2|Re((x3)] = ”aeYO +B670||2\/ Hae?/o _ﬁe}’oHZ
= |If(aey) + f(Bey) IV I (ctey) — £ (Bey)II>

= Jo+BI*V]o— B> =2+2[Re(ap),
equivalently

[Re(a)Re(B) +Im(c)Im(B)| = [Re(at)Re(B) — Im(a)Im(B)]

which is impossible because o, € T\ {£1,=+i}. It follows that f(aey,) = af(ey,) for all

a€T,or f(oey) =taf(ey) forall ¢ € T. O

The next result describes the behaviour of surjective phase-isometries on complex Z*°(I')-

type spaces.

Proposition 2.4. Let X = £(T) and Y = £*(A). Suppose that f : Sx — Sy is a surjective

phase-isometry. Then there exists a bijection ¢ : I — A such that for every x = {xy} € Sx, we

Yo(y)
b’cf(y)|

have f(x) = {yc(y)} € Sy, where eo(y) = if(‘%ey)for every Y€y and ys(,) =0,y ¢ L.
Proof: We can define a mapping ¢ : I' — A by Lemma 2.3 (2) that
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First, We shall show that o is bijective. Let us take ¥1,7» € I" and write f(ey,) = Oy eq(y) and

fley,) = Opeq(y) With ay, &y, € T. If 1 # 1, then

1 (ex) + fen) >+ £ (ex) = flep)II?
= ey +enl’+lley —epl?

= 1+1=2

This implies that (1) # 6(9»), and thus o is injective. Next, we would consider that o is
surjective. Indeed, given 8 € A, by applying Lemma 2.3 (2) to f~!, we can find some y € I" and
o € T such that f(aey) = es. Therefore, o is a surjective mapping.

Set

[ :={yel: f(aey) =taf(ey),Vac T}

I :={yerl: f(aey) = £af(ey),Va € T}.

From Lemma 2.3(b), we know that ' =1 Ul and I'y "I, = 0. Fix y € I'y NI}, the proof of

the case of y € I'y NI holds is same to it. We have shown that

flaey) =xaf(ey) = Ltoayes ()

for some oy € T, and so f(;—:‘ey) = S€q(y), where s = i‘%ay. What’s more, for every x =

{xy} € Sx, we have f(x) = {yg(y)} € Sy. Therefore,

Xy Xy
[y +1 = |lx+ eyl V [|x — —eyl|
|xy| |xy|

— £ Q) + (e | V() = f(Loey)]
|x7/| |x7/|

= Yoy 51V o) =l < ol +1,

which shows that |xy| < [ys(y)|- By applying the same argument to f ~! we can obtain Yoyl <

[xy|, and 80 |xy| = [yg(y)|. So the previous inequality can become an equality

‘)’0'(7/) + 5|V b’a(y) —s|= b’c(y)‘ +s| = |yo(y)| +1,
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and $0 yg(y) = j:‘sq|xy| = +xy0 for every y € I'y NI, It is easily to see when y € I', N1,
— 4 — 45| =+ —

s==+ ] % and y5(y) =+ 5 [xy| = £Xyay. The above argument also shows that y () = 0 for

every ¥ € I'\ I'y. The proof is completed. a

For every x = {xy} € £~ (), define a mapping 7 : £ (I") — .2>(I).

‘j—q if yely;
) =49 7
0 if yeI'\Il'

Then we have
T(x+y) =7(x) + 7(y) and 7(0x) = at(x)

for arbitrary two nonzero orthogonal vectors x,y € .2 (I") and o € T. It is obviously that x =y
if and only if 7(x) = 7(y) and xy = %y, for each y € T, where x,y € .£*(I") and x, y nonempty.

The following result will be used to prove a property of f.

Lemma 2.5. Let X = (") and Y = £ (A). Suppose that f : Sx — Sy is a surjective phase-

isometry. Then to f(x) = +f o1(x) for every x € Sx.

