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Abstract. In this paper, we establish a collectively fixed point theorem and an equilibrium existence theorem
for generalized games in product locally FC-uniform spaces. As applications, some new existence theorems
of solutions for the system of generalized vector quasi-equilibrium problems are derived in product locally FC-

uniform spaces. These theorems are new and generalize some known results in the literature.
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1. INTRODUCTION

Giannessi [1] first introduced the vector variational inequality problem in finite dimensional
Eudidean spaces. Since then, such problem was extended and generalized by many authors
in various different directions. Motivation for this comes from the fact that vector variational
inequality and its various generalizations have extensive and important applications in vector
optimation, optimal control, mathematical programming, operations research and equilibrium
problems of economics. Inspired and motivated by the above applications, various generalized
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vector (quasi) equilibrium problems, system of generalized vector (quasi) variational inequality
problems, and system of generalized vector (quasi) equilibrium problems have become impor-
tant developed directions of vector variational inequality theory, for example, see [2-5].
Following the trend of the above research fields, we will introduce and study new classes of
system of generalized vector quasi-equilibrium problems on a product space of F'C-spaces. In
this paper, By applying a Himmelbergerg type fixed point theorem in locally F'C-uniform spaces
due to Ding [6], we will establish a collectively fixed point theorem and an equilibrium existence
theorem for generalized games in product locally F'C-uniform spaces. As applications, some
new existence theorems of solutions for several classes of systems of generalized vector quasi-
equilibrium problems are obtained in locally FC-uniform spaces. These results are new and
generalize some known results from the literature. Let us first recall the following preliminaries

which will be needed in the sequel.

2. PRELIMINARIES

Let X and Y be two nonempty sets. We denote by 2¥ and (X) the family of all subsets of Y
and the family of all nonempty finite subsets of X, respectively. For each A € (X), we denote
by |A| the cardinality of A. Let A, denote the standard n-dimensional simplex with the vertices
{eo,...,en}. If J is a nonempty subset of {0, 1,...,n}, we shall denote by A, the convex hull

of the vertices {e; : j € J}.

The following notions were introduced by Ding [6].
Definition 2.1. An FC-space (X, {@y}) is said to be a finitely continuous topological space (for
short, FC-space) if X is a topological space such that for each N = {xg,...,x,} € (X) where
some elements in N may be the same, there exists a continuous mapping ¢y : A, — X. A subset
D of (X,{¢n}) is said to be an FC-subspace of X if for each N = {xo,...,x,} € (X) and for
any {x;,, -+ ,x;, } C DN, @n(Ax) CD.

By the definition of F'C-subspace of an F'C-space,it is easy to see that each F'C-subspace of
(X,{on}) is also an FC-space and if {B;}c; is a family of FC-subspace of FC-space (X,{¢n})
and N;erB; # 0, then N;¢;B; is also an FC-subspace of (X, {¢@y}) where I is any index set.
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A nonempty subset M of a topological space X is said to be compactly open (resp., compactly
closed) in X if for each compact subset K of X, M (K is open (resp., closed) in K. Clearly, each

open (resp., closed) set in X is compactly open (resp., compactly closed) in X.

Definition 2.2. A uniformity for a set X is a nonempty family %/ of subsets of X x X satis-
fying the following conditions:

(i) each member of %/ contains the diagonal A,

(i) foreachU e %, U ' e %,

(iii) for each U € %, there exists V € % such that VoV C U,
(v)ifUeZ andU CV CX xX,thenV € % .

Every member in %/ is called an entourage. An entourage V is said to be symmetric if
(x,y) € V whenever (y,x) € V.

The (X, % ) is called a uniform space if X has a topological T derived from the uniformity %
which takes the family {V[x] : V € %, x € X} as a basis where Vx] = {y € X : (x,y) € V}.

The uniformity %/ is called separating if \{U € X x X : U € % } = A. The uniform space
(X, % ) is Hausdorff if and only if % is separating.

In the following, all uniform spaces (X,% ) are assumed to be Hausdorff.

Definition 2.3. (X, % ,{¢n}) is said to be a locally FC-uniform space if (X,%) is a uni-
form space and (X,{¢n}) is an FC-space such that %/ has a basis Z consisting of entourages
satisfying that for each V € %, the set {x € X : MNV[x] # 0} is an FC-subspace of X whenever
M C X is an FC-subspace of X.

We observe that the class of locally FC-uniform space in Definition 2.3 includes locally H-

convex uniform space of Tarafdar [7] and locally G-convex space of Park [8] as true subclasses.

