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Abstract. In triangular intuitionistic fuzzy metric spaces, we propose a common fixed point theorem for four
mappings under various compatible mapping conditions. On the basis of this, we can further extend the theorem
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1. INTRODUCTION

The concept of fuzzy sets was initially introduced by Zadeh[9] in 1965. The emergence
of fuzzy set theory provides a powerful mathematical tool for describing and studying fuzzy
phenomena. Thereafter the concept of a fuzzy metric space was introduced by Kramosil and
Michalek[16] and was revised by George and Veeramani8[6] in 1994. Atanassov[8] generalized
fuzzy sets and introduced the concept of intuitionistic fuzzy sets in 1986. Nearly two decades
later in 2004 Park[5] introduced and discussed the concept of intuitionistic fuzzy metric Spaces,
which is based on the concept of intuitionistic fuzzy sets and fuzzy metric spaces.
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Fixed point theory is an important part of functional analysis, and various compatibility con-
ditions are often used to prove fixed point theorems. In the 90’s, Murthy[11] introduced the
concept of compatible mappings of type (A), while Pathak [13] introduced the concept of com-
patible mappings of type (P). After that, various compatible conditions have been proposed,
such as: compatible of type (K)[4], compatible of type (R)[17] and compatible of type (E)[18].
In this paper, we introduce some common fixed point theorems in an triangular intuitionistic

fuzzy metric space[3] under various compatible conditions.

2. PRELIMINARIES

The definitions closely related to the theorems introduced later in the article are described

below.

Definition 2.1. [15] A binary operation * : [0,1] x [0,1] — [0, 1] is continuous t-norm if * is
satisfying the following conditions:

(1) % is commutative and associative, that is for all a,b,c € [0,1], axb =Dbxa, (axb)*c =
ax(bxc).

(2) * is continuous.

(3)axl=1*xa=aforallac|0,1].

(4) a

xb < cxd whenevera < cand b <d, and a,b,c,d € [0,1].
Example 1. Two typical examples of continuous t-norm are a*b = ab and a * b = min{a,b}.

Definition 2.2. [15] A binary operation < : [0,1] x [0,1] — [0, 1] is continuous t-conorm if © is
satisfying the following conditions:

(1) © is commutative and associative, that is for all a,b,c € [0,1], acb =boa, (aob)oc =
ao(boc).

(2) ¢ is continuous.

(3) av0=00a=aforalla€[0,1].

(4) aob < cod whenevera < cand b <d, and a,b,c,d € [0,1].

Example 2. Two typical examples of continuous t-conorm are aob = min{a+b,1} and acb =

max{a,b}.
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Definition 2.3. [S5] A 5-tuple (X,M,N,*,o) is said to be an intuitionistic fuzzy metric space if
X is an arbitrary non-empty set, * is a continuous t-norm, < is a continuous t-conorm and M,N

are fuzzy sets on X* x (0,00) satisfying the following conditions: for all x,y,z € X ,s,t > 0,

(1) M(x,y, )+N(x yt) <L

(2) M(x,y,1) >

(3) M(x,y,t) =1 if and only if x = y.

(4) M(x,y,1) = M(y,x,1).

(5) M(x,y,t) *M(y,z,s) < M(x,z,1 +5).

(6) M(x,y,-): (0,00) — (0,1] is continuous.
(7) N(x,y,1) < L

(8) N(x,y,t) =0 ifand only if x =y.

(9) N(x,y,t) = N(y,x,1).
(10) N(x,y,1) ¥ N(yz,8) = N(x,2,1 +3).
(11) N(x,y,-):(0,00) — [0, 1) is continuous.

Then (M,N) is called an intuitionistic fuzzy metric on X. The functions M(x,y,t) and N(x,y,t)
denote the degree of nearness and the degree of non-nearness between x and y with respect to

t, respectively.

Remark 2.4. [5] Every fuzzy metric space (X,M,x) is an intuitionistic fuzzy metric space of
the form (X,M,1 — M, x,o) such that t-norm % and t-conorm ¢ are associated, i.e. xoy =

1—[(1=x)x(1—y)]foranyx,y € X.

Remark 2.5. [5] In intuitionistic fuzzy metric space X, M(x,y, ) is non-decreasing and N(x,y, -)

is non-increasing for all x,y € X.

Remark 2.6. [19] Let (X,M,N,*,¢) be an intuitionistic fuzzy metric space, then M and N are

continuous functions on X x X.

Example 3. Let (X,d) be a metric space. Denote axb = min{a,b} and aob = max{a,b} for
all a,b € [0, 1] and let My and Ny be fuzzy sets on X2 x (0,00) defined as follows:

t d(x,y)

Malort) = ey M) = Ity
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Then (X,M,N,*,) is an intuitionistic fuzzy metric space. We call this intuitionistic fuzzy metric

induced by a metric d is the standard intuitionistic fuzzy metric.

Definition 2.7. [3] Let (X,M,N,*,o) be an intuitionistic fuzzy metric space. The intuitionistic
metric (M,N) is triangular if it satisfies the condition:

1 1 1
My = D G

~ "M(x,z,1)
N(x,y,t) <N(x,z,t) + N(y,2,1)

( _1)7

for every x,y,z € X and every t > (.

Definition 2.8. [5] Let (X,M,N,*,o) be an intuitionistic fuzzy metric space, and let r € (0,1),
t >0andx € X. The set B(x,r,t) ={y € X : M(x,y,t) > 1 —r,N(x,y,t) < r} is called the open

ball with center x and radius r with respect to t.