Proof: Proposition 2.4 implies that o : I' — A is bijectiv. For every ¥ € I and x € Sy, we can

suppose f(ey) = 0yeq(y) With ay € T. Also, we can get

f(X)o(y)y =fot(X)s(y) =0, x € Sx
for every ¥ € I'\I',. Let us fix ¥ € I'y. For f is a phase-isometry mapping, we can get
15 () + fot() [ Allf () = for()]]
= [x+r@IAlx—7()ll
= 1= inf ().

By Proposition 2.4, for every x = {xy} € Sx, f(x) = {Ys(y)} € Sy, we have [y5(y)| = [xy|. Com-

bining with the Proposition 2.4 and the property of 7, we can get

To f(x) =+fot(x).
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Lemma 2.6. Let X = (") and Y = £ (A). Suppose that f : Sx — Sy is a surjective phase-
isometry. Then for every x,y € Sx with I'y NIy = &, and two positive real numbers a, b with

ax + by € Sx, there exist two real numbers o and B with |ot| = |B| = 1 such that

flax+by) = ao(ax,by) f(x) + b (ax,by) f(y),

Proof: By Proposition 2.4 and the properties of 7, we should only prove that there exist

o,B € {—1,1} such that

To flax+by) = atoaf(x)+ Brobf(y) = ato f(x) + BTo f(y).

fora,p e {—1,1}.

Meanwhile, Lemma 2.5 implies that the equality is equivalent to
fot(ax+by) = fo(t(x)+1(y) = alx,y)fot(x)+B(x,y)foT(y),

where a(x,y), B(x,y) € {—1,1}.

Let o : I' — A be the bijection from Proposition 2.4. We can write

fOT(X) = {Wo(y)}7 fof(y) - {Vc(y)}a fOT(X+y) = {W/cr(}/) +v/o(y)}7

where wg(,) = j:w:,_y () € T forevery yE Iy and vg(y) = j:v:,; iy € T for every y € Iy respectively.
Thus

[fotx+y)+fot)Alfeotlx+y)—for(x)| = [[tlx+y) + T A llT(x+y) — ()] = 1.

It follows that {W/G(y)} = +f o 1(x), and similarly {V/G(y)} = +fo1(y). This shows that
fot(x+y)=oalx,y)fot(x)+p(x,y)for(y)

for some a(x,y),B(x,y) € {—1,1}, which completes the proof. O

Lemma 2.7. Let X = £(T) and Y = £ (A). Suppose that f : Sx — Sy is a surjective phase-

isometry. For every x,y € Sx with TxNIy = &, we write f(x+y) = ot(x,y) f(x) + B(x,y) (),
where a(x,y), B (x,y) € {—1,1}. Then

a(x,y)B(x,y) = a(—x,y)B(—x,y) = a(x,—y)B(x,—y).
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Proof: For this conclusion, we only need to check

Oc(x,y)ﬁ(x,y) = a(—x,y)ﬁ(—x,y).

From Lemma 2.5, we have known

To f(x) = tfot(x),

where x € Sx. Therefore,

Tof(x+y) = a(xy)tof(x)+B(xy)Tof(y), a(x,y), B(x,y) € {—1,1},
tof(—x+y) = a(—x,y)tof(—x)+B(—x,y)T0f(y), a(—x,y), B(—x,y) € {—1,1}.

Combining with Lemma 2.1 and Lemma 2.5, we can get

2 = |tx+y) +r(=x+y)[Allelx+y) —t(=x+y)
= |fotlxt+y)+for(—x+y)Allfot(x+y)—for(—x+y)ll
= llrofx+y)+rof(=x+ty)Alltoflx+y) —Tof(—x+y)|
= MlBy)roflxty)+B(—xy)To f(—x+y)}
= lla@xy)Bxy)tofx) —a(=x,y)B(—xy)To f(=x)]

= |a(x,y)B(x,y) + a(—x,y)B(—x,y)],
which shows that a(x,y)B(x,y) = a(—x,y)B(—=x,y). The proof is completed. a

Define a mapping F, which is the natural extension of f from X to Y. For arbitrary x € X,
defined by

Il (), ifx#0,

0, if x=0.