In order to obtain our main results, we need the following Lemmas. The following result is

Theorem 2.1 of Ding [6].
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Lemma 2.1 Let (X,% ,{@n}) be a locally FC-uniform space, and F : X — 2% be a compact
upper semicontinuous set-valued mapping with closed values such that for each x € X, F(x) is

an FC-subspace of X. Then F has a fixed point xg € X,i.e.,xo € F(xp).

The following result is Theorem 2.2 of Ding [6].

Lemma 2.2 Let / be any index set. For each i € I, let (X;,% i,{®n.}) be a locally FC-uniform
space with each (X;,% ;) having a basis %, consisting of symmetric entourages, and ¥ =[[;; Y;,
U =Ilic;% i and @y = [l;c;@ni for any N € (X). Then (X, % .{¢n}) is also a locally FC-

uniform space.

The following result is Theorem 14.18 in [9].

Lemma 2.3 Let X, Y be topological spaces and ¢ : X — 2 be a set-valued mapping. Then
the following statements are equivalent:

(i) @ is lower semicontinuous at a point x € X,

(ii) if xq — x, then for each y € @(x) there exists a subnet {) };ca of the index set {a} and

elements y, € @(xq, ) for each A € A such that y; — y.

The following result is Lemma 4.7.3 in [10].

Lemma 2.4 Let X, Y be topological spaces and A be a closed (resp., open) subset of X. Suppose
that F; : X — 2¥ and > : A — 2Y are both lower semicontinuous (resp., upper semicontinuous)

such that F>(x) C Fj (x) for each x € A. Then the mapping F : X — 2! defined by

Fz()C), leEA,
@.1) Flx) =
Fi(x), if x€ X \A.

is also lower semicontinuous (resp., upper semicontinuous).
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3. COLLECTIVELY FIXED POINT THEOREM AND EQUILIBRIUM EXISTENCE THEO-

REM

Theorem 3.1. Let (X;, % i,{®n,})icr be a family of locally FC-uniform spaces with each
(X;,7% ;) having the basis %; consisting of symmetric entourages. For each i € I, let G; :
X = [Lje; X; — 2% be an upper semicontinuous compact set-valued mapping with nonempty
closed values and for each x € X,G;(x) is an FC-subspace of X; . Then there exists a point

£ = (Xi)ier € X such that X; € G;(%) foreach i € I.

Proof. Let X = [[ic; Xi, % =Ilic;?% i and @y = [lic;¢ni- By Lemma 2.2, (X, % . {oy}) is a

locally FC-uniform space. Define a set-valued mapping G : X — 2% by

G(x) =[]Gi(x), Vxe X.

icl
Since for each i € I, G; is an upper semicontinuous compact mapping with nonempty closed
values and for each x € X, G;(x) is an FC-subspace of Xj, it follows from Lemma 3 of Ky Fan
[11] and Lemma 2.2 of Ding [6] that G is also an upper semicontinuous compact mapping with
nonempty closed values and for each x € X, G(x) is an FC-subspace of X. By Lemma 2.1, there

exists a point £ € X such that £ € G(£), i.e. X; € G;(%) for each i € I. This completes the proof.

Now we describle a generalized game € = (X;,A;, P;)ic; where [ is a finite or infinite set of
agents; for each i € I, X; is a strategy set (or commodity space) of ith agent; A; : X = [[;c; Xi —
2%i is the constrained correspondence (set-valued mapping) and P; : X — 2% is the preference
correspondence. A point £ € X is called an equilibrium point of the generalized game € if

X € Ai(X) and A;() N P,(x) =0 foreachi € I.

Theorem 3.2. Let (X;,A;, P;)ics be a generalized game, X = [];c; X; such that for each i € I,

(D) (Xi,% i.{ ©n, } )ic1 be a locally FC-uniform space with each (X;,% ;) having the basis %; con-
sisting of symmetric entourages,

(ii)for each x € X, A;(x) is nonempty FC-subspace of Xj,

(ii1) A; is an upper semicontinuous compact closed set-valued mapping,
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(iv) the set E; = {x € X : A;(x) N P;(x) # 0} is open in X,

(v) P(x) is an upper semicontinuous closed mapping such that for each x € X, P,(x) is an FC-
subspace of X,

(vi) for each x € X, x; & A;(x) N Pi(x).