Definition 2.9. [5] Let (X,M,N,x,¢) be an intuitionistic fuzzy metric space. A sequence {x,}
in X converges tox € X if forr € (0,1) and t > 0, there exists ng € N such that x,, € B(x,r,t) for

all n > ny.

Lemma 2.10. [5] Let (X,M,N,x,0) be an intuitionistic fuzzy metric space. A sequence {x,} in

X converges to x € X if and only if for all t > 0,
M(xy,x,t) > 1 and N(xp,x,t) >0 as n— co.

Definition 2.11. [5] Let (X,M,N, ,0) be an intuitionistic fuzzy metric space. A sequence {x,}
in X is said to be Cauchy if for each € > 0 and each t > 0, there exists no € N such that

M (X, X%m,t) > 1 — € and N(xp,xp,t) < € for all n,m > ny.

Definition 2.12. [5] The intuitionistic fuzzy metric space (X,M,N,x,o) is said to be complete

if every Cauchy sequence is convergent.

Definition 2.13. Ler f, g be self-mappings of an intuitionistic fuzzy metric space (X,M,N,*,o).
The mappings f and g are said to be weakly compatible if for all t > 0,

lim M(fgx,gfx,t)=1 and lim N(fgx,gfx,t)=0
n—oo n—soo

whenever fx = gx.



COMMON FIXED POINT THEOREMS IN TRIANGULAR INTUITIONISTIC FUZZY METRIC SPACES 5
Definition 2.14. Let f, g be self-mappings of an intuitionistic fuzzy metric space (X,M,N,*,o).
The mappings f and g are said to be compatible if for all t > 0,

lim M(fgxn,8fxn,t) =1 and  lim N(fgxn,gfxn,1) =0

whenever {x,} is a sequence in X such that lim fx, = lim gx, = z for some z € X.
n—yoo n—soo

Definition 2.15. Let f, g be self-mappings of an intuitionistic fuzzy metric space (X,M,N,*,o).
{xn} is a sequence in X such that lim fx, = lim gx, = z for some z € X. For allt > 0,
n—soo n—soo

(1) [11] f and g are said to be compatible of type (A) if

im M(fgxn, 88xn,t) =1, lim N(fgxy,ggxn,1) =0,
n—yoo n—so0
im M(gfxn, ffxn,t) =1,  Lim N(gfxn, ffxn,t) = 0.
n—roo n—oo

(2) [13] f and g are said to be compatible of type (P) if
im M(ffxn,88%n,t) =1,  lim N(ffxn,g8%n,t) = 0.
n—soo n—oo

(3) [4] f and g are to be compatible of type (K) if

Hm M(f fxn,gz,¢t) =1, lim N(ffxp,gz,t) =0,
n—oo n—soo

lim M(ggx,, fz,t) =1, lim N(ggx,, fz,t) =0.
n—oo n—oo
(4) [17] f and g are said to be compatible of type (R) if
lim M(fgxn, gfxn,t) =1, lim N(fgxn,8/%n,1) =0,
lim M(ffxn,88%n,t) =1, 1im N(ffxn,g8%n,t) =0.
n—oo n—oo
(5) [18] f and g are said to be compatible of type (E) if
lim M(ffxnafgxmt) = lim M(ffxn,gz,t) = lim M(fgxn,gz,t) =1,
n—oo n—oo n—oo
,}gIgoN(ffxmfgxmt) = ,}glgoN(ffxnngJ) = ,}glgoN(ngn,gZ,t) = Oa
lim M(ggxu,8fxn,t) = lim M(ggxy, fz,t) = lim M(gfx,, fz,t) = 1,
n—oo n—oo n—soo

lim N(ggxn,gfxn,t) = lim N(ggx,, fz,t) = lim N(gfxy, fz,t) = 0.
n—yoo n—>o0 n—oo
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(6) [14] f and g are said to be f-compatible if

lim M(fgxn,ggxn,t) =1, lim N(fgx,,ggxn,t) =0.
n—oo n—oo

(7) [14] f and g are said to be g-compatible if

Hm M(gfxu, ffxn,t) =1, UHm N(gfx, ffx,t)=0.
n—yoo n—oo
(8) [10] f and g are said to be semicompatible if

lim M(fgx,,gz,t) =1, li_r>n N(fgxn,gz,t) =0.
n—oo

n—soo
Definition 2.16. [1] Let f, g be self-mappings of an intuitionistic fuzzy metric space (X,M,N,*,o).
The mappings f and g are said to be reciprocally continuous if for all t > 0,

limM(fgxn,fz,t)zl, lgIlN(fgxn,fz,t)ZO,
n—oo

n—oo

lim M(gfxn,gz,t) =1, lim N(gfx,,gz,t) =0
n—oo n—oo
whenever {x,} is a sequence in X such that li_r>n fxn= li_r>n gxp = Z for some z € X.
n—oo n—soo

Definition 2.17. [12] Two finite families of self-mappings { f;}, and {gi}}_, of an intuition-
istic fuzzy metric space (X,M,N,*,©) are said to be pairwise commuting if:

(1) fifj=fifi Vi, j€{1,2,....m}.

(2) gkg1 = &gk k.l € {1,2,....,n}.

(3) figk = grfi, Vi€ {1,2,....,m} andVk € {1,2,...,n}.