F(x) =

Theorem 2.8. Let X = Z*(I") and Y = £ (A), suppose that f : Sx — Sy is a surjective phase
isometry. Then its extension mapping which on the whole space is phase equivalent to a real

linear isometry.
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Proof: In order to complete the proof, we should prove that F, the extension of f, is phase
equivalent to a real linear isometry. Lemma 2.3 implies that for every yp € I'and all o € T, we
have f(aey,) = £of(ey,) for all @ € T or f(aey,) = £0f(ey,) for all @ € T. We shall only
prove the case in which f(oey,) = ot f(ey,) for all & € T, the other statement is very similar.

Set

Z:={xeX:x-ep,=0} and W:={yeY:y-f(ey) =0}
Clearly,

X=Z®Cey and Y =W @ Cf(ey,).
We can also define the unit spheres of Z and W are
Sz:={xeSx:x-eq, =0} and Sw:={yeSy:y-f(ey) =0}
It is easily to see
Sx ={az+bey, :z€Sz,ac R,be C,|a|V|b| =1}

and

Sy ={af(2)+bf(ey,) : f(z) € Sw,a € R,beC,|a|V|b| =1}.

By Proposition 2.4, the restricted mapping f|s, : Sz — Sw is a surjective phase-isometry.

Lemma 2.6 implies that
f(ztey) = oz, e)f(2) + Blz,en)f (en), &z ey),B(ze) € {=1,1}
for each z € Sz. Define a mapping g : Sz — Sw given by
8(2) = a(z,ey)B(z,€9)(2)

for each z € Sz. It is easily seen that g(z) = +f(z) for each z € Sz. Applying Lemma 2.7 we

have

a(z,ey)B(z,ey) = a(—z,ey)B(—z,ey), (€ Sz2).

This shows that g(—z) = —g(z), and so g is surjective. We will prove that g is a surjective

isometry. Given z1,z € Sz, we can write
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f(zl +e}’o> = OC(Zl,eyO)f(Zl) +B(Z116Y0)f(670)7 a(zlerO)vﬁ(zheYo) € {_17 1},

f(Z2+€70) = a(ZZaeYO)f(ZZ) —J’_ﬁ(ZZaeYo)f(eYo)a a(ZZaem)vﬁ(ZZ»e}’o) € {_17 l}a

then

18(z1) —g(@)l = llz1 +22+2ep || Allz1 — 22l
= [If(zi+ep) +fz2+en) | Al (1 +ep) — fz2+ey)l]
= AlB(z1,e0)f (21 +ey) £ B(z2,e)f (22 +ey) |
= |lo(zr,ey)B(z21,€9).f (21) — (22, 0) B (22, €9 f (22

= |lz1—2|,

which shows that g is an isometry.

Give amapping G: Z -+ W

20
20|

G(z0) = a(Hj—gn,emﬁ(

,€y0)F (Z0)7
where zg € Z. Since g is a surjective isometry, by [21,Theorem 1.1], G, the extension of g, is a
real linear isometry.

Define a mapping f: Sx — Sy, given by

flaz+bey,) = ag(z) +bf(ey,),

where z € Sz, a € R, b € C, |a| V |b| = 1. We will show f(x) is a surjective isometry. We first
prove f(x) is an isometry.
Assume x| = a121 + biey,, Xo = azp + brey,, where x1,x2 € Sx, 21,22 € Sz, |a1| V |bi] =1,

lax| V |ba| =1, ay,a; € R, by, by € C. Then
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£ (1) = Fx2) |

= |la1g(z1) —azg(z2)[| V |b1 — b2
= [[Gla1z1) = Glaxz2) || V b1 — ba|
= |la1z1 —axz2|| V |b1 — b2|

=[x —x2,

Then we will prove f(x) is surjective. It remains to prove that f(x) = +f(x) for every x € Sx.