Then there exists X € X such that for each i € I,

X € Ai(X) and A;(% ﬂP

Proof. Let % =[1;c;% i and @n = [l;c;¢ni- By Lemma 2.2 and condition (i), (X, % ,{¢n}) is

a locally FC-uniform space. For each i € I, define a set-valued mapping 7; : X — 2% by

Ai(x) ﬂB(x), ifx - Ei,
(3.1) Ti(x) =

Ai(x), ifx € Ei.

By condition (ii) and (v), for each x € X, T;(x) is a nonempty F'C-subspace of X;. By condition
(v) and Theorem 3.18 in [12], A;(x) () P;(x) is also an upper semicontinuous compact mapping
with nonempty closed values. By condition (iii) and (iv), Lemma 3 of Ky Fan [11] and Lemma
2.4, T; is also an upper semicontinuous compact mapping with nonempty closed values. So all
conditions of Theorem 3.1 are satisfied. By Theorem 3.1, there exists a point £ € X such that for
each i € I,X; € T;(%). If for some i € I, X; € E;, then we have X; € A;(£) () P,(X) which contradicts

the condition (vi). Hence we conclude that for each i € 1,
X € Ai(X) and A;(% ﬂP

1.e., X is an equilibrium point of the generalized game €.

Remark 3.1. Theorem 3.1-3.2 are new results which are different from the corresponding

results in [11] and [13].
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4. EXISTENCE OF SOLUTIONS FOR SGVQEP

Definition 4.1. Let (X, {@y}) be FC-space and Z be a nonempty set. Let F : X — 27 and
C : X — 27 be set-valued mappings. F is said to be FC-quasiconvex (resp., FC-quasiconcave)
with respect to C if the set {x € X : F(x) C C(x)} (resp., {x € X : F(x) Z C(x)}) is an FC-

subspace of X.

Let I be a finite or infinite index set, {X; };c; be a family of topological space, and {Z;}c; be a
family of nonempty sets. Let X = [];c; X;. Foreachi € I, letA;: X — 2% F: X x X; — 2%4,C; :
X — 2% and @; : X x X; — 2% be set-valued mappings. In this section, we shall consider the
following systems of generalized vector quasi-equilibrium problems:

(I) Find £ € X such that for each i € [,

X € Ai(X) and F;(%,z;) € Ci(%),Vz; € Ai(%). (SGVQEP(I))
(IDFind £ € X such that for each i € 1,

X; € Ai(X) and F;(%,z;) C Ci(%),Vz; € Aj(%). (SGVQEP(II))

In this section, we shall derive some new existence theorems of solutions for SGVQEP(I)

and SGVQEP(II) in product locally FC-uniform spaces by using Theorem 3.2.

Theorem 4.1. For each i € I, let (X;,% i,{¢n,}) be a locally FC-uniform space with each
(X;,7% ;) having the basis %; consisting of symmetric entourages and {Z;} be a nonempty set.
Foreachicl,letA;: X =[],/ Xi — 2% Fi: X x X; — 2% and C; : X — 2% be set-valued map-
pings such that for each i € I,

(i)for each x € X,A;(x) is nonempty FC-subspace of Xj,

(i1)A; 1s an upper semicontinuous compact closed set-valued mapping,

(iii) the set E; = {x € X : A;(x)(P:(x) # ¢} is open in X where the mapping P; : X — 2% is
defined by P;(x) = {z; € X; : Fi(x,z;) C Ci(x)},

(iv) P;(x) is an upper semicontinuous closed mapping such that for each x € X, P;(x) is an FC-

subspace of X,
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(v) for each x € X, x; € A;j(x) N Pi(x).

Then there exists X € X such that for each i € I,

X € Ai()?) and F,‘()?,Zi) Z Ci()?),VZi S Ai()?).

Proof. It is easy to check that all conditions of Theorem 3.2 are satisfied. By Theorem 3.2,

there exists X € X such that for each i € I,
X € Ai(X) and A;(% ﬂP
It follows that for each i € 1,
Xi € Ai(®) and F;(%,zi) € Ci(%),Vzi € Ai(%),

i.e., X is a solution of the SGVQEP(I).