3. MAIN RESULTS

Theorem 3.1. Let (X,M,N,*,0) be an triangular intuitionistic fuzzy metric space. @,y are
continuous functions with ¢ (r+s) < ¢(r)+¢(s), w(r+s) <y (r)+y(s), ¢(r) <rand y(r) <
rwheneverr,s > 0. Let F, G, S, T be the self-mappings of X satisfying the following conditions:

(1) F(X) S T(X), G(X) € S(x).
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(2)Vx#yeX, t>0,a,b,c,de: X xX — (0,1) such thata+b+c+2d+2e < 1and

1 1 1
M(Fx,Gy,t) I a(Sx Ty)(p(M(Sx, Ty,t) D +b(Sx’Ty)¢(M(Fx,Sx,t) -1
1
+C(Sx,Ty)¢(m— 1)+d(SX,Ty)¢(m— 1)
1

—I—E(Sx,Ty)(])(M _1)7

(Sx,Gy,1)
N(Fx,Gy,t) < a(Sx,Ty)y(N(Sx,Ty,t)) +b(Sx,Ty)y(N(Fx,Sx,t))
+c(Sx, Ty)y(N(Gy,Ty,t)) +d(Sx,Ty)y(N(Fx,Ty,t))

+e(Sx, Ty)y(N(Sx,Gy,1)).

(3) One of F(X), G(X), S(X) and T (X) is a complete subspace of X.

Then F and S have a point of coincidence, G and T have a point of coincidence.

(4) If (F,S), (G, T) satisfy any of the following conditions:

(i) (F,S), (G,T) are weakly compatible;
(ii) (F,S), (G,T) are compatible;
(iii) (F,S), (G,T) are compatible of type (A);
(iv) (F,S), (G,T) are compatible of type (P);
(v) (F,S), (G,T) are compatible of type (K);
(vi) (F,S), (G,T) are compatible of type (R);
(vii) (F,S), (G,T) are compatible of type (E);
(viii) (F,S) is F-compatible, (G,T) is G-compatible;
(ix) (F,S) is S-compatible, (G,T) is T-compatible;
(x) (F,S), (G,T) are semicompatible and reciprocally continuous;

then F, G, S, T have a unique common fixed point.

Proof. ¥xg € X, since F(X) C T(X), there exists x; € X such that Fxo = Tx;. As G(X) C
S(X), for this point xj, there exists x; € X such that Gx; = Sx. Inductively, we can construct

a sequence {y,} in X such that y», = Fx2, = Tx2,11, Yont1 = GXop1 = Sx2p40 for all n €
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{0,1,2,...}. Forall ¢ > 0,

1 1
Mo yonrtst)  M(Fxon,Gxopsr,t)
1 1
<a(S T —1 b(S. T _ 1
=~ a( X2ns x2"+1)¢(M(Sx2n,Tx2n+1,t) )+ ( X2ns x2n+1)¢(M(F)C2n,SXQn,l) )

1 1
o 7 —1) +d(Sx, T !
+ c(Sx2n, x2ﬂ+1)¢(M(Gx2n+17Tx2n+1>t) Jrd(S mnH)MM(mesznH?t) |
1
Sx20, T !
+€( X2ns x2”+1)¢<M(S_x2n,GXZn+lat) )
| 1

—1)

< abym-1ym)d ey = D by (e
02 lyZ")(P(M(yznfl,)’zn,t) )+ b0z 1y2n)¢(M(y2n,y2n71,f)

1 + 1
————— — ) +d(au-1, by
M(y2n+1,Y2n,t) ) +d(y20-1,20)( )

M(y2n7y2l’lat)
1
G +ely,
(2t y2n)¢(M(y2n71,y2n+1,f)

+c(yan—1,y2m)(

-1,

N(yan,yant1,t) = N(Fxon, Gx2p11,1)
< a(Sxan, Txon41) W(N (Sx20, TX2n41,1)) + D(Sx20, Tx211) W (N (F X2, Sx20, 1))
+ c(Sx2n, Txon 1 1) W(N(Gx2ns 1, TXony1,t)) +d (Sxon, TXony 1) W(N (Fxon, TX2n11,t))
+ e(Sxon, Txon1 1) W(N (Sx20, GXop11,51))
< a(yan—1,Y20) W(IN(2n—1,¥20,1)) + b (y2n—1,Y20) W(N (Y21, Y20-1,1))
+c(y2n—1,Y20)N(Y2nt1,Y20,t) +d(Y2n—1,Y20)N (Y20, Y20, 1)
(3.2) +e(y2n-1,Y20) W(IN (V2n—1,Y20+1,1))-

Due to the fact that the intuitionistic metric (M, N) is triangular, we can know that ( M L

Yon—1:Y2n+1:t)

1)< (M(+ - 1)+(M(+— 1), Nyon—1,Y20+1,t) SNY2n—1,Y20:1) +N (Y20, Y2041,1).

Yon—1:Y2n:t) Y2nsYnt1:t)

From the equations (3.1) and (3.2), and the properties of the functions a,b,c,d, e, it’s clear

that

1 1< a(yan—1,Y20) +b(2n—1,520) + ey2n-1,521) 1 )
M (yan,y2n+1,t) - 1 —c(yan—1,y20) —e€(Yan—1,Y2n) M (y2n—1,Y2n,1)
1
< 1
(M()’Zn—l,)’th) )

1
-~ _1)7
M(y2n—17y2n7t)
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Yon—1,Y2n) +b(Y2n—1,y20) + €(Y2n—1,¥2n)
1 —c(yan—1,y20) — €(Y2n—1,Y2n)

< W(N(yZn—1;y2mt>)

a
N(y2n>y2n+17t) < (

X Y(N(Yan—1,Y2n:1))