Given z € Sz, by Lemma 2.6, we have

f(az+b67/0) = aa(Z7eYO)B(Z7eY0)f(Z) +bf<e7/o)7 a<z7eVo)’B(ZaeY()) < {_17 1}7

flaz+bey) = aa(az, bey,) f(z) +bB(az,bey,) f(ey,), alaz,bey,),B(az,bey) € {—1,1},

whereae R, b e C,

a|V|b|=1and z € Sz.

Next we want to know that

o(az,bey))B(az,bey,) = a(z,ey)B(z,ey,).

We need two steps to finish this conclusion.

We first to show «(az, bey,) B (az, bey,) = o(z, |%eyo)ﬁ’(z, %e%).

{I1+a|VI|b|+1,]1—alV1—|b|}

b b
= {ll(az+bey) +(z+ m%)H, laz +bey, — (z+ W%)H}

b b
= {llf(az+bey) + f(z+ m%)ll, 1/ (az+bey,) — f(z+ W%)H}

- {Hﬁ(aab%)f(aﬁb%)iﬁ(z,%ew(w%emn}

— {l(ae(az. bEyO)ﬁ(aZ,beyO)f(Z)+bf(%))i(a(za%%)ﬁ(za%%)f(Z)Jr%f(%))ll}

b b
= {|a06(az,be7,0)[3(az,beyg) + O‘(Zv meYO)B(Z7 me}’oﬂ Vi + |b|7

b b
|ao(az, bey, ) B(az, bey,) — a(z, W%)B(Z’ meYo” V1—1|b[}
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which shows a(az, bey,) B (az, bey,) = oz, ﬁe},o)ﬁ (z, %e%).
Next we will show o(z,ey,)B(z,ey,) = 0(z, ﬁe%)ﬁ(z, ‘%‘e,,o). If M%‘ +1|# |% —1|orb#it

fort € R,

t| <1, then we get the desired equation

b b b
{2,]1 - Wl} = {H(Z+€y@)+(z+m%)ll, 2+ ey — (Z+W67")H}

b b
= {llf(z+ep) +flz+ W%)H’ 1f(z+ey) = flz+ W%)H}

- {HB(Z,eyo)f(H%)iﬁ(Z,%%)f(w%%)H}

- {H(a(z,emmz,e%)f(z)+f<ey0>>i<a<z,%emmz,%emv(@ﬁf(e%))u}
= {|O£(z,e7/0)[3(z,e7,0) + OC(Z, %eYo)ﬁ(% %67’0” \ ’1 + |Z_";

b b b
Jac(z, ) (z.ex) — Uz, e B e o) |V 11— [
bl bl bl
which shows ot(z,ey,)B(z,ey,) = (2, %e%)ﬁ(z, |%e},o).
Now assume that b = it for r € R, |r| < 1. Choose 6 € T\ {£1,=+i}. Following a similar

argument as above, we get

b b b
{2’|W =61} ={ll(z+ W%)HH Bey )l HW% —Oeyll}

b b
= {lIfz+ W%) S (24 Bey) |, 1 f(z+ W%) —f(z+8ey)|}

- {Ilﬁ(z,%%)f(w%%)iﬁ(z, Bey)f(c+ Bey)}

b b b
= {loz fpren)B (e pren) + (2 6ex)B(z, Oey)| V |- + 61,

b b b
oz, m%)ﬁ(& m%) —a(z,0ey)B(z,0ey)| Vv ||b_| —0l}.

Since ||—Z|—9\ # |ﬁ+9\, we obtain

b b
O‘(Za me%)ﬁ (Zv me}’o) = O‘(Zv 967/0)13 (Z’ 9670)'

Thus we get a(z,ey,)B(z,ey,) = a(az,bey,)B(az, bey,), which shows f(x) = £ f(x) for every

x € Sx.
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What’s more,

f(=x) = f(—az—bey)
= ag(=2) +bf(—ey)

= —ag(z) —bf(ey)

= —fx),

which shows f(—x) = —f(x) for every x € Sx. Thus f(x) is a surjective isometry.
By [21,Theorem 1.1], we have known F (x), the extension of f(x) is a real linear isometry,

and F (x) is phase equivalent to F(x), the proof is completed. O
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