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1. Introduction

In 2007 Huang and Zhang [5] have generalized the concept of a metric space,
replacing the set of real numbers by an ordered Banach space and obtained some fixed
point theorems for mapping satisfying different contractive conditions. Subsequently ,
Abbas and Jungck [1] and Abbas and Rhoades [2] have studied common fixed point
theorems in cone metric spaces (see also [3,4] and the references mentioned therein).
In this paper we extend the fixed point theorem of S.L.Singh et .al. [8] in metric space

into cone metric spaces.

Throughout this paper, E is a real Banach space, N = {1, 2, 3,...... } the set of all

natural numbers. For the mappings f, g:X—X, let C(f ,g) denotes set of coincidence
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points of f, g, thatis C(f, g):={zeX:fz=gz}.

2. Preliminaries
We recall some definitions of cone metric spaces and some of their properties [5].
Definition 1.1. Let E be a real Banach Space and P a subset of E .The set P is
Called a cone if and only if:
(@) P is closed, nonempty and P = {0};
(b)abeR ,ab>0,xy e€Pimpliesax + byeP;
(c) xeP and —x eP implies x = 0.
Definition 1.2. Let P be a cone in a Banach Space E , define partial ordering
‘<’on E with respect to P by x< vy if and only if y-x € P.We shall write x<y to
indicate x <y but x #y while X<<y will stand for y-xelInt P , where Int P
denotes the interior of the set P. This Cone P is called an order cone.
Definition 1.3. Let E be a Banach Space and PcE  be an order cone .The order
cone P is called normal if there exists L>0 such that for all x, yeE,
0<x<y implies |x| <L [ly].
The least positive number L satisfying the above inequality is called the normal
constant of P.
Definition 1.4.  Let X be a nonempty set of E .Suppose that the map
d: Xx X — E satisfies :
(d1) 0 < d(x,y)forallx,ye X and

dix,y)=0 ifandonlyif x=y;
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(d2) d(x,y)=d(y,x) forallx,yeX;
(d3) d(x,y) <d(x,z)+d(z,y) forall x,y,z e X
Then d is called a cone metric on X and (X, d) is called a cone metric space.
It is obvious that the cone metric spaces generalize metric spaces.
Example 1.1. ([5]). Let E=R? ,P={(x,y)eEsuchthat: x,y >0}c R?,
X=Randd: X x X—Esuchthatd(x,y)=(|x-y|,a|x-y]|), where a >0 is
a constant .Then (X, d) is a cone metric space.
Definition 1.5. Let (X, d) be a cone metric space .We say that {x,} is
(@) a Cauchy sequence if for every c in E with 0 << ¢, there is N such that
forall n, m>N, d(X, Xm) <<C;
(b) aconvergent sequence if for any 0 << c ,there is N such that for
all n>N, d(xn, X) <<c, for some fixed xe X.
A Cone metric space X is said to be complete if every Cauchy sequence in X is
convergent in X.
Lemma 1.1. ([5]) .Let (X, d) be a cone metric space, and let P be a normal cone
with normal constant L .Let {x, } be a sequence in X .Then
(1). {Xny converges to x if and only if d(x, ,X) — 0 (n—>x).
(if). {xn } is a Cauchy sequence ifandonly if d (X,, Xm )—0 (n, m—»).
Definition 1.6. ([8]). Let f, g2 X—X. Then the pair (f, g) is said to be

(IT)-Commuting atze X if f(g(z)) = g(f(z)) with f(z) = g(z ).
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3. Main results

In this section we obtain a unique common fixed point theorem in cone metric
spaces, which extend a metric space into cone metric spaces.

The following theorem is extend and improves the theorem 2.3. [8]

Theorem 3.1. Let (X, d) be a cone metric space P be an order cone and f, g: X—X be
self-maps. Let

(f, g) be asymptotically regular at xoe X and the following conditions are satisfied :
(C1): £(X) = 9(X);
(C2): d(fx, gy)<o(m(x, y)) forall x,yeX.
Where m(x, y) = d(gx, gy) + y[d(gx, fx) +d(gy, fy) ], o<y <1 .
If f(X) or g(X) is a complete sub space of X. Then
(i). C (f, g) is non-empty. Further,
(i). f and g have a unique common fixed point provided that f and g are (IT)-
Commuting at a pointue C(f, g).

Proof.

Let Xo be an arbitrary point in X. Since if (f, g) is asymptotically regular at Xo e X,
Then there exists a sequence {X,} in X, such that
fXn=0Xne1, n=0,1,2, ....... and
l'iil d(ox,, 9x,,,)=0.

First we shall show that {gx,} is a Cauchy sequence.

Suppose {gxn} is not a Cauchy sequence. Then there exists p>0 and
increasing sequences {my} and {nc} of positive integers such that my even and ny
odd and for all k , my < ny,

d(9X, ., 9%, ) = wand d(9x, ., 9X, ;) < u (2.1)
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By the triangle inequality,
d(gx, , 9%, ) < d(gx, , gx, ,) + d(gx, 4, 9X, ). Letting k—oo, we get that
lim d(gx,, , gx,) < #+0.
(Since,!ig; d(ox,, 9x,.,) =0, We get l'fo]o d(gx, 1,9%,)=0".)
Therefore there exists ko such that
d(gx, , 9X,) < u Vk=k, . (2.2)
By (2.1) and (2.2), we get that
ao<d(gx, , 9%, ) < u Vk=Kk, .
Implies lm d(fx, , ,)=u.
By (C2), we have
d(QXnp 0 IXna) = Ay, &) < @ (M(X, . X, )
= (d(9Xy, . 9%, ) + 7 [d(x,, . g%, ) +d(gx, . &, )]).
Letting  k—o0, we get that
pu< @(n) and as per definition of @-map, ¢(u) < .
Hence  p<o (p) <p,acontradiction.
Thus {gx,} is Cauchy sequence. Suppose g(X) is a complete sub space of X. Then
{gx.} being contained in g(X) has a limit in g(X) .Call itz. Letu=g 'z
Thus gu =z forsomeu e X.
By using (C2), we have
d(fu, &x,) < (M, x,))
<@ (d(gu, 9x, )+ [d(fu, gu) +d(fx, , 9x,)])

Letting n—oo, we get that
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d(fu, z) < o(y[d(fu, z) )<d(fu, z), a contradiction.
Therefore, fu=z=gqu. (2.3)
Thus C (f, g) is non-empty. This proves (i).
And the pair (f, g) is (IT) - Commuting at u , then
fgu=gfu and ffu="fgu=gfu=ggu. Inview of (C2) it follows that

d(fu, ffu) < o (m(u, Xx,))

<@ (d(qu, gfu)+ y [d(fu, gu) +d(ffu, gfu)])

<d(fu, ffu),  acontradiction .
Therefore, ffu = fu and fgu = ffu ==fu = z.
Therefore, f and g have a common fixed point.
Uniqueness, let w be another fixed point of fand g.

Consider, d(z, w) = d(fz, fw) < o (m(z, W))

@ (d(gz, gw) + 7 [d(gz, fz) +d(gw, fw)])

IA

¢ (d(z, w) +y [d(z, 2) + d(w, W)])
< @ (d(z, w)<d(z,w) (Since p-map,p(®)<o),
a contradiction.

Therefore, f and g have a unique common fixed point.
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