<N(y2n—1,Y2m,1)-

Similarly, we have

1 1

M(yZnayZn—lat) M(Fx2nan2n—lat)
1 1
< a(Sxay, Txoy 1)+ b(Sx2, Txo 1
< alSxam Txan- )0 ey~ D T oSx e P )0 e s =1
1 1
—1)+d(Sx2,, Tx2 1 —1
M(GXanlaT)anlut) ) ( " " )¢(M(Fx2n7Tx2n717t) )
1
1)
M (Sx2,,Gx2y—1,1)

1 1
—1)+b(y2m—1,y2n—2
M(yon—1,Y2n-2,1) )+l " )(M(yzn,yznq,l)

1 1
—1)+d(ym—1,y2n—2
M(y2—1,Y2m—2,1) ) +d(2n " )¢(M(y2n7y2n723t)

1
—1),
M(yan—1,Y2m—1,t)

N(y2n,Y2n—1,t) = N(Fx2,,Gx2_1,1)

+ C(Sx2n7 Tx2n—1)¢ (

+ e(SXZna Tx2n71)¢(

< a())anlayanZ)q)(

_1>

+C(y2n71=y2n72)¢( - 1)

+e(yan—1,y2n—2)(

< a(Sx2n, Tx2n—1)W(N(Sx2, Tx20—1,1)) + b(Sx2p, Tx20—1 ) W(N(Fx21,Sx20,1))
+ c(Sx2n, Txon—1)W(N(Gx2pp—1, Txop—1,1)) + d(Sx2n, Tx2p—1 ) W(N(Fx2, TX21—1,1))
+ e(Sx2n, Txon—1) W (N (Sx24, Gx2pp—1,1))

<a(yan—1,Y20-2)W(N(Van—1,Y20-2,1)) + b(Y2n—1,¥20-2)N (Y2n, Yan—1,1)
+c(yan—1,Y20-2)W(N(Y2n-1,¥2n-2,1)) +d(V2n—1,¥20-2) W(N (Y2, Y20-2,1))

+e(Yan—1,Y20—2)N(Yan—1,Y2n—1,1).
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In the same way we can get

1 —1)< a(yan—1,Y2n-2) +¢(yan—1,Y20-2) +d(Y2n—1,Y20-2)
M(y2n, y2n-1,1) B 1= b(y2n—1,y20-2) = d(y2n-1,Y20-2)
1
X —1
¢(M()’2n—1,y2n—2,t) )
1
< —1
¢<M(Y2n—1,y2n—2,f) )
1

_1)7

= "M (y2n—1,Y2n-2,1)

a(yan—1,Y2n—2) +c(yan—1,¥2n-2) +d(Y2n—1,Y2n-2)
1 —b(yon—1,Y2n-2) —d(Y2n—1,Y20—2)

N2n,ym—1,t) < X W(N(ym—1,Y2m-2,1))

< Y(N(y2n-1,Y21-2,1))

< N(yan—1,Y2n-2,1).

So we have (é—l) < ¢(1\4(+_ 1) < (A,[(;_l)’N(ynvyn-l-];t) < W(N<yn—17yn7t>) <

M(Yn,Ynt1:t) Yn—1:Ynst) Yn—1:Ynst)

N(yn—laynat)‘
Suppose that li_r)n M(yn,yni1,t) =m, 1i_r>n N(Vn,Ynt1,t) =n. We assert that m =1, n =0. If
n—o0 n—oo

not, then we have

1 1
5 < limé(— 1
"I_I>I°1°(M(ynu)7n+1;f) ) <"1_r>£1°¢(M(Yn717)’nat) )
(3.3) — ¢(lim ( - 1)),

n—roo M()’n—l,)’mt)

JLIEON(}’na)’nJrIJ) < ,}grolo W(N(ynflaynat))
(34) = W(hm (N(yn—laymt))‘
n—o0

The equations (3.3) and (3.4) mean that % —-1< ¢(% —1)< % — 1, n < y(n) < n, which are

both contradictions. Hence lim M (y, v,11,¢) = 1, lim N(y,,yns1,¢) =0. Forall p e N, 1 >0,
n—oco n—oo

. . t t
Lim M (nps s t) 2 RO M (e, Yt p15 ) ¥ M Onep—1:Ynp-2, )

n—oo

t
* ... *M(yn+1,)’m %)]

=1xlx*x..x1=1,
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t t

I}EEON(yn—kp,)’nvt) < r}gl(}o[N(yn+p7)’n+p71a %) OM (Yt p—1,Yntp-2, %)

t
0...<>M(yn+1 yVn, %)]

=0000¢...00=0.

Thus {y,} is a Cauchy sequence in X.

If S(X) is a complete subspace of X, then {y»,+1} = {Sxz2n12} converges. Suppose that
1i_r>n yonp1 =u and v = S"!u € X. Since {yp,11} is a convergent subsequence of a Cauchy
n—so0

sequence {y, }, hence {y,} also converges and li_r>n yn =u. Forallt > 0,
n—oo

1
li —1
ngl;lo(M(Fva Gx2n+17t) )
1 1
<1 Sv, T —1 b(Sv,T _— 1
_n1_r>r°10[a( ¢ x2n+])¢(M(Sv,Tx2n+1,t) ) +b(Sv, x2n+])¢(M(Fv,Sv,t) )
1 1
+C(SV: Tx2n+l)¢( _1)+d(SV= Tx2n+1)¢( _1)

M(Gxapt1, Txopy1,1)
1

M(Fv,Txos1,1)