Theorem 4.2. For each i € I, let (X;,% i,{¢n,}) be a locally FC-uniform space with each
(Xi,% ;) having the basis %; consisting of symmetric entourages and {Z;} be a nonempty set.
Foreachic I, letA;: X =[]/ Xi — 2% Fi: X x X; — 2% and C; : X — 2% be set-valued map-
pings such that for each i € I,

(i)for each x € X, A;(x) is nonempty FC-subspace of X;,

(11)A; 1s an upper semicontinuous compact closed set-valued mapping,

(iii) the set E; = {x € X : A;(x) " Pi(x) # 0} is open in X where the mapping P; : X — 2% is
defined by P;(x) = {z; € X; : Fi(x,z;) C Ci(x)},

(iv) Fi(x,z;) is lower semicontinuous on X X Xj,

(v) the mapping C; has closed graph,

(vi) for each x € X, z; — Fj(x,z;) is FC-quasiconvex with respect to C;,

(vii) for each x € X, F;(x,x;) Z Ci(x).

Then there exists X € X such that for each i € I,

X; € Ai()?) and Fi()?,zl') ,@ C,'(XA),\V/Z,' GA,'(XA).
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Proof. It is easy to follow that P; has closed graph. Indeed, let {(xq,zi «)} be anetin Gr(P;) and
(Xa,Zi,a) = (%0,2i0). Then we have that F;(x¢,2;,a) € Ci(xq) for each a. If Fi(xo,2i0) Z Ci(xo),
then there exists a point u; o € Fj(xo,zi0) such that u; o & C;(xp). By condition (iv) and Lemma
2.3, there exists a subnet {o) }pcn of {0} and u; o, € Fi(xa,,2ia;) such that u; o, — u;p.
Since uj o, € Fi(xa,,2Zia;) € Ci(xq, ) for each A € A and C; has closed graph, we must have
ui o € Ci(xo) which is a contradiction. Hence we have F;(xo,z;0) € Ci(xp). So the mapping P, has
closed graph. By (iv) and Theorem 3.18.in [12], P;(x) is also an upper semicontinuous compact
mapping with nonempty closed values. By (vi) for each x € X, P,(x) = {z; € X; : Fi(x,z;) C
C;(x)} is an FC-subspace of X; and the condition (iv) of Theorem 4.1 is also satisfied. By (vii)
for each x € X, x; & P(x). Hence x; € A;(x) () P;(x) and the condition (v) of Theorem 4.1 is also
satisfied. So all conditions of Theorem 4.1 are satisfied. By Theorem 4.1, there exists £ € X

such that for eachi € I,

X € Ai(X) and F;(%,z;) € Ci(%),Vz; € Ai(R).

Corollary 4.1. For each i € I, let (X;,% i.,{¢n,}) be a locally FC-uniform space with each
(X;,7 ;) having the basis 8, consisting of symmetric entourages. Let A; : X = [[;c;X; — 2% be
a set-valued mapping and @; : X X X; — [—oo, +o0] be a single-valued continuous function such
that for each i € I,

(i)for each x € X,A;(x) is nonempty FC-subspace of Xj,

(i1)A; is an upper semicontinuous compact closed set-valued mapping,

(iii) the set E; = {x € X : A;(x) " P;(x) # 0} is open in X where the mapping P; : X — 2% is
defined by P;(x) = {z; € X; : ¢i(x,z;) <0},

(iv) for each x € X, the set {z; € X; : ¢;(x,z;) < 0} is an FC-subspace of Xj,

(v) for each x € X, ¢;(x,x;) > 0.

Then there exists X € X such that for each i € I,

Xi GA,‘(XA) and (p,'()?, Zi) >0,Vz; € A,'()?).
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Proof. Let Z; = [—oo,+o0],Cj(x) = [—o0,0] for each x € X and F;(x,z;) = {@i(x,z;)} for all
(x,zi) € X x X;. Noting that ¢; is continuous, we have F;(x,z;) is lower semicontinuous on
X x X;. It is easy to check that the mapping C; has closed graph and for each x € X, F;(x,x;)
Ci(x). From (iv), we follow that for each x € X,z; — Fj(x,z;) is FC-quasiconvex with respect
to C;. So all conditions of Theorem 4.2 are satisfied. The conclusion of Corollary 4.1 follows

from Theorem 4.2.

Theorem 4.3. For each i € I, let (X;,% i,{¢n,}) be a locally FC-uniform space with each
(X;,% ;) having the basis %; consisting of symmetric entourages and {Z;} be a nonempty set.
Foreachic I, letA;: X =[]/ Xi — 2% Fi: X x X; — 2% and C; : X — 2% be set-valued map-
pings such that for each i € I,

(i)for each x € X,A;(x) is nonempty FC-subspace of X;,

(11)A; 1s an upper semicontinuous compact closed set-valued mapping,

(iii) the set E; = {x € X : A;(x) " Pi(x) # 0} is open in X where the mapping P; : X — 2% is
defined by P;(x) = {z; € X; : Fi(x,z)) € Ci(x)},

(iv) Fj(x,z;) is an upper semicontinuous compact mapping with closed values,

(v) the mapping C; has open graph,

(vi) for each x € X, z; — Fj(x,z;) is FC-quasiconcave with respect to C;,

(vii) for each x € X, Fj(x,x;) C Ci(x).