+elSn a9l 1)
i D) a0 (s = D b0 s = 1)
)9 (s = )+ (s = 1)
—I—e(u,u)(p(m—l)
= o)+ ()0 (77— =)
<O~ < G~V

lim N(FV, Gxop1 ,l‘)

n—oo

< lim [a(Sv, Tx24+1)W(N(Sv, Tx2p41,1)) +b(Sv, Tx2p4-1 ) W(N(Fv,Sv,1))

n—o0

+c(Sv, Tx2n1 1) W(N(Gx2n i1, Tx2n41,1)) +d(SV, TXx2p11) W (N (Fv, Tx2p41,1))

+e(Sv, Txou11)W(N(Sv,Gxppi1,1))],
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N(Fv,u,t) < a(u,u)W(N(u,1,1)) + b(u, u) w(N(Fv,u,1))
+c(u,u)W(N (u, 10,1)) +d (u, 1) W (N (Fv, 1,1))
+e(u,u)y(N(u,u,t))
= (b, u) + d (e, 1) [ W(N(Fv,u,1))
< W(N(Fv,u,t)) < N(Fv,u,1)

which are both contradictions. Hence Fv = Sv = u which mean that F' and S have a point of

coincidence. Since F(X) C T(X), there exists w € X such that u = Fv=Tw. For all t > 0,

, 1
z}glgo(M(szn,Gw,t) -1
< gﬂ[a(szn,TW)¢(m -1 +b(5x2"’TW)¢(M(FX2n1 Sxant) -V
+c(szn,TW)¢(m_1)+d(Sx2"’TW)¢(m_1)
+e(Sx2n,TW)¢(m =1,
(i = 1) < i ) b (1)
M(u,Gw,t) ant M (u,u,t) o M(u,u.1)
+c(u,u)¢(m_1>+d(”’”)¢(m_l)
+e(u,u)¢(m—1>
~ e) el 1)
< ¢(M(u,1Gw,t) -1
1
= (M(u,Gw,t) - b

lim N(Fxy,,Gw,t) < lim [a(Sx2,, Tw) W (N (Sx2,, Tw,t)) 4+ b(Sx2,, TW) W (N (Fx2p,, Sx21,1))

n—soo n—soo

+ C(SXZVH TW) W(N(GW, TW? l)) + d(SXZm TW) W(N(FXZIM TW? l))

—+ e(szn, TW) W(N(SXZna GW, t))] )
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N(u,Gw,t) < a(u,u)y(N(u,u,t)) +b(u,u)y(N(u,u,t))
+c(u,u) Y (N(Gw,u,t)) +d(u,u)y(N(u,u,t))
+e(u,u)y(N(u,Gw,t))
= [c(u,u) +e(u,u)|y(N(u,Gw,t))
< Y(N(u,Gw,1))
< N(u,Gw,t)

which are both contradictions. Hence Gw = Tw = u which mean that G and T have a point of
coincidence.
If 7(X) is a complete subspace of X, then {y»,} = {Txp,+1} converges. Suppose that

lim yy, = u, w = T—'u € X. In the same manner {yn} also converges and lim y, = u. For
n—»oo n—»oo

allt >0,
1
lim ( —1)
n—eo" M(Fxo,,Gw,t)
1 1
< Tim [a(Sxpy, Tw) O (—— 1)+ b(Sxpy. T -1
< Jlim a(Sx2n, W>¢(M(Sx2n,Tw,t) )T b(Sxan, W)(P(M(FmeSX%t) )

1 1

+ (S, Tw)9 (- — 1)+ d(Sx, Tw) —1)

(Gw, Tw,t) M (Fxp,, Tw,t)
+€(Sx2n,TW)¢(m—1)]»
< B S o
(M(u,Gw,t)_ ) a(u’u)q)(M(u,u,t)_ )+ (u’u)d)(M(u,u,t)_ )
+c(u,u)¢(m—1)+d(u,u)¢>(m—l)
+e(u,u)¢(m—l)
= fe{ut) +e)}0 (7 = 1)
“itonn
<( ! —1).
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lim N(Fxp,,Gw,t) < lim [a(Sx2,, Tw) W (N (Sx2, Tw,t)) 4+ b(Sx2,, TW) W (N(Fx2,,, Sx21,1))

n—yoo n—oo

+ c(Sx25, TW)W(N(Gw, Tw, 1)) +d(Sx2, TW) W (N (Fxp,, Tw,t))

+ e(Sin, TW) W(N(SXZm Gw, t) )] ’

N(u,Gw,1) < a(u,u)y(N(u,u,1)) +b(u,u) Yy (N(u,u,1))
+c(u, u) (N (Gw, ,1)) +d (u, 1) (N (u, 1,))
+e(u,u)y(N(u,Gw,1))

= [c(u,u) + e(u,u) ]y (N (u, Gw,1))
< Y(N(u,Gw,1))

< N(u,Gw,t)

which are both contradictions. Hence Gw = Tw = u which mean that G and T have a point of
coincidence. Since G(X) C S(X), there exists v € X such that u = Gw = Sv. For all 7 > 0,

| 1
1' — 1 < l.lll S ’1 T 1
I’l—>1rr°l°(M(FV7 GXZI’H‘] 9 t) ) n1_>oo[a( V7 x2”l+1>¢(M(Sv, x2n+1 ’ t) )

1
)
M(Fv,Sv,t)

1
4+ c(Sv, Tx2p1 1 —1
( " )¢(M(GX2n+1,TX2n+1,l) )

1
d(Sv,T -
+ (v, x2n+1)¢<M(Fv,Tx2n+lat) )
1

(Sv,Gxopy1,1)

-+ b(Sv, TXQ,H_])(P(

- 1)]7

+e(Sv, Tx2n+1)¢(M
1 1 1
—_ ——1)+b(u,u)¢(m

1
M(Fv,u,t)

~1)

1) ()9 - 1)
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= ) +d(00)0 (s = 1)
<¢(M(F112,u,t) —1)

1
= (M(Fv,u,t) -1

}}i_r)rgoN(Fv, Gxopi1,t) < r}i_r)glo[a(Sv, Tx2n+1)W(N(Sv, Tx2411,1))
+b(Sv, Tx2p+1)W(N(Fv,Sv,t))
+c(Sv, Tx2p41)W(N(Gxong1, Tx2041,1))
+d(Sv, Tx2+1)W(N(Fv, Tx2p41,1))

+e(Sv, Txon11)W(N(Sv,Gxopy1,1))],

N(Fv,u,t) < a(u,u)w(N(u,1,1)) + b(u, ) w(N(Fv,u,1))
+e(u,u) YN (u,u,)) +d (u,u) W(N(Fr,u,t))
+e(u,u)y(N(u,u,t))

= [b(u,u) +d(u, u) |y (N(Fv,u,t))
< y(N(Fv,u,1))

< N(Fv,u,t)

which are both contradictions. Hence Fv = Sv = u which mean that F and S have a point of
coincidence.

If F(X) is a complete subspace of X, by F(X) C T(X) we can get that there exists w € X
such that Tw = u. The remaining proof is similar to the case of 7(X) is a complete subspace of
X.

If G(X) is a complete subspace of X, by G(X) C S(X) we can get that there exists v € X such
that Sv = u. The remaining proof is similar to the case of S(X) is a complete subspace of X.

Summing up the above, Fv =Sv=Gw=Tw = u.

If (F,S), (G, T) satisfy any of the following conditions:
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() If (F,S), (G,T) are weakly compatible, then FSv = SFv = Fu = Su, GTw = TGw =
Gu=Tu.
(ii) If (F,S), (G,T) are compatible, then FSv = SFv = Fu = Su, GTw = TGw = Gu = Tu.
(iii) If (F,S), (G,T) are compatible of type (A), then FSv = SSv=Fu = Su, GTw=TTw =
Gu=Tu.
(iv) If (F,S), (G, T) are compatible of type (P), then FFv=SSv=Fu=Su, GGw=TTw =
Gu=Tu.
(v) If (F,S), (G, T) are compatible of type (K), then FFv = Su = Fu, GGw = Tu = Gu.
(vi) If (F,S), (G, T) are compatible of type (R), then FSv=SFv = Fu=Su, GTw=TGw =
Gu = Tu.
(vii) If (F,S), (G,T) are compatible of type (E), then FFv=FSv=Fu = Su, GGw=GTw =
Gu = Tu.
(viii) If (F,S) is F-compatible, (G,T) is G-compatible, then FSv = SSv = Fu = Su, GTw =
TTw=Gu=Tu.
(ix) If (F,S) is S-compatible, (G,T) is T-compatible, then SFv = FFv = Su = Fu, TGw =
GGw = Tu = Gu.
(x) If (F,S), (G,T) are semicompatible and reciprocally continuous, then FSv = Su = Fu,
GTw =Tu = Gu.
According to the various compatible conditions mentioned above, it follows that Fu = Su, Gu =
Tu. Forallt > 0,

1 1
tFuan V= SFuewn

1)

—

1
M(Su,Tw,t) M(Fu,Su,t)
1 1
)+ d(Su, TW) (e
MG Tw )~ ) TSI

I
el T (e o

< a(Su,Tw)¢( —1)+b(Su,Tw)¢( —1)

+c(Su, Tw) ¢ ( —1)

_1)7
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iy — ) SS9 (s = )+ b(Sut) (e 1)
(S0 =) +d(Su,u)¢(m )
+e(Su7u)¢(m— 0

— [a(Su,u) +d(Su,u) —f—e(Su,u)]d)(m 1)
< MW_ 1)
< Gituar — V)

N(Fu,u,t) = N(Fu,Gw,t)
< a(Su,Tw)y(N(Su,Tw,t)) +b(Su, Tw)y (N (Fu,Su,t))
+c(Su, Tw)y(N(Gw,Tw,t)) +d(Su, Tw)y(N(Fu,Tw,t))

+ e(Su, Tw) W (N (Su,Gw,t)),

N(Fu,u,t) < a(Su,u)y(N(Fu,u,t))+b(Su,u)y(N(Fu,Su,t))
+c(Su,u)y(N(u,u,t)) +d(Su,u)y(N(Fu,u,t))
+e(Su,u)y(N(Fu,u,t))

= [a(Su,u) +d(Su,u) + e(Su,u)| W (N(Fu,u,t))
< Y(N(Fu,u,t))
< N(Fu,u,t)
which are both contradictions. Hence, Fu = u = Su, which mean that « is a common fixed point

of F and S. Suppose that ug # u be another common fixed point of F and S. For all ¢ > 0,

1 1
)= (=
M (ug,u,t) ) (M(Fuo,Gw,t) )
1 1

< a(Suo,TW)(P(W —1) —I—b(Sw,ﬂv)‘P(W

_1)
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(S, TW)O (s 1)+d(Su0,Tw)¢(m— b
+e(SM0>TW)¢(m— 1),
(s 1) S auo, ) (v 1)+ bl ) 1)
M (ug,u,t) - ’ M (ug,u,t) ’ M (ug,ug,1t)
el )0 (Gt = 1) el 00 (s = 1)
1
+e(uo,u)¢(m— 1)
= [a(uo,u) +d(ug,u) +e(u0,u)]q)(m —1)
< ‘P(m—l)
1
= (M(u(),u,t) -1