Then there exists X € X such that for each i € I,

£ € Ai(®) and F(£,z;) C Ci(%),Vz; € Ai(%).

Proof. For each i € I, define a set-valued mapping T; : X — 2% by

Ai(x) ﬂP,(x), ifx S Ei,
(“.1) Ti(x) =

Ai(x), ifx g E;.
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For each x € E;, let H;(x) = A;(x) N Pi(x) = {zi € Ai(x) : Fi(x,z;) (Z; \ Ci(x)) # 0}. Since A, is
a compact mapping, H; is also a compact mapping. We claim that H; has closed graph. Indeed,
let {(xa,zia) }acr be anetin Gr(H;) and (xq,zi,a) — (%0,2i0). Then we have z; o € A;(xq) and
Fi(xa,zi,0) N(Zi \ Ci(xa)) # 0 for each o € I. Hence there exists u; o € Fj(Xq,zi,o) such that
ui o € Z;i \ Ci(xq) for each a € 1. Without loss of generality, by (iv) we can assume that u; o —
uio and so u; o € Fi(x0,z;0). By (v) the mapping W; : X — 2%i defined by W;(x) = Z; \ Ci(x) has
closed graph. It follows that u; o € Wi(xo) = Z; \ Ci(x0) and Fj(x0,zi0) N(Z; \ Ci(x0)) # 0. By (i)
we have z; o € Aj(xg). Therefore (xo,z;0) € Gr(H;) and the graph Gr(H;) of H; is closed. Hence
H; = A;( P, is an upper semicontinuous compact mapping with nonempty closed values. By
conditions (i) and (vi), for each x € X, T;(x) is a nonempty FC-subspace of X;. By the condition
(v), Lemma 3 of Ky Fan [11] and Lemma 2.4, T; is also an upper semicontinuous compact
mapping with nonempty closed values. By (vii), for each x € X,x; & A;(x) N\ P;(x). It is easy
to check that all conditions of Theorem 3.1 are satisfied. By Theorem 3.1, there exists a point
£ € X such that for each i € I, %; € T;(%). If for some i € I, %; € E;, then we have £; € A;(£) (N Pi(X)

which contradicts the condition (vii). Hence we conclude that for each i € I,
£ € Ai(X) and A;(% ﬂP
It follows that for each i € I,

£ € Ai(®) and F(£,z;) C Ci(%),Vz; € Ai(%).

Corollary 4.2. For each i € I, let (X;,% i.,{¢n,}) be a locally FC-uniform space with each
(X;,% ;) having the basis %; consisting of symmetric entourages. Let A; : X = [[;c; X; — 2% be
a set-valued mapping and @; : X X X; — [—oo, 40| be a single-valued continuous function such
that for each i € 1,

(i)for each x € X,A;(x) is nonempty FC-subspace of Xj,

(i1)A; 1s an upper semicontinuous compact closed set-valued mapping,

(iii) the set E; = {x € X : A;(x) " Pi(x) # 0} is open in X where the mapping P; : X — 2% is
defined by P;(x) = {z; € X; : ¢i(x,z;) > 0},

(iv) @;(x,y) is a continuous bounded function,
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(v) for each x € X, the set {z; € X; : ¢;(x,z;) > 0} is an FC-subspace of X;,
(vi) for each x € X, ¢;(x,x;) < 0.

Then there exists X € X such that for each i € I,
X GA,'()'C\) and (Pi()e, Zi) <0,Vz; € A,‘()?).

Proof. Let Z; = [—co, 40|, Ci(x) = [—o0,0] for each x € X and F;(x,z;) = {@i(x,z;)} for all
(x,zi) € X x X;. It is easy to check that all conditions of Theorem 4.3 are satisfied. The conclu-

sion of Corollary 4.2 follows from Theorem 4.3.

Remark 4.1. Theorem 4.1-Theorem 4.3 and Corollary 4.1-Corollary 4.2 are new results

which are different from the corresponding results in [[1]-[5], [14]-[21]].
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