N(ug,u,t) = N(Fup,Gw,1)
< a(Sug, Tw)y(N(Sug,Tw,t)) + b(Suo, Tw) W (N (F ug, Sug,1))
+c(Sug, Tw) Y (N(Gw,Tw,t)) +d(Sug, Tw) W (N (Fug, Tw,t))

+ e(Suo, Tw) Y (N (Suo, Gw,t)),

N(uo,u,1) < a(uo,u)y(N(uo,u,1)) + b(uo,u) W (N (uo, uo, 1))
- c(utg, u) W(N (i, ,1)) + d (g, 1) W(N (g, u,1))
+ e(ug, u) W(N (ug, u,t))
= [a(uo,u) +d(ug,u) + e(uo,u) W(N(up,u,t))
< Y(N(uo,u1))
< N(ugp,u,t)

which are both contradictions. Hence u is the unique common fixed point of ' and S. On the

other hand, consider the case of G and T,



COMMON FIXED POINT THEOREMS IN TRIANGULAR INTUITIONISTIC FUZZY METRIC SPACES

1 1
St cun V= G Gun

1

< a(Sv,Tu)¢(

1)+ b(S T (- L

M(Sv,Tu,t) (Fv,Sv,t)
1 1
—— — 1) +d(ST —_
MGaTar) DTS00
1
M(Sv,Gu,t)

+c(Sv, Tu)o( —1)

+e(Sv,Tu)o( —1),

N(u,Gu,t) = N(Fv,Gu,t)
<a(Sv,Tu)y(N(Sv,Tu,t)) +b(Sv,Tu)y(N(Fv,Sv,t))
+c(Sv, Tu)y(N(Gu,Tu,t)) +d(Sv,Tu)y(N(Fv,Tu,t))

+e(Sv, Tu)y(N(Sv,Gu,t)),

1 1 1

(m —1)< a(%”)‘i’(m - 1)+b(u,Tu)¢(W —1)
T (s =) +d(u,Tu)¢(m 1)
—I—e(u,Tu)(b(m—l)

=l T (s =)
<O~
< Gimor—

N(u,Gu,t) < a(u, Tu)w(N(u, Tu, ) + b, Tu) y(N(u,u,t))
+e(u, Tw)W(N (u,u,)) +d (1, Tu) y(N(Fu, u, 1))
+e(u, Tu)y(N(Su,u,t))

= a(u, Tu)y(N(u, Gu,1))

< Y(N(u,Gu,t)) < N(u,Gu,t)

19
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which are both contradictions. Thus, u = Fu = Gu = Su = Tu, which mean that u is the common

fixed point of F', G, S, T. Suppose that u; # u be another common fixed point of G and T. For

allt >0,
i~V = GG~
< (50 i) (s — 1) +b(Sw Tuomm )
(S, n@MW 1) +d(Sv, Tul)q)(m _1)
+e(Sv,Tu1)¢(m—l),
iy~ ) < )9 (s = 1)+ b0 s = 1)
i) (s = 1) )0 s = 1)
+e(u,u1)¢(m—l)
— [aut, 1) + (1) +e(u,u1)]¢(m 1)
<O~ = Gy~ V-

N(u,uy,t) = N(Fv,Guy,t)
<a(Sv,Tu;)y(N(Sv,Tuy,t))+b(Sv,Tu;)y(N(Fv,Sv,t))
+ (S, Tur) y(N(Guy, Tuy, 1)) +d(Sv, Tur )y (N(Fv, Tuy, 1))

+e(Sv, Tup)y(N(Sv,Guy,t)),

N(u,ur, 1) < alu,un) W N (uyur,1)) +b(u,ur )y (N (u, u,1))
+cuyur )Y (N (ur, 1)) +d(u,ur ) (N (u,uy,1))
+e(u,ur)Y(N(u,u,t))

= [a(u,u1) +d(u,ur) + e(u, 1) JW(N (u, u1,1))

< I//(N(u,ul,t)) <N(u,u1,t)
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which are both contradiction. Hence u is the unique common fixed point of G and 7. In

summary, u is the unique common fixed point of F', G, S, T. ]

Example 4. Let X = [—1,1], axb =min{a,b} and acb = max{a,b} for all a,b € [0,1]. Denote

M(x,y,t) = z+\)tc——y| N(x,y,t) = zf\:‘ﬂ forx,y € X, t > 0. We define

;

0,if x = 0; 0,if x = 0;
F(x)=1q1,ifx>0; T(x) =x* G(x) = Lifx>0; S(x)=x. ¢(r) =w(r)=r.
| —1L(if)x < 0; \—%,(if)x<0;

It’s obvious that F, G, S, T, ¢ and vy satisfy the condition of Theorem 3.1, so F, G, S, T have

a unique common fixed point 7 = 0.

Corollary 3.2. Let (X,M,N,*,o) be an triangular intuitionistic fuzzy metric space. F, G, S, T
be the self-mappings of X satisfying the following conditions:

(1) F(X) € T(X), G(X) € S(X).

(2)Vx#yeX, t>0,a,b,c,d,e € (0,1)suchthata+b+c+2d+2e=k<1and

1 1 1

L L ) Y N
M(Fx,Gy,t) _a<M(Sx,Ty,t) )+ (M(Fx,Sx,t) )
1 1
—  Dtd(—— 1
+C(M(Gy,Ty,t) ) (M(Fx,Ty,t) )
1
.
Fiseann

N(Fx,Gy,t) <a(N(Sx,Ty,t)) +b(N(Fx,Sx,t))
+c(N(Gy,Ty,t)) +d(N(Fx,Ty,t))

+e(N(Sx,Gy,t)).

(3) One of F(X), G(X), S(X) and T (X) is a complete subspace of X.

Then F and S have a point of coincidence, G and T havea point of coincidence.

If (F,S), (G,T) are weakly compatible, then F, G, S, T have a unique common fixed point.

Remark 3.3. According to Theorom 3.1, let ¢,y =1, that is ¢(x) =x, y(x) =x. And let

a,b,c,d,e be some invariable constants. You can easily come to the conclusion.
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Corollary 3.4. [7] Let (X,M,N,x,<) be an intuitionistic fuzzy metric space and S,T : X — X
such that S(X) is a complete subspace of X. If T is an (IFCA) w.r.t to S (there exists a mapping
A:X —[0,1) which A(Tx) < A(Sx) for all x € X such that Wm) —1< A(Sx)(m —1)
and N(Tx,Ty,t) < A(Sx)N(Sx,Sy,t) for all x,y € X and t > 0) and the mappings S and T are

weakly compatible, then S and T have a unique common fixed point.

Remark 3.5. According to Theorem 3.1, let F=G=T,S=T =S, a(Sx,Ty) = A(Sx), b(Sx,Ty) =
c(Sx,Ty) =d(Sx,Ty) = e(Sx,Ty) =0, and ¢,y =1, that is ¢ (x) = x, Y(x) = x, then the results

are easy to come by.
Theorem 3.6 is a more basic form of Theorem 3.1.

Theorem 3.6. Let (X,M,N,*,o) be an triangular intuitionistic fuzzy metric space, {F\,F, ..., F;,},
{G1,Ga,....G1}, {81,852, ...,8, 1, {T, T2, ..., Ty } be four finite families of self-mappings of X such
that F = F1F,...F;, and G = G1G3...G, § = 8182...8p and T = T T5...T;, satisfying the condi-
tion (1), (2), (3) and (4) of Theorem 3.1. Not only that, {Fi,F>,...,Fy,} and {S1,52,...,S,} are
pairwise commuting, {G1,Ga,...,G;} and {T1,T»,...,T,} are pairwise commuting, then for all
e 1,2, m), i€ {1,201} ise€ {1,2,..p} is € {1,2,...q}, F. G, S, T, Fy,, Giy, Siy, T

have a unique common fixed point.

Proof. According to Theorem 3.1, it’s already known that F, G, S, T have a unique common
fixed point. Let’s assume that the fixed point is u. Since {Fi,F>,...,Fy,} and {S1,S2,...,S,} are

pairwise commuting, then for all i} € {1,2,...,m},
FF,u=F\Fy..FyyF; u= F\Fy..F; Fyyu = FiFy...F; Fpy_ | Fpu
=..=FK k. Fu=FFu=F,u,
SFu=818...SpFu=818..F;,Spu = 5182...F;, Sp_1Spu
=...=F8%..8pu = F,Su= F,u.

Thus F;,u is a common fixed point of F, S. By the uniqueness of common fixed point of F and §
we can know that Fj, u = u. Similarly, forall i; € {1,2,...,m}, ip € {1,2,...,1}, i3 € {1,2,...,p},
is € {1,2,....q}, Fu = Giu = Siu = Tj,u =u = Fu = Gu = Su = Tu and u is the unique
common fixed pointof F, G, S, T, F;,, G;,, Si, Tj, . [
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Corollary 3.7. Let (X,M N, x,0) be an triangular intuitionistic fuzzy metric space, F™, G, SP,

T4 be the self-mappings of X satisfying the following conditions:

(1) F"(X) C T9(X), G'(X) C SP(X).
(2)Vx#yeX, t>0,a,b,c,d,e: X xX — (0,1) such thata+b+c+2d+2e < 1and

1 1
M(Frx, Gyt LS a(S"x Ty )(P(M(pr, Tay,1)
1
M(F™x,SPx,t)
1
+c(SPx, T"y)(])(m —1)
1
M(F™x, T4y,1)

1
-
MGy

_1)

+Db(SPx, Ty) ¢ ( -1)

+d(SPx,T)¢( —1)

+e(SPx, T)o(
N(F™x,G'y,t) < a(SPx,T9y)w(N(SPx, T%,1))
+b(SPx, Tly)y(N(F"x,8x,1))
+c(8Px, TIy)y(N(G'y, Ty,1))
+d(SPx,Tl)y(N(F"x,Ty,t))

+e(SPx, Thy) W(N(S"x,G'y,1)).

(3) One of F™(X), G'(X), SP(X) and T4(X) is a complete subspace of X.

then F™ and SP have a point of coincidence, G' and T4 have a point of coincidence.

If (F™,SP), (G',T9) are weakly compatible, then F™, G', SP, T4 have a unique common fixed
point.

Moreover, if F and S are commuting, G and T are commuting, then F, G, S, T, F™, G, SP,

T4 have a unique common fixed point.

Remark 3.8. According to Theorem 3.6, let Fi =F, =...=F,=F, Gi =G, =... = G; =G,
S1=8=.=8=8T1i=Th=..=T,=T, and ¢,y =1, that is ¢(x) = x, Y(x) = x, then

the results are easy to come by.
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